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1 ZF: Zermelo-Fraenkel Set Theory
theory ZF

imports FOL

begin

declare [[eta-contract = false]]

typedecl i
arities 1 :: term

axiomatization
zero :: i (0) — the empty set and
Pow :: i => 1 — power sets and
Inf :: © — infinite set

Bounded Quantifiers

consts

Ball ::[i,i=>0]=>0

Bex :[i,i=>o0]=>0
General Union and Intersection
axiomatization Union :: i => §
consts Inter :: 1 => 3

Variations on Replacement

axiomatization PrimReplace :: [i, [i, i] => o] => i
consts

Replace  :: [i, [i, 1] => o] => i
RepFun s iy, 0 => 0] =>4
Collect  :: [i, 1 => o] => 1

Definite descriptions — via Replace over the set 71”7

consts
The w (i =>0)=>1 (binder THE 10)
If o, 4,4 =>4 ((if (-)/ then (-)/ else (-)) [10] 10)

abbreviation (input)
old-if o, 4, 1) =>4 (if (-,-,-') where
if (P,a,b) == If(P,a,b)

Finite Sets

consts
Upair :: [i, i) => i
cons : [i, 1] => i
succe 1 =>1

Ordered Pairing
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consts
Pair :: [i, i] => 1
fst i=>14
snd i =>4
split =2 [[i, 4] => 'a, i] => 'a:{} — for pattern-matching

Sigma and Pi Operators

consts
Sigma :: [i, i => 1] => i
Pi i, =>4 =>4

Relations and Functions

consts
domain 1 => 1
range =>4
field nl=> 1
converse i =>4
relation 11 => o0 — recognizes sets of pairs
function i => o — recognizes functions; can have non-pairs
Lambda ey, =>4 => 1
restrict i, ] =>4

Infixes in order of decreasing precedence

consts
Image iy, i) =>4 (infix]l “ 90) — image
vimage w4, 4] =>4 (infix] — ¢ 90) — inverse image
apply = [i, 49 => ¢ (infix] ¢ 90) — function application
Int w4, i) =>4 (infix]l Int 70) — binary intersection
Un 2[4, i) =>4 (infix] Un 65) — binary union
Diff i, i) =>4 (infix] — 65) — set difference
Subset 4, 1) => o (infix] <= 50) — subset relation
mem iy, i) => o (infix]l : 50) — membership relation
abbreviation
not-mem :: [i, i) => o (infix]l ~: 50) — negated membership relation
where ¢ ~: y == "~ (z : y)
abbreviation

cart-prod :: [i, i) =>4 (infixr x 80) — Cartesian product
where A x B == Sigma(4, %-. B)

abbreviation
function-space :: [i, ] => ¢ (infixr —> 60) — function space
where A —> B == Pi(A, %-. B)

nonterminal is and patterns
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syntax

o => s (-)
-Enum (i, is] => s (-/ -)
-Finset ::is => 1 Hen)
-Tuple  :: [i, is] => 1 (<(+/ -)>)
-Collect :: [pttrn, i, o] => i ((1{--./-})
-Replace :: [pttrn, pttrn, i, o] => i (1{-./ - -, -}))
-RepFun :: [i, pttrn, i] => i ((1{-./ - -}) [51,0,51])
-INTER  : [pttrn, i, i] => i ((8INT -:-./ -) 10)
-UNION  :: [pttrn, i, 1] => i ((3UN -:-./ -) 10)
-PROD  : [pttrn, i, i] => 1 ((3PROD -:-./ -) 10)
-SUM i pttrn, 4, 4] => i ((38UM -:-./ -) 10)
-lam i [pttrn, 4, 0] =>4 ((8lam -:-./ -) 10)
-Ball  :: [pttrn, 4, o] => o ((3ALL -:-./ -) 10)
-Bex 2 [pttrn, 1, o] => o ((3EX -:-./ -) 10)
-pattern :: patterns => pttrn (<->)

2 pttrn => patterns (-)
-patterns :: [pttrn, patterns] => patterns (-,/-)

translations
{z, zs} == CONST cons(x, {xs})
{z} == CONST cons(z, 0)
{z:A. P} == CONST Collect(A, %z. P)
{y. :A, Q} == CONST Replace(A, %z y. Q)
{b. x:A} == CONST RepFun(A, %z. b)
INT z:A. B == CONST Inter({B. ©:A})
UN z:A. B == CONST Union({B. z:A})

PROD z:A. B == CONST Pi(A, %z. B)
SUM xz:A. B == CONST Sigma(A, %x. B)
lam z:A. f == CONST Lambda(A, %zx. f)
ALL z:A. P == CONST Ball(A, %z. P)

EX z:A. P == CONST Bexz(A, %x. P)

<z, Yy, 2> == <z, <Y, z2>>

<z, y> == CONST Puair(z, y)
%<x,y,2s>.b == CONST split(%ox <y,zs>.b)
%<z,y>.b == CONST split(%z y. b)

notation (zsymbols)
cart-prod (infixr x 80) and

Int (infix] N 70) and
Un (infix]l U 65) and
function-space (infixr — 60) and
Subset (infix] C 50) and

15



mem (infix] € 50) and

not-mem (infixl ¢ 50) and
Union (U-[90] 90) and
Inter (N -[90] 90)

syntax (zsymbols)
-Collect :: [pttrn, i, o] => i ((1{-e-./-})
-Replace :: [pttrn, pttrn, i, o] => i (1{-./ - € -, -}))
-RepFun :: [i, pttrn, i] => i ((1{-./ - € -}) [51,0,51))
-UNION  : [pttrn, i, 1] => i ((8y-e-./ -) 10)
-INTER  : [pttrn, i, 1] => 1 (3N -€-./ -) 10)
-PROD  :: [pttrn, i, i]| => i ((31I-e-./ -) 10)
-SUM  pttrn, 4, 4] => i ((3%-€-./ -) 10)
-lam i [pttrn, 4, 9] =>4 ((8A-e-./ -) 10)
-Ball  : [pttrn, i, o] => o ((8V-e-./ -) 10)
-Bex it [pttrn, 4, 0] => o ((83-€-./ -) 10)
-Tuple  :: [i, is] => i@ {(-/ M)
-pattern :: patterns => pttrn ((-))

notation (HTML output)
cart-prod (infixr x 80) and
Int (infix] N 70) and
Un (infix] U 65) and
Subset (infix] C 50) and
mem (infixl € 50) and
not-mem (infixl ¢ 50) and
Union (U-[90] 90) and
Inter (N - [90] 90)

syntax (HTML output)
-Collect :: [pttrn, i, o] => i ((1{-€-./-})
-Replace :: [pttrn, pttrn, i, o] => i (1{-./ - € -, -}))
-RepFun :: [i, pttrn, 1] => 1 ((1{-./ -€-}) [51,0,51))
_UNION  :: [pttrn, i, i] => i (3U-€-/ -) 10)
-INTER  : [pttrn, i, i] => i ((3N-€-./ -) 10)
PROD = [pttrn, i, i] => i ((3T-€-./ -) 10)
-SUM i [pttrn, 4, 0] =>4 ((3%-e-./ -) 10)
-lam = [pttrn, 4, 0] =>4 ((8X-€-./ -) 10)
-Ball  :: [pttrn, i, o] => o ((8V-e-./ -) 10)
-Bezx i [pttrn, 4, 0] => o ((33-€-./ -) 10)
-Tuple  :: [i, i8] => i ((-/ -))
-pattern :: patterns => pttrn ((-))

defs
Ball-def: Ball(A, P) ==Vz. z€A — P(z)
Bez-def: Bex(A, P) == 3z. z€A & P(x)

subset-def: A C B ==Vuze€A. z€B
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axiomatization where

extension: A=B<—>ACB&BC Aand
Union-iff: A e |J(C) <—> (3Be(C. AeB) and
Pow-iff: A € Pow(B) <—> A C B and

infinity: 0elnf & (Vyelnf. succ(y): Inf) and

foundation: A=0| (Fz€A. Vyex. y¢A) and

replacement: (Vz€A.Vy z. P(z,y) & P(x,z2) — y=z) ==>

b € PrimReplace(A,P) <—> (Jz€A. P(z,b))

defs

Replace-def: Replace(A,P) == PrimReplace(A, %z y. (EX!z. P(x,2)) & P(z,y))

RepFun-def: RepFun(A,f) == {y . z€A, y=f(z)}

Collect-def: Collect(A,P) == {y . z€A, z=y & P(z)}

Upair-def: Upair(a,b) == {y. z€Pow(Pow(0)), (z=0 & y=a) | (z=Pow(0) &

y=b)}
cons-def: cons(a,A) == Upair(a,a) U A
succ-def: succ(i) == cons(i, 1)
Diff-def: A—-B =={z€A.~(z€B)}
Inter-def: () (4) == { zelU(A) . VyeA. zey}
Un-def: AU B == J(Upair(A,B))
Int-def: AN B == () (Upair(A,B))
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the-def: The(P) ==U{y .z € {0}, P(v)})
if-def: if (P,a,b) == THE z. P & z=a | P & z=b

Pair-def:  <a,b> == {{a,a}, {a,b}}

fst-def: fst(p) == THE a. 3b. p=<a,b>

snd-def snd(p) == THE b. Ja. p=<a,b>

split-def:  split(c) == %p. c(fst(p), snd(p))

Sigma-def:  Sigma(A,B) == JzeA. JyeB(z). {<z,y>}

converse-def: converse(r) == {z. wer, Iz y. w=<z,y> & z2=<y,z>}

domain-def: domain(r) == {z. wer, Jy. w=<z,y>}
range-def:  range(r) == domain(converse(r))
field-def:  field(r) == domain(r) U range(r)
relation-def: relation(r) == Vzer. Jz y. z = <z,y>
function-def: function(r) ==

Vzy. <z,y>r — Vy' <z,y>r — y=y’)
image-def: r “A == {y € range(r) . Jz€A. <z,y> € r}
vimage-def: r —‘ A == converse(r)““A

lam-def: Lambda(A,b) == {<z,b(z)> . z€A}

apply-def:  f'a == U (f*{a})
Pi-def: Pi(A,B) == {fePow(Sigma(A,B)). A<=domain(f) & function(f)}

restrict-def: restrict(r,A) == {z € r. Jz€A. Jy. z = <z,y>}

1.1 Substitution

lemma subst-elem: [| beA; a=b || ==> acA
by (erule ssubst, assumption)

1.2 Bounded universal quantifier

lemma balll [introl]: [| lz. x€A ==> P(z) || ==> Vz€A. P(x)
by (simp add: Ball-def)

lemmas strip = impl alll balll

lemma bspec [dest?]: [| Va€A. P(z); z: A|] ==> P(x)
by (simp add: Ball-def)
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lemma rev-ballE [elim]:
[| Vz€A. P(z); 2¢A ==> Q; P(z) ==> Q || ==> @
by (simp add: Ball-def, blast)

lemma ballE: [| Vz€A. P(z); P(x) ==> Q; z¢A ==> Q |] ==> @
by blast
lemma rev-bspec: [| z: A; VzeA. P(z) || ==> P(x)

by (simp add: Ball-def)

lemma ball-triv [simp]: (Vz€A. P) <—> ((3z. z€A) — P)
by (simp add: Ball-def)

lemma ball-cong [cong):

[| A=A Nz. z€e A'==> P(z) <—> P'(z) || ==> (Vz€A. P(x)) <—> (Vz€A'
P/())
by (simp add: Ball-def)

lemma atomize-ball:
(Mz. z € A ==> P(x)) == Trueprop (Vz€A. P(x))
by (simp only: Ball-def atomize-all atomize-imp)

lemmas [symmetric, rulify] = atomize-ball

and [symmetric, defn] = atomize-ball

1.3 Bounded existential quantifier

lemma bezl [intro]: [| P(z); z: A || ==> Jz€A. P(x)
by (simp add: Bezx-def, blast)

lemma rev-bezl: [| z€A; P(z) |] ==> Jz€A. P(x)

by blast

lemma bexCI: [| Va€A. “P(z) ==> P(a); a: A |] ==> Fz€A. P(x)

by blast

lemma bezE [elim!]: [| 3z€A. P(z); z. [| z€A; P(z) || ==> Q || ==> Q

by (simp add: Bezx-def, blast)
lemma bex-triv [simp]: (3z€A. P) <—> ((z. z€A) & P)
by (simp add: Bez-def)

lemma bez-cong [cong]:
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[| A=A" Wz, z€ A’ ==> P(z) <—> P'(z) |]
==> (Jz€A. P(z)) <—> (Jz€A’. P'(z))
by (simp add: Bezx-def cong: conj-cong)

1.4 Rules for subsets

lemma subsetl [intro!]:
(Nz. z€A ==>zeB) ==> ACB
by (simp add: subset-def)

lemma subsetD [elim]: [| A C B; c€A || ==> c€B
apply (unfold subset-def)

apply (erule bspec, assumption)

done

lemma subsetCE [elim]:
| ACB; ¢c¢A==>P; ceB==>P|]==>P
by (simp add: subset-def, blast)

lemma rev-subsetD: [| c€A; A<=B |] ==> c€B
by blast

lemma contra-subsetD: [| AC B;c¢ B||]==>c¢ A
by blast

lemma rev-contra-subsetD: [| ¢ ¢ B; AC B|]==>c¢ A
by blast

lemma subset-refl [simp]: A C A
by blast

lemma subset-trans: || A<=B; B<=C || ==> A<=C
by blast

lemma subset-iff:
A<=B <—> (Vz. z€A — z€B)
apply (unfold subset-def Ball-def)

apply (rule iff-refl)
done

For calculations

declare subsetD [trans] rev-subsetD [trans] subset-trans [trans]

1.5 Rules for equality
lemma equalityl [intro]: | AC B; BC A|]==>A=DB

20



by (rule extension [THEN iffD2], rule congl)

lemma equality-iffl: (Nz. €A <—> z€B) ==> A =B
by (rule equalityl, blast+)

lemmas equalityD1 = extension [THEN iffD1, THEN conjunctl]
lemmas equalityD2 = extension [THEN iffD1, THEN conjunct2]

lemma equalityE: || A = B; [| A<=B; B<=A||==>P|] ==> P
by (blast dest: equalityD1 equalityD2)

lemma equalityCE:
[| A= B; [| c€d; ceB || ==> P; || ¢¢A; ¢¢B||==> P || ==> P
by (erule equalityE, blast)

lemma equality-iffD:
A=B==> (llz.2 € A<—>z € B)
by auto

1.6 Rules for Replace — the derived form of replacement

lemma Replace-iff
be{y. z€A, P(z,y)} <—> (Jz€A. P(z,b) & (Vy. P(z,y) — y=b))
apply (unfold Replace-def)
apply (rule replacement [THEN iff-trans], blast+)
done

lemma Replacel [intro]:
[| P(z,b); z: A; Ny. P(z,y) ==> y=b || ==>
be{y. z€A, P(z,y)}

by (rule Replace-iff [THEN iffD2], blast)

lemma ReplaceF:
(| b€ {y z€A, P(z,y)};
Wa. [| z: A; P(z,b); Vy. P(z,y)—y=b || ==> R
| ==>R
by (rule Replace-iff [THEN 4ffD1, THEN bezE], simp+)

lemma ReplaceE2 [elim!]:
[l be {y TEA, P(@yy)},
W, [| : A; P(z,b) || ==> R
)==>F
by (erule ReplaceE, blast)

lemma Replace-cong [cong]:
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[| A=B; Nz y. z€B ==> P(z,y) <—> Q(z,y) |] ==>
Replace(A,P) = Replace(B,Q)

apply (rule equality-iffI)

apply (simp add: Replace-iff)

done

1.7 Rules for RepFun

lemma RepFunl: a € A ==> f(a) € {f(z). z€A}
by (simp add: RepFun-def Replace-iff, blast)

lemma RepFun-eql [intro]: [| b=f(a); a € A|] ==> b € {f(z). z€A}
apply (erule ssubst)

apply (erule RepFunl)

done

lemma RepFunE [elim!]:
b € {f(z). veA}:
No.[| z€A; b=f(z)|] ==> P || ==>
P
by (simp add: RepFun-def Replace-iff, blast)

lemma RepFun-cong [cong]:
[| A=B; llz. zeB ==> f(x)=g(z) || ==> RepFun(A,f) = RepFun(B,g)
by (simp add: RepFun-def)

lemma RepFun-iff [simp]: b € {f(z). z€A} <—> (Fz€A. b=f(z))
by (unfold Bex-def, blast)

lemma triv-RepFun [simp]: {z. €A} = A
by blast

1.8 Rules for Collect — forming a subset by separation

lemma separation [simp]: a € {z€A. P(z)} <—> acA & P(a)
by (unfold Collect-def, blast)

lemma Collect [introl]: [| acA; P(a) |] ==> a € {z€A. P(z)}

by simp

lemma CollectE [elim!]: [| a € {x€A. P(x)}; [| a€A; P(a) |]] ==> R || ==> R
by simp

lemma CollectD1: a € {z€A. P(z)} ==> acA
by (erule CollectE, assumption)

lemma CollectD2: a € {xcA. P(x)} ==> P(a)
by (erule CollectE, assumption)
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lemma Collect-cong [cong]:

[| A=B; llz. 2eB ==> P(z) <—> Q(z) |]

==> Collect(A, %z. P(z)) = Collect(B, %z. Q(z))
by (simp add: Collect-def)
1.9 Rules for Unions

declare Union-iff [simp]
lemma Unionl [intro]: [| B: C; A: B || ==> A: |J(C)
by (simp, blast)

lemma UnionE [elim!]: || A € U(C); !B.[| A: B; B: C||==>R|]==>R
by (simp, blast)

1.10 Rules for Unions of families

lemma UN-iff [simp]: b € (Uz€A. B(z)) <—> (Fz€A. b € B(z))
by (simp add: Bezx-def, blast)

lemma UN-I: [| a: A; b: B(a) || ==> b: (Uz€A. B(z))
by (simp, blast)

lemma UN-E [elim]]:

[| b€ (UzeA. B(z)); Nz.[| x: A; b: B(z) || ==> R || ==> R
by blast
lemma UN-cong:

[| A=B; 'z. zeB ==> C(z)=D(z) || ==> (Uz€A. C(z)) = (UzeB. D(z))
by simp

1.11 Rules for the empty set

lemma not-mem-empty [simpl: a ¢ 0
apply (cut-tac foundation)

apply (best dest: equalityD2)

done

lemmas emptyE [elim!] = not-mem-empty [THEN notE)
lemma empty-subset] [simp]: 0 C A
by blast

lemma equalsOl: [| y. yeA ==> False || ==> A=0
by blast
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lemma equalsOD [dest]: A=0 ==> a ¢ A
by blast

declare sym [THEN equalsOD, dest]

lemma not-emptyl: a€A ==> A # 0
by blast

lemma not-emptyE: [| A # 0; z. 2éA ==> R || ==> R
by blast

1.12 Rules for Inter

lemma Inter-iff: A € (((C) <—> (VzeC. A: z) & C#0
by (simp add: Inter-def Ball-def, blast)

lemma Interl [introl]:
[Nz, z: C==> A:z; C#0 || ==>Aec(C)
by (simp add: Inter-iff)

lemma InterD [elim, Pure.elim]: | A€ ((C); Be C|]==> A€ B
by (unfold Inter-def, blast)

lemma InterE [elim]:
| AeN(C); B¢C ==> R; AeB==>R||==>R
by (simp add: Inter-def, blast)

1.13 Rules for Intersections of families

lemma INT-iff: b € ((z€A. B(z)) <—> (Vz€A. b € B(z)) & A#0
by (force simp add: Inter-def)

lemma INT-I: [| lz. : A ==> b: B(z); A#0 |] ==> b: (Nz€A. B(z))
by blast
lemma INT-E: [| b € (z€A. B(z)); a: A|] ==> b € B(a)
by blast
lemma INT-cong:
[| A=B; 'z. zeB ==> C(z)=D(z) || ==> (N z€A. C(z)) = (Nz€B. D(x))
by simp

1.14 Rules for Powersets

lemma Powl: A C B ==> A € Pow(B)
by (erule Pow-iff [THEN iffD2])
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lemma PowD: A € Pow(B) ==> A<=B
by (erule Pow-iff [THEN iffD1])

declare Pow-iff [iff]

lemmas Pow-bottom = empty-subset] [THEN PowI] — 0 € Pow(B)
lemmas Pow-top = subset-refl [THEN Powl | — A € Pow(A)

1.15 Cantor’s Theorem: There is no surjection from a set to
its powerset.

lemma cantor: 35 € Pow(A). VacA. b(z) # S

by (best elim!: equalityCE del: Replacel RepFun-eql)

end

2 upair: Unordered Pairs

theory upair

imports ZF

keywords print-tcset :: diag
uses Tools/typechk. ML
begin

setup TypeCheck.setup
lemma atomize-ball [symmetric, rulify]:

(Nz. z € A ==> P(z)) == Trueprop (Vze€A. P(z))
by (simp add: Ball-def atomize-all atomize-imp)

2.1 Unordered Pairs: constant Upair

lemma Upair-iff [simp]: ¢ € Upair(a,b) <+— (c=a | ¢=b)
by (unfold Upair-def, blast)

lemma Upairll: a € Upair(a,b)
by simp

lemma Upairl2: b € Upair(a,b)
by simp

lemma UpairE: [| a € Upair(b,c); a=b ==> P; a=c ==> P || ==> P
by (simp, blast)

2.2 Rules for Binary Union, Defined via Upair
lemma Un-iff [simp]: c € AU B <+— (c € A| c € B)
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apply (simp add: Un-def)
apply (blast intro: Upairll Upairl2 elim: UpairE)
done

lemma Unll: ce A==>cc€ AUB
by simp

lemma Unl2: c€ B==>c€ AUB
by simp

declare Unll [elim?] Unl2 [elim?]

lemma UnFE [elim!]: [ c€ AUB; c€ A==>P; c€ B==>P|]==>P
by (simp, blast)

lemma UnE" [|c€ AUB; c€ A==>P; [|c€B; c¢A|]==>P||==>P
by (simp, blast)

lemma UnCI [introl]: (¢ ¢ B ==>c€ A)==>c€ AUB
by (simp, blast)

2.3 Rules for Binary Intersection, Defined via Upair

lemma Int-iff [simp]: c € AN B <+— (c € A& ¢ € B)
apply (unfold Int-def)

apply (blast intro: Upairll Upairl2 elim: UpairE)

done

lemma Intl [introl]: [| c € A; c€ B||==>ce€ ANB
by simp

lemma IntD1: ce ANB==>ce A
by simp

lemma IntD2: ce AN B ==>c€B
by simp

lemma IntE [elim!]: [| c€ ANB; [|[c€ A;ce B|]==>P||==>P
by simp

2.4 Rules for Set Difference, Defined via Upair

lemma Diff-iff [simp]: ¢ € A—B <— (¢ € A & ¢¢B)
by (unfold Diff-def, blast)

lemma Diffl [introl]: || c € A; ¢c¢ B||]==>ce€ A—- B
by simp
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lemma DiffDI: c € A — B==>cec A
by simp

lemma DiffD2: c€ A — B==>c¢¢ B
by simp

lemma DiffE [elim!]: [| c € A — B; [|c € A; ¢c¢B || ==> P ||==> P
by simp
2.5 Rules for cons

lemma cons-iff [simp]: a € cons(b,A) <— (a=b | a € A)
apply (unfold cons-def)

apply (blast intro: Upairll UpairI2 elim: UpairE)

done

lemma consl! [simp,TC]: a € cons(a,B)
by simp

lemma consl2: a € B ==> a € cons(b,B)
by simp
lemma consE [elim]]: [| @ € cons(b,A); a=b==>P; a € A==>P||==>P

by (simp, blast)

lemma consE":
[| @ € cons(b,A); a=b==>P; [|[a€ A; a#b|]==>P || ==>P
by (simp, blast)

lemma consCI [intro!]: (a¢B ==> a=b) ==> a € cons(b,B)
by (simp, blast)

lemma cons-not-0 [simp]: cons(a,B) # 0
by (blast elim: equalityFE)

lemmas cons-neg-0 = cons-not-0 [THEN notFE]

declare cons-not-0 [THEN not-sym, simp]

2.6 Singletons

lemma singleton-iff: a € {b} +— a=b
by simp

lemma singletonl [introl]: a € {a}
by (rule consIl)
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lemmas singletonE = singleton-iff [THEN iffD1, elim-format, elim!]

2.7 Descriptions

lemma the-equality [intro:
[| P(a); "z. P(z) ==> z=a |] ==> (THE z. P(z)) = a
apply (unfold the-def)
apply (fast dest: subst)
done

lemma the-equality2: [| EX! z. P(z); P(a) || ==> (THE z. P(z)) = a
by blast

lemma thel: EX! z. P(x) ==> P(THE z. P(z))
apply (erule ex1E)

apply (subst the-equality)

apply (blast+)

done

lemma the-0: ~ (EX! z. P(z)) ==> (THE z. P(z))=0
apply (unfold the-def)

apply (blast elim!: ReplaceE)

done

lemma thel2:
assumes pl: ~ Q(0) ==> EX! z. P(x)
and p2: llz. P(z) ==> Q(z)
shows Q(THE z. P(z))
apply (rule classical)
apply (rule p2)
apply (rule thel)
apply (rule classical)
apply (rule p1)
apply (erule the-0 [THEN subst], assumption)
done

lemma the-eq-trivial [simp]: (THE z. x = a) = a
by blast

lemma the-eg-trivial2 [simp): (THE z. a = z) = a
by blast
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2.8 Conditional Terms: if —then—else

lemma if-true [simp]: (if True then a else b) = a
by (unfold if-def, blast)

lemma if-false [simp]: (if False then a else b) = b
by (unfold if-def, blast)

lemma if-cong:
[| P<—Q; ==> a=c¢; ~Q ==> b=d ||
==> (if P then a else b) = (if Q then c else d)
by (simp add: if-def cong add: conj-cong)

lemma if-weak-cong: P+—Q ==> (if P then x else y) = (if Q then z else y)
by simp

lemma if-P: P ==> (if P then a else b) = a
by (unfold if-def, blast)

lemma if-not-P: ~¥P ==> (if P then a else b) = b
by (unfold if-def, blast)
lemma split-if [split]:

P(if Q then z else y) +— ((Q@ — P(z)) & (Y Q — P(y)))
by (case-tac @, simp-all)

lemmas split-if-eq1 = split-if [of %z. z = b] for b
lemmas split-if-eq2 = split-if [of %z. a = z] for z

lemmas split-if-mem1 = split-if [of %z. z € b] for b
lemmas split-if-mem2 = split-if [of %z. a € z] for

lemmas split-ifs = split-if-eql split-if-eq2 split-if-mem1 split-if-mem2
lemma if-iff: a: (if P then x else y) +— P& a € x| “P & a €y
by simp

lemma if-type [TC]:

|[P==>ac A “"P==>be A||==> (if Pthenaelse b): A
by simp
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lemma split-if-asm: P(if Q then z else y) <— (7 ((Q & ~P(z)) | (Y Q & ~P(y))))
by simp

lemmas if-splits = split-if split-if-asm

2.9 Consequences of Foundation

lemma mem-asym: [| a € by YP ==>b € a|]|==>P
apply (rule classical)

apply (rule-tac A1 = {a,b} in foundation [THEN disjE])
apply (blast elim!: equalityF)+

done

lemma mem-irrefl: a« € a ==> P
by (blast intro: mem-asym)

lemma mem-not-refl: a ¢ a
apply (rule notl)

apply (erule mem-irrefl)
done

lemma mem-imp-not-eq: a € A ==> a # A
by (blast elim!: mem-irrefl)

lemma eg-imp-not-mem: a=A ==> a ¢ A
by (blast intro: elim: mem-irrefl)

2.10 Rules for Successor
lemma succ-iff: i € succ(j) «+— i=j | i €j

by (unfold succ-def, blast)

lemma succll [simp]: i € succ(i)
by (simp add: succ-iff)

lemma succl2: i € j ==> i € succ(j)
by (simp add: succ-iff)

lemma succE [elim!]:

[| ¢ € succ(j); i=j ==>P; i €j==>P|==>P
apply (simp add: succ-iff, blast)
done

lemma succCI [introl]: (i¢j ==> i=j) ==> i € succ(j)
by (simp add: succ-iff, blast)
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lemma succ-not-0 [simp]: succ(n) # 0
by (blast elim!: equalityFE)

lemmas succ-neq-0 = succ-not-0 [THEN notE, elim!]
declare succ-not-0 [THEN not-sym, simp]
declare sym [THEN succ-neg-0, elim!]

lemmas succ-subsetD = succll [THEN [2] subsetD]

lemmas succ-neq-self = succll [THEN mem-imp-not-eq, THEN not-sym)|

lemma succ-inject-iff [simp]: succ(m) = succ(n) +— m=n
by (blast elim: mem-asym elim!: equalityE)

lemmas succ-inject = succ-inject-iff [THEN iffD1, dest!]

2.11 Miniscoping of the Bounded Universal Quantifier

lemma ball-simps1:
(VzeA. P(z) & Q) «— (Vzed. P(z)) & (A=0| Q)
| @) +— ((VzeA. P(z))

(Vzed. P(z) Q)
(VzeA. P(z) — Q) «— ((zeA. P(z)) — Q)
(Y(VzeA. P(z))) +— (Fz€A. ~P(z))
(Vze0.P(z)) «— True
(Vazesuce(i).P(z)) +— P(i) & (Vzei. P(z))
(Vzecons(a,B).P(z)) +— P(a) & (Vz€B. P(z))
(VzeRepFun(A,f). P(z)) «+— (VycA. P(f(v))
(VzelJ(A).P(z)) «— (VyeA. Vzey. P(x))

by blast+

lemma ball-simps2:
(VzeA. P & Q(z)) P) & (VzeA. Q(z))
(red P| Q) o (P < red. Q(z))
(VzeA. P — Q(2)) «— (P — (VzeA. Q(z)))

by blast+

’al

lemma ball-simps3:
(VzeCollect(A,Q).P(z)) +— (Vz€A. Q(z) — P(x))
by blast+

lemmas ball-simps [simp] = ball-simps1 ball-simps2 ball-simps3
lemma ball-conj-distrib:

(VzeA. P(z) & Q(z)) «— ((Vze€A. P(x)) & (VzeA. Q(x)))
by blast
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2.12 Miniscoping of the Bounded Existential Quantifier

lemma bez-simpsi:

(JzeA. P(z) & Q) «— ((3z€A. P(2)) & Q)
(Gzed. P(z) | Q) «— (3z€A. P(x)) | (A%£0 & Q)
(JzeA. P(z) — Q) «— ((VzeA. P(z)) — (A#0 & Q))
(3z€0.P(z)) «— False
(Fzesuce(i).P(z)) +— (z) | (3zei. P(x))
(3zecons(a,B).P(z)) «— P(a) | (3z€B. P(x))
(Fz€RepFun(A,f). P(x)) «+— (JycA. P(f(y)))
(Fzel(4).P(z)) «— (JyeA. Jzey. P(z))
(Y(Fze€A. P(z))) +— (VzeA. ~P(z))

by blast+

lemma bex-simps2:
(Jz€eA. P & Q(z)) «+— (P & (3zeA. Q(x)))
(FzeA. P | Q(z)) +— (A#£0 & P) | (Fz€A. Q(x))
(Fzed. P — Q) +— ((A=0 | P) — (Fz€A. Q(x)))
by blast+

lemma bez-simps3:
(FzeCollect(A,Q).P(z)) +— (Fz€A. Q(z) & P(z))
by blast
lemmas bezx-simps [simp] = bex-simps1 bex-simps2 bex-simps3
lemma bez-disj-distrib:

(FzeA. P(z) | Q(z)) +— ((Fz€A. P(x)) | (Fz€A. Q(z)))
by blast

lemma bez-triv-one-pointl [simp]: (3z€A. 1=a) +— (a € A)
by blast

lemma bez-triv-one-point2 [simp]: (Jz€A. a=1z) +— (a € A)
by blast

lemma bez-one-pointl [simp]: (Jz€A. z=a & P(z)) +— (a € A & P(a))
by blast

lemma bez-one-point2 [simpl: (3z€A. a=z & P(z)) +— (a € A & P(a))
by blast

lemma ball-one-pointl [simpl: (Vz€A. x=a — P(z)) +— (a € A — P(a))
by blast

lemma ball-one-point2 [simp|: (Vz€A. a=x — P(z)) +— (a € A — P(a))
by blast
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2.13 Miniscoping of the Replacement Operator

These cover both Replace and Collect

lemma Rep-simps [simp]:

{z.y €0, R(z,y)} =0

{r € 0. P(x)} =0

{z € A. Q} = (if Q then A else 0)

RepFun(0,f) = 0

RepFun(succ(i),f) = cons(f(i), RepFun(i,f))

RepFun(cons(a,B).f) = cons(f(a), RepFun(B,f))
by (simp-all, blast+)

2.14 Miniscoping of Unions

lemma UN-simps1:

(UzeC. cons(a, B(x))) (if C=0 then 0 else cons(a, | Jz€C. B(x)))
(Uzel. A(z) U (if C=0 then 0 else (JzeC. A(z)) U B')
(UzeC. A"U B( ) (if C=0 then 0 else A’ U (|JzeC. B(z)))
(UzeC. Az) N (reC: 4a) N B)

(UzeC. A'N B(x ) (A'n (Jzel. B(x)))
(Uzel. A(z) — = ((UzeC. A(z)) — B)

(UzeC. A" — B(z)) = (if C=0then 0 else A’ — (N zeC. B(x)))
apply (simp-all add: Inter-def)
apply (blast introl: equalityl )+
done

B
)
B)
)
B)

lemma UN-simps2:
(UzeU(4). B(z)) = (UyeA. Uzey. B(z))
(Uze(UzeA. B(z)). C(z)) = (UzeAd. JzeB(z). C(2))

(UzeRepFun(A,f). B(z)) = (UacA. B(f(a)))
by blast+

lemmas UN-simps [simp] = UN-simps! UN-simps2

Opposite of miniscoping: pull the operator out

lemma UN-extend-simps1:
(UzeC. A(z)) U B = (if C=0 then B else (JzeC. A(z) U B))
(UzeC. A(z)) N B) = (UzeC. A(z) N B)
(UweC. Ax)) - B) = (UzeC. Alx) — B)

apply simp-all

apply blast+

done

lemma UN-extend-simps2:
cons(a, | JzeC. B(z)) = (if C=0 then {a} else ((JzeC. cons(a, B(z))))
AU (Jzel. B(z)) = (if C=0then A else (JzeC. AU B(z)))
(AN (UzeC. B(x))) = (UzeC. AN B(x))
— (NzeC. B(z)) = (if C=0then A else (JzeC. A — B(x)))

(Uyed. Uzey. B(z)) = (UzelU(4). B(z))
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(Ua€A. B(f(a))) = (zeRepFun(A,f). B(z))
apply (simp-all add: Inter-def)

apply (blast intro!l: equalityl )+
done

lemma UN-UN-extend:

(UzeA. UzeB(z). C(2)) = (Uze(UzeA. B(x)). C(2))
by blast

lemmas UN-extend-simps = UN-extend-simpsl UN-extend-simps2 UN-UN-extend

2.15 Miniscoping of Intersections

lemma INT-simps1:
(NzeC. A(z) N B) = (Nzel. A(z)) N B
(NzeC. A(z) — B) = (NzeC. A(z)) — B
(NzeC. A(z) U B) = (if C=0 then 0 else (Nz€C. A(z)) U B)
by (simp-all add: Inter-def, blast+)

lemma INT-simps2:
(NzeC. AN B(z)) = An (NzeC. B(z))
(NzeC. A — B(z)) = (if C=0then 0 else A — (|JzeC. B(z)))
(NzeC. cons(a, B(z))) = (if C=0 then 0 else cons(a, (z€C. B(x)))
(NzeC. AU B(z)) = (if C=0 then 0 else AU ((NzeC. B(x)))
apply (simp-all add: Inter-def)
apply (blast intro!: equalityl )+
done

lemmas INT-simps [simp] = INT-simps1 INT-simps2

Opposite of miniscoping: pull the operator out

lemma INT-extend-simpsl:

(NzeC. A(z)) N B = (NzeC. A(z) N B)

(NzeC. A(x)) — B = (N zeC. A(z) — B)

(NzeC. A(z)) U B = (if C=0 then B else (zeC. A(z) U B))
apply (simp-all add: Inter-def, blast+)
done

lemma INT-extend-simps2:
AN (Nzel. B(z)) = (NzeC. AN B(z))
A — (Jzel. B(z)) = (if C=0 then A else (zeC. A — B(x)))
cons(a, zeC. B(z)) = (if C=0 then {a} else (Nz€C. cons(a, B(z))))
AU (Nzel. B(z)) = (if C=0 then A else (NzeC. AU B(z)))

apply (simp-all add: Inter-def)

apply (blast intro!: equalityl )+

done

lemmas INT-extend-simps = INT-extend-simpsl INT-extend-simps2
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2.16 Other simprules

lemma misc-simps [simp]:

O0UA=A
AUuo=A
0NA=0
ANo0o=20
0—-—A=0
A—-0=A4A
U) =0
U (cons(b,A)) = b U U (A)
A (b} = b
by blast+
end

3 pair: Ordered Pairs

theory pair imports upair
uses simpdata. ML
begin

setup (
Simplifier.map-simpset-global
(Simplifier.set-mksimps (K (map mk-eq o ZF-atomize o gen-all))
#> Simplifier.add-cong Q{thm if-weak-cong})
»

ML ( val ZF-ss = @Q{simpset} )

simproc-setup defined-Bex (3z€A. P(z) & Q(z)) = (
let
val unfold-bez-tac = unfold-tac Q{thms Bezx-def};
fun prove-bex-tac ss = unfold-bex-tac ss THEN Quantifierl .prove-one-point-ex-tac;
in fn - => fn ss => Quantifierl .rearrange-bex (prove-bex-tac ss) ss end

)

simproc-setup defined-Ball (Vz€A. P(z) — Q(z)) = (
let
val unfold-ball-tac = unfold-tac Q{thms Ball-def};
fun prove-ball-tac ss = unfold-ball-tac ss THEN Quantifier! .prove-one-point-all-tac;
in fn - => fn ss => Quantifierl .rearrange-ball (prove-ball-tac ss) ss end

)

lemma singleton-eq-iff [iff]: {a} = {b} +— a=b
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by (rule extension [THEN iff-trans], blast)

lemma doubleton-eq-iff: {a,b} = {c,d} +— (a=c & b=d) | (a=d & b=c)
by (rule extension [THEN iff-trans], blast)

lemma Pair-iff [simp]: <a,b> = <c¢,d> +— a=c & b=d
by (simp add: Pair-def doubleton-eq-iff, blast)

lemmas Pair-inject = Pair-iff [THEN iffD1, THEN conjE, elim!]

lemmas Pair-inject! = Pair-iff [THEN iffD1, THEN conjunctl]
lemmas Pair-inject2 = Pair-iff [THEN iffD1, THEN conjunct2]

lemma Pair-not-0: <a,b> # 0
apply (unfold Pair-def)

apply (blast elim: equalityE)
done

lemmas Pair-neg-0 = Pair-not-0 [THEN notE, elim!]
declare sym [THEN Pair-neg-0, elim!]

lemma Pair-neq-fst: <a,b>=a ==> P

proof (unfold Pair-def)
assume eq: {{a, a}, {a, b}} = a
have {a, a} € {{a, a}, {a, b}} by (rule consll)
hence {a, a} € a by (simp add: eq)
moreover have a € {a, a} by (rule consll)
ultimately show P by (rule mem-asym)

qed

lemma Pair-neq-snd: <a,b>=b ==> P
proof (unfold Pair-def)
assume eq: {{a, a}, {a, b}} =
have {a, b} € {{qa, a}, {a, b}} by blast
hence {a, b} € b by (simp add: eq)
moreover have b € {a, b} by blast
ultimately show P by (rule mem-asym)
qed

3.1 Sigma: Disjoint Union of a Family of Sets

Generalizes Cartesian product

lemma Sigma-iff [simp]: <a,b>: Sigma(A,B) «— a € A & b € B(a)
by (simp add: Sigma-def)

lemma Sigmal [TC,introl]: [| a € A; b € B(a) || ==> <a,b> € Sigma(A,B)
by simp

36



lemmas SigmaD1 = Sigma-iff [THEN iffD1, THEN conjunct1]
lemmas SigmaD2 = Sigma-iff [THEN iffD1, THEN conjunct2]

lemma SigmaFE [elim!]:
[| ¢ € Sigma(A,B);
Mryllzed;, ye B(x);, c=<z,y>|] ==>P
| ==>P
by (unfold Sigma-def, blast)

lemma SigmaE?2 [elim!]:
[| <a,b> € Sigma(A,B);
[a€A; be Ba)|]| ==>P
|| ==>P
by (unfold Sigma-def, blast)

lemma Sigma-cong:
| A=A"; lz. 2 € A’ ==> B(z)=B'(z) || ==>
Sigma(A,B) = Sigma(A',B’)

by (simp add: Sigma-def)

lemma Sigma-emptyl [simp]: Sigma(0,B) = 0
by blast

lemma Sigma-empty2 [simp]: Ax0 = 0
by blast

lemma Sigma-empty-iff: AxB=0 <— A=0 | B=0
by blast

3.2 Projections fst and snd

lemma fst-conv [simp]: fst(<a,b>) = a
by (simp add: fst-def)

lemma snd-conv [simp]: snd(<a,b>) = b
by (simp add: snd-def)

lemma fst-type [TC]: p € Sigma(A,B) ==> fst(p) € A
by auto

lemma snd-type [TC): p € Sigma(A,B) ==> snd(p) € B(fst(p))
by auto

lemma Pair-fst-snd-eq: a € Sigma(A,B) ==> <fst(a),snd(a)> = a
by auto
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3.3 The Eliminator, split

lemma split [simp]: split(%ozx y. c(z,y), <a,b>) == c(a,b)
by (simp add: split-def)

lemma split-type [TC]:
| p € Sigma(4,B);
Nz y. [z € 4,y € B(z) || ==> c(z,y):C(<z,y>)
|| ==> split(%z y. c(z,y), p) € C(p)
by (erule SigmaFE, auto)

lemma expand-split:
u € AxB ==>
R(split(c,u)) «— (Va€A. VyeB. u = <z,y> — R(c(z,y)))
by (auto simp add: split-def)

3.4 A version of split for Formulae: Result Type o
lemma splitl: R(a,b) ==> split(R, <a,b>)

by (simp add: split-def)

lemma splitE:
[| split(R,2); z € Sigma(A,B);
Nz y. [| 2 =<z,y>;, R(zy)|] ==>P
] ==> P
by (auto simp add: split-def)

lemma splitD: split(R,<a,b>) ==> R(a,b)
by (simp add: split-def)

Complex rules for Sigma.

lemma split-paired-Bex-Sigma [simp]:

(Iz € Sigma(A,B). P(z)) «— (3z € A. Jy € B(z). P(<z,y>))
by blast
lemma split-paired-Ball-Sigma [simp]:

(Vz € Sigma(A,B). P(z)) «— (Vz € A. Yy € B(z). P(<z,y>))
by blast

end

4 equalities: Basic Equalities and Inclusions

theory equalities imports pair begin
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These cover union, intersection, converse, domain, range, etc. Philippe de
Groote proved many of the inclusions.

lemma in-mono: ACB ==> z€ A — z€B
by blast

lemma the-eq-0 [simp]: (THE z. False) = 0
by (blast intro: the-0)

4.1 Bounded Quantifiers

The following are not added to the default simpset because (a) they duplicate
the body and (b) there are no similar rules for Int.

lemma ball-Un: (Vz € AUB. P(z)) «— (Vz € A. P(x)) & (Vx € B. P(z))
by blast

lemma bex-Un: (3z € AUB. P(z)) «— (32 € A. P(z)) | (3z € B. P(x))
by blast

lemma ball-UN: (Vz € (Jz€A. B(z)). P(2)) +— (Vz€A.Vz € B(z). P(2))
by blast

lemma bex-UN: (3z € (Jz€A. B(z)). P(z)) +— (Jz€A. 3z€B(z). P(z))
by blast

4.2 Converse of a Relation

lemma converse-iff [simp]: <a,b>€ converse(r) «— <b,a>€r
by (unfold converse-def, blast)

lemma conversel [introl]: <a,b>€r ==> <b,a>€converse(r)
by (unfold converse-def, blast)

lemma converseD: <a,b> € converse(r) ==> <b,a> € r
by (unfold converse-def, blast)

lemma converseE [elim!]:
[| yz € converse(r);
Nz y. [| yr=<y,x>; <z,y>€r|] ==> P |]
==> P
by (unfold converse-def, blast)

lemma converse-converse: rCSigma(A,B) ==> converse(converse(r)) = r
by blast

lemma converse-type: TCAxB ==> converse(r)CBxA

by blast

lemma converse-prod [simp]: converse(AxB) = BxA
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by blast

lemma converse-empty [simp]: converse(0) = 0
by blast

lemma converse-subset-iff :

A C Sigma(X,Y) ==> converse(A) C converse(B) «— A C B
by blast

4.3 Finite Set Constructions Using cons

lemma cons-subsetl: [| acC; BCC || ==> cons(a,B) C C
by blast

lemma subset-consI: B C cons(a,B)
by blast

lemma cons-subset-iff [iff]: cons(a,B)CC +— a€C & BCC
by blast
lemmas cons-subsetE = cons-subset-iff [THEN iffD1, THEN conjFE]

lemma subset-empty-iff: ACO +— A=0
by blast

lemma subset-cons-iff : CCcons(a,B) «— CCB | (acC & C—{a} C B)
by blast
lemma cons-eq: {a} U B = cons(a,B)

by blast

lemma cons-commute: cons(a, cons(b, C')) = cons(b, cons(a, C))
by blast

lemma cons-absorb: a: B ==> cons(a,B) = B
by blast

lemma cons-Diff: a: B ==> cons(a, B—{a}) = B
by blast

lemma Diff-cons-eq: cons(a,B) — C = (if acC then B—C else cons(a,B—C))
by auto

lemma equal-singleton [rule-format]: || a: C; VyeC. y=b|] ==> C = {b}
by blast

lemma [simp]: cons(a,cons(a,B)) = cons(a,B)
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by blast

lemma singleton-subsetl: acC ==> {a} C C
by blast

lemma singleton-subsetD: {a} C C ==> a€C
by blast

lemma subset-succl: i C succ(i)
by blast

lemma succ-subsetl: [| i€j; iCj || ==> succ(i)Cj
by (unfold succ-def, blast)

lemma succ-subsetE:
[| succ(i) C j; || i€j; iCj | ==> P || ==> P
by (unfold succ-def, blast)

lemma succ-subset-iff : succ(a) € B +— (a € B & a € B)
by (unfold succ-def, blast)

4.4 Binary Intersection

lemma Int-subset-iff: C CANB+— CCA&CCB
by blast

lemma Int-lowerl: AN B C A

by blast

lemma Int-lower2: AN B C B

by blast

lemma Int-greatest: [| CCA; CCB||==>CC AN B
by blast

lemma Int-cons: cons(a,B) N C C cons(a, BN C)
by blast

lemma Int-absord [simp]: AN A=A
by blast

lemma Int-left-absorb: AN (ANB)=ANB
by blast
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lemma Int-commute: AN B=BNA
by blast

lemma Int-left-commute: AN (BN C)=BnN (AN C)
by blast

lemma Int-assoc: (AN B)NC = AN(BnC)
by blast

lemmas Int-ac= Int-assoc Int-left-absorb Int-commute Int-left-commute

lemma Int-absorbl: B C A==> AN B =B
by blast

lemma Int-absorb2: AC B==>ANB=A
by blast

lemma Int-Un-distrib: AN (BUC)=(ANB)U (AN C)
by blast

lemma Int-Un-distrib2: (B U C) N A= (BN A) U(CnN A
by blast

lemma subset-Int-iff: ACB +— ANB=A
by (blast elim!: equalityFE)

lemma subset-Int-iff2: ACB+— BNA=A
by (blast elim!: equalityFE)

lemma Int-Diff-eq: CCA ==> (A-B)nN C = C-B
by blast

lemma Int-cons-left:
cons(a,A) N B = (if a € B then cons(a, A N B) else A N B)
by auto

lemma Int-cons-right:
A N cons(a, B) = (if a € A then cons(a, AN B) else AN B)
by auto

lemma cons-Int-distrib: cons(x, A N B) = cons(z, A) N cons(z, B)
by auto

4.5 Binary Union

lemma Un-subset-iff: AUB C C+— AC C&BCC
by blast
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lemma Un-upperl: AC AU B

by blast

lemma Un-upper2: B C AU B

by blast

lemma Un-least: [| ACC; BCC ||==>AUBCC
by blast

lemma Un-cons: cons(a,B) U C = cons(a, B U C)
by blast

lemma Un-absord [simp]: AU A=A
by blast

lemma Un-left-absorb: AU (AU B) =AU B
by blast

lemma Un-commute: AU B =B UA
by blast

lemma Un-left-commute: AU (BU C) =B U (AU C)
by blast

lemma Un-assoc: (AU B)U C = AU (BUC(C)
by blast

lemmas Un-ac = Un-assoc Un-left-absorb Un-commute Un-left-commute

lemma Un-absorbl: A C B==>AUB =B
by blast

lemma Un-absorb2: B C A==> AUB=A
by blast

lemma Un-Int-distrib: (AN B)U C = (AU C)n (BU Q)
by blast

lemma subset-Un-iff: ACB+— AU B =108
by (blast elim!: equalityF)

lemma subset-Un-iff2: ACB +— BUA=18
by (blast elim!: equalityFE)

lemma Un-empty [iff]: (AU B =0)+— (A=0& B =0)
by blast
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lemma Un-eq-Union: AU B = |J ({4, B})
by blast

4.6 Set Difference

lemma Diff-subset: A—B C A
by blast

lemma Diff-contains: [| CCA; CNB=0]==>CC A-B
by blast

lemma subset-Diff-cons-iff: B C A — cons(¢,C) +— BCA-C & c ¢ B
by blast

lemma Diff-cancel: A — A = 0
by blast

lemma Diff-triv: A N B=0==>A—-B=A4
by blast

lemma empty-Diff [simpl: 0 — A =0
by blast

lemma Diff-0 [simp]: A — 0 = A
by blast

lemma Diff-eq-0-iff: A— B=0+— ACB
by (blast elim: equalityFE)

lemma Diff-cons: A — cons(a,B) = A — B — {a}
by blast

lemma Diff-cons2: A — cons(a,B) = A — {a} — B
by blast

lemma Diff-disjoint: AN (B—A) = 0
by blast

lemma Diff-partition: ACB ==> AU (B—A) =B
by blast

lemma subset-Un-Diff: A C B U (A — B)
by blast

lemma double-complement: [| ACB; BCC || ==> B—(C—-A) = A
by blast
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lemma double-complement-Un: (AU B) — (B—A4) = A
by blast

lemma Un-Int-crazy:
(ANB)U(BNC)U(CNA)=(AUB)N(BUuC)Nn(CUA)
apply blast

done

lemma Diff-Un: A — (BU C) = (A-B) N (A-C)
by blast

lemma Diff-Int: A — (BN C) = (A-B) U (A-C)
by blast

lemma Un-Diff: (AUB) — C=(A-C)U (B - 0C)
by blast

lemma Int-Diff: (AN B) — C=ANn(B - ()
by blast

lemma Diff-Int-distrib: C N (A—B) = (C N A) — (C N B)
by blast

lemma Diff-Int-distrib2: (A-B)N C =(ANn C) - (Bn ()
by blast

lemma Un-Int-assoc-iff: (AN B)UC =AN(BUC) «— CCA
by (blast elim!: equalityFE)

4.7 Big Union and Intersection

lemma Union-subset-iff: | J(4) C C +— (Vz€A. z C C)
by blast

lemma Union-upper: BEA ==> B C |J(A4)
by blast

lemma Union-least: || lz. €A ==> 2CC || ==> J(4) C C
by blast

lemma Union-cons [simp]: |J (cons(a,B)) = o U | (B)
by blast

lemma Union-Un-distrib: |J (A U B) = J(4) U U (B)
by blast

lemma Union-Int-subset: | J(A N B) C J(A) N UJ(B)
by blast
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lemma Union-disjoint: | J(C) N A =0 +— (VBeC. BN A =0)
by (blast elim!: equalityFE)

lemma Union-empty-iff: |J (A) = 0 «— (VB€A. B=0)
by blast

lemma Int-Union2: |J(B) N A= (JCeB. C N A
by blast

lemma Inter-subset-iff: A#0 ==> C C ((4) +— (Vz€A. C C 1)
by blast

lemma Inter-lower: BEA ==> ((A4) C B
by blast

lemma Inter-greatest: || A#0; z. z€A ==> CCx || ==> C C(4)
by blast

lemma INT-lower: z€A ==> ((Nz€A. B(z)) C B(z)
by blast

lemma INT-greatest: [| A#0; lx. z€A ==> CCB(z) || ==> C C (ze€A.

B(z))
by force

lemma Inter-0 [simp]: (1(0) = 0
by (unfold Inter-def, blast)

lemma Inter-Un-subset:

[| ze4; 2€B [] ==> N(4) UN(B) € N(A N B)
by blast

lemma Inter-Un-distrib:
[| A#0; B#0 [] ==> (AU B) = (4) N N(B)
by blast

lemma Union-singleton: |J ({b}) = b
by blast

lemma Inter-singleton: (| ({b}) = b
by blast

lemma Inter-cons [simp]:
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N (cons(a,B)) = (if B=0 then a else a N [ (B))
by force

4.8 Unions and Intersections of Families

lemma subset-UN-iff-eq: A C (Ji€l. B(i)) «+— A = (Jiel. AN B(3))
by (blast elim!: equalityF)

lemma UN-subset-iff: (| Jz€A. B(z)) C C +— (Vz€A. B(z) C O)
by blast

lemma UN-upper: t€A ==> B(z) C (Jz€A. B(z))
by (erule RepFunl [THEN Union-upper])

lemma UN-least: [| lz. z€A ==> B(z)CC |] ==> (Jz€A. B(z)) C C
by blast

lemma Union-eq-UN: |J(A) = (Jz€A. x)
by blast

lemma Inter-eq-INT: () (A) = ((z€A. z)
by (unfold Inter-def, blast)

lemma UN-0 [simp]: (Ji€0. A(i)) = 0
by blast

lemma UN-singleton: ((Jz€A. {z}) = A
by blast

lemma UN-Un: (Jie AU B. C(i)) = (Jie A. C(i)) U (UieB. C(7))
by blast

lemma INT-Un: (i€l U J. A(i)) =
(if I=0 then (j€J. A(j)
else if J=0 then (i€l. A(1)
else (Niel. A(i)) N (Njed. A@))))

by (simp, blast intro!: equalityl)
lemma UN-UN-flatten: ((Jz € (Uy€A. B(y)). C(z)) = (UyeA. Jze B(y).

C(z))
by blast

lemma Int-UN-distrib: B N (|Jiel. A(i)) = (Uiel. B N A(1))
by blast

lemma Un-INT-distrib: I#0 ==> B U ((i€l. A(i)) = ((i€l. B U A(7))
by auto
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lemma Int-UN-distrib2:

(Uiel. A@) N (Ujed. B(G)) = (Jiel. Ujel. Ali) n B())
by blast

lemma Un-INT-distrib2: || I#0; J#0 || ==>

- (Niel. A(@) U (Njed. B()) = (Niel. Nje]. A(i) U B(j))
y auto

lemma UN-constant [simp]: ((Jy€A. ¢) = (if A=0 then 0 else c)
by force

lemma INT-constant [simp]: ((Vy€A. ¢) = (if A=0 then 0 else c)
by force

lemma UN-RepFun [simp]: (Jy€ RepFun(A,f). B(y)) = (Uz€A. B(f(z)))
by blast

lemma INT-RepFun [simp]: ((z€RepFun(A,f). B(z)) = (ac€A. B(f(a)))
by (auto simp add: Inter-def)

lemma INT-Union-eq:
0 ¢ A==>(NzcU(4). B(z)) = (Nyed. Nzey. B(z))
apply (subgoal-tac Vz€A. £#£0)
prefer 2 apply blast
apply (force simp add: Inter-def ball-conj-distrib)
done

lemma INT-UN-egq:
(VzeA. B(z) # 0)
==> (Nze (Uzed. B(z)). C(z)) = (Nz€l. Nz€ B(z). C(2))
apply (subst INT-Union-eq, blast)
apply (simp add: Inter-def)
done

lemma UN-Un-distrib:

(Uiel. A(i) U B(i)) = (Uiel. A(i)) U (Jiel. B(1))
by blast

lemma INT-Int-distrib:
I#£0 ==> (i€l. A(i) N B(7)) = (N i€l. A(3)) N (Ni€l. B(i))
by (blast elim!: not-emptyE)

lemma UN-Int-subset:

(UzelI nJ. A(2)) C (Uzel. A(z)) N (Uzed. A(z))
by blast
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lemma Diff-UN: I#0 ==> B — (Ji€l. A(3)) = (Ni€l. B — A(i))
by (blast elim!: not-emptyE)

lemma Diff-INT: [#0 ==> B — ((i€l. A(i)) = (Ji€l. B — A(3))
by (blast elim!: not-emptyE)

lemma Sigma-consi: Sigma(cons(a,B), C) = ({a}xC(a)) U Sigma(B,C)
by blast

lemma Sigma-cons2: A * cons(b,B) = Ax{b} U AxB
by blast

lemma Sigma-succl: Sigma(succ(A), B) = ({A}xB(A)) U Sigma(A,B)
by blast

lemma Sigma-succ2: A x succ(B) = Ax{B} U AxB
by blast

lemma SUM-UN-distrib1:

(X 2z e (UyeA. C(y)). B(z)) = (UyecA. ¥ zeC(y). B(z))
by blast

lemma SUM-UN-distrib2:
(X iel. Ugeld. C(ig)) = (Ujed. E iel. C(i,g))
by blast

lemma SUM-Un-distrib1:
(Xiel U J. C() = (Ziel. C(v) U (X jed. C@H))
by blast

lemma SUM-Un-distrib2:
(X iel. A(i) U B(i)) = (X iel. A(x)) U (X i€l. B(i))
by blast

lemma prod-Un-distrib2: I « (AU B) = IxA U I«B
by (rule SUM-Un-distrib2)
lemma SUM-Int-distribl:

(X ielInJ. CG) = (X iel. Ci) N (Zjed. C@YH))
by blast
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lemma SUM-Int-distrib2:
(X iel. A(i) N B(i)) = (X iel. A(x)) N (¥ iel. B(i))
by blast

lemma prod-Int-distrib2: I x (AN B) = [xA N IxB
by (rule SUM-Int-distrib2)

lemma SUM-eq-UN: (¥ i€l. A(i)) = (Jiel. {i} = A(7))
by blast

lemma times-subset-iff:
(AB’' C AxB) +— (A'=0| B'= 0| (A'CA) & (B'CB))
by blast

lemma Int-Sigma-eq:
EzeA . Bz)Nn(XEZze A Bz))=(Xze€ A'nA. B'(z) N B(x))
by blast

lemma domain-iff: a: domain(r) +— (Jy. <a,y>€ )
by (unfold domain-def, blast)

lemma domainl [intro]: <a,b>€ r ==> a: domain(r)
by (unfold domain-def, blast)

lemma domainE [elim!]:
[| a € domain(r); Ny. <a,y>€ r ==> P || ==> P
by (unfold domain-def, blast)

lemma domain-subset: domain(Sigma(A,B)) C A
by blast

lemma domain-of-prod: b€ B ==> domain(A*B) = A
by blast

lemma domain-0 [simp]: domain(0) = 0
by blast

lemma domain-cons [simp]: domain(cons(<a,b>,r)) = cons(a, domain(r))
by blast

lemma domain-Un-eq [simp]: domain(A U B) = domain(A) U domain(B)
by blast

lemma domain-Int-subset: domain(A N B) C domain(A) N domain(B)
by blast
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lemma domain-Diff-subset: domain(A) — domain(B) C domain(A — B)
by blast

lemma domain-UN: domain(|Jz€A. B(z)) = (Jz€A. domain(B(x)))
by blast

lemma domain-Union: domain(|J (4)) = (Uz€A. domain(z))
by blast

lemma rangel [intro]: <a,b>€ r ==> b € range(r)
apply (unfold range-def)

apply (erule conversel [THEN domainl))

done

lemma rangeE [elim]]: || b € range(r); z. <z,b>€ r ==> P || ==> P
by (unfold range-def, blast)

lemma range-subset: range(A*B) C B
apply (unfold range-def)

apply (subst converse-prod)

apply (rule domain-subset)

done

lemma range-of-prod: a€ A ==> range(AxB) = B
by blast

lemma range-0 [simp]: range(0) = 0
by blast

lemma range-cons [simp]: range(cons(<a,b>,r)) = cons(b, range(r))
by blast

lemma range-Un-eq [simp]: range(A U B) = range(A) U range(B)
by blast

lemma range-Int-subset: range(A N B) C range(A) N range(B)
by blast

lemma range-Diff-subset: range(A) — range(B) C range(A — B)
by blast

lemma domain-converse [simp]: domain(converse(r)) = range(r)
by blast

lemma range-converse [simp]: range(converse(r)) = domain(r)
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by blast

lemma fieldl1: <a,b>€ r ==> a € field(r)
by (unfold field-def, blast)

lemma fieldI2: <a,b>€ r ==> b € field(r)
by (unfold field-def, blast)

lemma fieldCI [intro]:

(™ <c,a>er ==> <a,b>€ r) ==> a € field(r)
apply (unfold field-def, blast)
done

lemma fieldE [elim!]:

[| a € field(r);
Nz. <a,z>€ r ==> P;
o, <z,a>€ r==> P || ==> P

by (unfold field-def, blast)

lemma field-subset: field(AxB) C AU B
by blast

lemma domain-subset-field: domain(r) C field(r)
apply (unfold field-def)

apply (rule Un-upperl)

done

lemma range-subset-field: range(r) C field(r)
apply (unfold field-def)

apply (rule Un-upper2)

done

lemma domain-times-range: v C Sigma(A,B) ==> r C domain(r)*range(r)
by blast

lemma field-times-field: r C Sigma(A,B) ==> r C field(r)*field(r)
by blast

lemma relation-field-times-field: relation(r) ==> r C field(r)xfield(r)
by (simp add: relation-def, blast)

lemma field-of-prod: field(AxA) = A
by blast

lemma field-0 [simp]: field(0) = 0
by blast
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lemma field-cons [simp]: field(cons(<a,b>,r)) = cons(a, cons(b, field(r)))
by blast

lemma field-Un-eq [simp]: field(A U B) = field(A) U field(B)
by blast

lemma field-Int-subset: field(A N B) C field(A) N field(B)
by blast

lemma field-Diff-subset: field(A) — field(B) C field(A — B)
by blast

lemma field-converse [simp): field(converse(r)) = field(r)
by blast

lemma rel-Union: (Vz€S. 3A B. x C AxB) ==>

U(S) € domain(UJ(S5)) * range(U (S5))
by blast

lemma rel-Un: [| r C AxB; s C CxD || ==> (rUs) C (AU C) *x (BUD)
by blast

lemma domain-Diff-eq: [| <a,c> € r; c¢#b || ==> domain(r—{<a,b>}) = do-
main(r)
by blast

lemma range-Diff-eq: [| <c,b> € 1; c#a || ==> range(r—{<a,b>}) = range(r)
by blast

4.9 Image of a Set under a Function or Relation

lemma image-iff: b € 74 +— (Fz€A. <z, b>€T)

by (unfold image-def, blast)

lemma image-singleton-iff: b € r{a} +— <a,b>€r
by (rule image-iff |[THEN iff-trans], blast)

lemma imagel [intro]: [| <a,b>€ r; acA || ==> b€ r“d
by (unfold image-def, blast)

lemma imageFE [elim!]:
[| b: r“4; Nz[| <z, b>€ r; z€A|]==>P || ==>P
by (unfold image-def, blast)

lemma image-subset: r C AxB ==> r*“C C B
by blast
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lemma image-0 [simp]: 70 = 0
by blast

lemma image-Un [simp]: r*‘(A U B) = (r“A) U (r*B)
by blast

lemma image-UN: r *“ (Jz€A. B(z)) = (Uze€A. r *“ B(z))
by blast

lemma Collect-image-eq:
{z € Sigma(A,B). P(2)} “C =(Jz € A. {y € B(z). z € C & P(<z,y>)})
by blast

lemma image-Int-subset: ‘(A N B) C (r““A) N (r*B)
by blast

lemma image-Int-square-subset: (r N AxA)“B C (r*B) N A
by blast

lemma image-Int-square: BCA ==> (r N AxA)“B = (r*B) N A
by blast

lemma image-0-left [simp]: 0“A = 0
by blast

lemma image-Un-left: (r U s)“A = (rA) U (s*“A)
by blast

lemma image-Int-subset-left: (r N s)“A C (r“A) N (s“A)
by blast

4.10 Inverse Image of a Set under a Function or Relation

lemma vimage-iff:
a € r—“B +— (JyeB. <a,y>€r)
by (unfold vimage-def image-def converse-def, blast)

lemma vimage-singleton-iff: a € r—*“{b} +— <a,b>€r
by (rule vimage-iff [THEN iff-trans], blast)

lemma vimagel [intro]: [| <a,b>€ r; beEB || ==> a € r—“B
by (unfold vimage-def, blast)

lemma vimageE [elim!]:

[| a: r—“B; z.[| <a,xz>€ r; z€B||==> P || ==>P
apply (unfold vimage-def, blast)
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done

lemma vimage-subset: r C AxB ==> r—“C C A
apply (unfold vimage-def)

apply (erule converse-type [THEN image-subset])
done

lemma vimage-0 [simp]: r—“0 = 0
by blast

lemma vimage-Un [simp]: 7—“(A U B) = (r—“4) U (r—“B)
by blast

lemma vimage-Int-subset: r—“(A N B) C (r—*“A) N (r—“B)
by blast
lemma vimage-eq-UN: f —“B = (|JyeB. f—“{y})
by blast
lemma function-vimage-Int:

function(f) ==> f—“(AN B) = (f—“A) n (f—“B)
by (unfold function-def, blast)

lemma function-vimage-Diff: function(f) ==> f—*“(A-B) = (f—“A) — (f—“B)
by (unfold function-def, blast)

lemma function-image-vimage: function(f) ==> f “ (f—“A) C A
by (unfold function-def, blast)

lemma vimage-Int-square-subset: (r N AxA)—*“B C (r—“B) N A
by blast

lemma vimage-Int-square: BCA ==> (r N AxA)—“B = (r—“B) N A
by blast

lemma vimage-0-left [simp]: 0—“A = 0
by blast

lemma vimage-Un-left: (r U s)—“A = (r—“A) U (s—“A)
by blast

lemma vimage-Int-subset-left: (r N s)—“A C (r—“A) N (s—“A)
by blast
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lemma converse-Un [simp]: converse(A U B) = converse(A) U converse(B)
by blast

lemma converse-Int [simp]: converse(A N B) = converse(A) N converse(B)
by blast

lemma converse-Diff [simp]: converse(A — B) = converse(A) — converse(B)
by blast

lemma converse-UN [simp]: converse(|Jz€A. B(z)) = (Jz€A. converse(B(x)))
by blast

lemma converse-INT [simp]:

converse((z€A. B(z)) = (Nz€A. converse(B(z)))
apply (unfold Inter-def, blast)
done

4.11 Powerset Operator

lemma Pow-0 [simp]: Pow(0) = {0}
by blast

lemma Pow-insert: Pow (cons(a,A)) = Pow(A) U {cons(a,X) . X: Pow(A)}
apply (rule equalityl, safe)

apply (erule swap)

apply (rule-tac a = z—{a} in RepFun-eql, auto)

done

lemma Un-Pow-subset: Pow(A) U Pow(B) C Pow(A U B)
by blast

lemma UN-Pow-subset: (|Jx€A. Pow(B(z))) C Pow(|Jz€A. B(z))
by blast

lemma subset-Pow-Union: A C Pow(|J (4))
by blast

lemma Union-Pow-eq [simp]: |J (Pow(A)) = A
by blast

lemma Union-Pow-iff: |J(A) € Pow(B) +— A € Pow(Pow(B))
by blast

lemma Pow-Int-eq [simp]: Pow(A N B) = Pow(A4) N Pow(B)
by blast
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lemma Pow-INT-eq: A#0 ==> Pow([z€A. B(z)) = ((z€A. Pow(B(z)))
by (blast elim!: not-emptyE)

4.12 RepFun

lemma RepFun-subset: || lz. 1€ A ==> f(z) € B || ==> {f(z). z€A} C B
by blast

lemma RepFun-eq-0-iff [simp]: {f(z).c€A}=0 +— A=0
by blast

lemma RepFun-constant [simp]: {c. x€A} = (if A=0 then 0 else {c})
by force

4.13 Collect

lemma Collect-subset: Collect(A,P) C A
by blast

lemma Collect-Un: Collect(A U B, P) = Collect(A,P) U Collect(B,P)
by blast

lemma Collect-Int: Collect(A N B, P) = Collect(A,P) N Collect(B,P)
by blast

lemma Collect-Diff: Collect(A — B, P) = Collect(A,P) — Collect(B,P)
by blast

lemma Collect-cons: {x€cons(a,B). P(z)} =
(if P(a) then cons(a, {x€B. P(x)}) else {x€B. P(z)})
by (simp, blast)

lemma Int-Collect-self-eq: A N Collect(A,P) = Collect(A,P)
by blast

lemma Collect-Collect-eq [simp]:
Collect(Collect(A,P), Q) = Collect(A, %z. P(z) & Q(z))
by blast

lemma Collect-Int-Collect-eq:
Collect(A,P) N Collect(A,Q) = Collect(A, %x. P(z) & Q(z))
by blast

lemma Collect-Union-eq [simp]:
Collect(|Jz€A. B(z), P) = (UzeA. Collect(B(z), P))
by blast

lemma Collect-Int-left: {z€A. P(z)} N B ={x € An B. P(z)}
by blast
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lemma Collect-Int-right: A N {z€B. P(z)} = {x € AN B. P(z)}
by blast

lemma Collect-disj-eq: {z€A. P(z) | Q(z)} = Collect(A4, P) U Collect(A, Q)
by blast

lemma Collect-conj-eq: {x€A. P(x) & Q(x)} = Collect(A, P) N Collect(A, Q)
by blast

lemmas subset-Sls = subset-refl cons-subsetl subset-consl
Union-least UN-least Un-least
Inter-greatest Int-greatest RepFun-subset
Un-upperl Un-upper?2 Int-lower! Int-lower2

ML
val subset-cs =
claset-of (Q{context}
delrules [@Q{thm subsetl }, Q{thm subsetCE}]
addSIs Q{thms subset-SIs}
addls [Q{thm Union-upper}, @Q{thm Inter-lower}]
addSEs [Q{thm cons-subsetE}]);

val ZF-cs = claset-of (Q{context} delrules [Q{thm equalityl}]);
)

end

5 Fixedpt: Least and Greatest Fixed Points; the
Knaster-Tarski Theorem

theory Fizedpt imports equalities begin
definition

bnd-mono :: [i,i=>i]=>0 where
bnd-mono(D,h) == h(D)<=D & VW X. W<=X — X<=D — h(W) C
h(X))

definition
Ifp it [i,0=>i]=>1 where
Yp(Doh) = N({X: Pow(D). h(X) € X})
definition
gfp i [i,i=>1]=>i where
afp(D,h) == U ({X: Pow(D). X C h(X)})

The theorem is proved in the lattice of subsets of D, namely Pow(D), with
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Inter as the greatest lower bound.

5.1 Monotone Operators

lemma bnd-monol:
[| h(D)<=D;
NWX.[| W<=D; X<=D; W<=X || ==> h(W) C h(X)
[| ==> bnd-mono(D,h)
by (unfold bnd-mono-def, clarify, blast)

lemma bnd-monoD1: bnd-mono(D,h) ==> h(D) C D
apply (unfold bnd-mono-def)

apply (erule conjunctl)

done

lemma bnd-monoD2: [| bnd-mono(D,h); W<=X; X<=D || ==> (W) C h(X)
by (unfold bnd-mono-def, blast)

lemma bnd-mono-subset:
[| bnd-mono(D,h); X<=D || ==> h(X) C D
by (unfold bnd-mono-def, clarify, blast)

lemma bnd-mono-Un:
[| bnd-mono(D,h); A C D; BC D || ==> h(4) Uh(B) C h(A U B)
apply (unfold bnd-mono-def)
apply (rule Un-least, blast+)
done

lemma bnd-mono-UN:
[| bnd-mono(D,h); Viel. A(i) C
==> (|Ji€l. h(A(3))) C h((Ui€
apply (unfold bnd-mono-def)
apply (rule UN-least)
apply (elim conjE)
apply (drule-tac z=A(%) in spec)
apply (drule-tac x=({Ji€l. A(3)) in spec)
apply blast
done

D]
1. A(i)))

lemma bnd-mono-Int:
[| bnd-mono(D,h); A C D; B C D |] ==> h(4 N B) C h(A) N h(B)
apply (rule Int-greatest)
apply (erule bnd-monoD2, rule Int-lowerl, assumption)
apply (erule bnd-monoD2, rule Int-lower2, assumption)
done
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5.2 Proof of Knaster-Tarski Theorem using Ifp

lemma [fp-lowerbound:
[ h(A) C A; A<=D || ==> Ufp(D,h) € A
by (unfold Ifp-def, blast)

lemma Ifp-subset: ifp(D,h) C D
by (unfold lfp-def Inter-def, blast)

lemma def-Ifp-subset: == Ifp(D,h) ==> AC D
apply simp

apply (rule lfp-subset)

done

lemma [fp-greatest:
[| (D) C D; NX.[| h(X) C X; X<=D|]==> A<=X || ==> A C lfp(D,h)
by (unfold lfp-def, blast)

lemma [fp-lemmal:
[| bnd-mono(D,h); h(A)<=A; A<=D || ==> h(lfp(D,h)) C A
apply (erule bnd-monoD2 [THEN subset-trans))
apply (rule lfp-lowerbound, assumption—+)
done

lemma Ifp-lemma2: bnd-mono(D,h) ==> h(lfp(D,h)) C Ifp(D,h)
apply (rule bnd-monoD1 [THEN lIfp-greatest])

apply (rule-tac [2] lfp-lemmal)

apply (assumption+)

done

lemma Ifp-lemma3:
bnd-mono(D,h) ==> Ifp(D,h) C h(ifp(D,h))
apply (rule lfp-lowerbound)
apply (rule bnd-monoD2, assumption)
apply (rule lfp-lemma2, assumption)
apply (erule-tac [2] bnd-mono-subset)
apply (rule lfp-subset)+
done

lemma [fp-unfold: bnd-mono(D,h) ==> Ifp(D,h) = h(lfp(D,h))
apply (rule equalityl )

apply (erule lfp-lemma3)

apply (erule lfp-lemma2)

done

lemma def-Ifp-unfold:
[| A==Ilfp(D,h); bnd-mono(D,h) || ==> A = h(A)
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apply simp
apply (erule lfp-unfold)
done

5.3 General Induction Rule for Least Fixedpoints

lemma Collect-is-pre-fizedpt:
[| bnd-mono(D,h); Nx. x € h(Collect(ifp(D,h),P)) ==> P(z) |]
==> h(Collect(Ifp(D,h),P)) C Collect(ifp(D,h),P)
by (blast intro: [fp-lemma2 [THEN subsetD] bnd-monoD2 [THEN subsetD]
Ifp-subset [THEN subsetD])

lemma induct:
[| bnd-mono(D,h); a € Iifp(D,h);
Nz, x € h(Collect(lfp(D,h),P)) ==> P(z)
| ==> P(a)
apply (rule Collect-is-pre-fizedpt
[THEN Ifp-lowerbound, THEN subsetD, THEN CollectD2])
apply (rule-tac [3] ifp-subset [THEN Collect-subset [THEN subset-trans]],
blast+)
done

lemma def-induct:
[| A== lfp(D,h); bnd-mono(D,h); a:A;
. z € h(Collect(A,P)) ==> P(x)
| ==> P(a)
by (rule induct, blast+)

lemma [fp-Int-lowerbound:

[| (DN A) C A; bnd-mono(D,h) || ==> Ifp(D,h) C A
apply (rule lfp-lowerbound [THEN subset-trans])
apply (erule bnd-mono-subset [THEN Int-greatest], blast+)
done

lemma [fp-mono:
assumes hmono: bnd-mono(D,h)
and imono: bnd-mono(FE,i)
and subhi: 1X. X<=D ==> h(X) C i(X)
shows Ifp(D,h) C Ilfp(E 1)

apply (rule bnd-monoD1 [THEN lIfp-greatest])
apply (rule imono)
apply (rule hmono [THEN [2] lfp-Int-lowerbound)])
apply (rule Int-lowerl [THEN subhi, THEN subset-trans))
apply (rule imono [THEN bnd-monoD2, THEN subset-trans], auto)
done
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lemma [fp-mono2:
[l (D) C D; NX. X<=D ==> h(X) C i(X) || ==> Ifp(D.h) C Ufp(D,i)
apply (rule lfp-greatest, assumption)
apply (rule lfp-lowerbound, blast, assumption)
done

lemma Ifp-cong:
[[D=D%!'X. X C D' ==> h(X) = h'(X)|] ==> Ifp(D,h) = ifp(D’,h’)
apply (simp add: Ilfp-def)
apply (rule-tac t=Inter in subst-context)
apply (rule Collect-cong, simp-all)
done

5.4 Proof of Knaster-Tarski Theorem using ¢fp

lemma gfp-upperbound: || A C h(A); A<=D || ==> A C gfp(D,h)
apply (unfold gfp-def)

apply (rule Powl [THEN Collectl, THEN Union-upper])

apply (assumption+)

done

lemma gfp-subset: gfp(D,h) C D
by (unfold gfp-def, blast)

lemma def-gfp-subset: A==gfp(D,h) ==> A C D
apply simp

apply (rule gfp-subset)

done

lemma gfp-least:
[| bnd-mono(D,h); NX.[| X C h(X); X<=D || ==> X<=A4|] ==>
9fp(D,h) € A

apply (unfold gfp-def)

apply (blast dest: bnd-monoD1)

done

lemma gfp-lemmal:
[| bnd-mono(D,h); A<=h(A); A<=D || ==> A C h(gfp(D,h))
apply (rule subset-trans, assumption)
apply (erule bnd-monoD2)
apply (rule-tac [2] gfp-subset)
apply (simp add: gfp-upperbound)
done

lemma gfp-lemma2: bnd-mono(D,h) ==> gfp(D,h) C h(gfp(D,h))
apply (rule gfp-least)
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apply (rule-tac [2] gfp-lemmal)
apply (assumption—+)
done

lemma gfp-lemma3:

bnd-mono(D,h) ==> h(gfp(D,h)) € gfp(D,h)
apply (rule gfp-upperbound)
apply (rule bnd-monoD2, assumption)
apply (rule gfp-lemma2, assumption)
apply (erule bnd-mono-subset, rule gfp-subset)+
done

lemma gfp-unfold: bnd-mono(D,h) ==> gfp(D,h) = h(gfp(D,h))
apply (rule equalityl )

apply (erule gfp-lemma2)

apply (erule gfp-lemmad)

done

lemma def-gfp-unfold:
[| A==gfp(D,h); bnd-mono(D,h) || ==> A = h(A)
apply simp
apply (erule gfp-unfold)
done

5.5 Coinduction Rules for Greatest Fixed Points

lemma weak-coinduct: [| a: X; X C h(X); X C D || ==> a € gfp(D,h)
by (blast intro: gfp-upperbound [THEN subsetD))

lemma coinduct-lemma:
[| X Ch(X Ugfp(D,h); X CD; bnd-mono(D,h) || ==>
X U gfp(D,h) € h(X U gfp(D,h))
apply (erule Un-least)
apply (rule gfp-lemma2 [THEN subset-trans], assumption)
apply (rule Un-upper2 [THEN subset-trans))
apply (rule bnd-mono-Un, assumption+)

apply (rule gfp-subset)
done

P

lemma coinduct:
[| bnd-mono(D,h); a: X; X C h(X U gfp(D,h)); X C D |]
==>a € gfp(D,h)

apply (rule weak-coinduct)

apply (erule-tac [2] coinduct-lemma)

apply (simp-all add: gfp-subset Un-subset-iff )

done
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lemma def-coinduct:
[| A== gfp(D,h); bnd-mono(D,h); a:X; X Ch(XUA); X CD| ==>
a €A

apply simp

apply (rule coinduct, assumption+)

done

lemma def-Collect-coinduct:
[| A== gfp(D, %w. Collect(D,P(w))); bnd-mono(D, %w. Collect(D,P(w)));

a: X; X CD; Nz.2: X ==>P(X UA, 2)|] ==>
a€ A
apply (rule def-coinduct, assumption+, blast+)

done

lemma gfp-mono:
[| bnd-mono(D,h); D C E;
IX. X<=D ==> h(X) C i(X) [] ==> gfp(D;h)  gfp(F,)
apply (rule gfp-upperbound)
apply (rule gfp-lemma2 [THEN subset-trans], assumption)

(
apply (blast del: subsetl intro: gfp-subset)
apply (blast del: subsetl intro: subset-trans gfp-subset)
done

end

6 Bool: Booleans in Zermelo-Fraenkel Set Theory
theory Bool imports pair begin
abbreviation
one (1) where
1 == succ(0)
abbreviation
two (2) where

2 == succ(1)

2 is equal to bool, but is used as a number rather than a type.
definition bool == {0,1}

definition cond(b,c,d) == if (b=1,c,d)

definition not(b) == cond(b,0,1)
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definition
and = [4yi]=>10 (infix] and 70) where
a and b == cond(a,b,0)

definition
or w[4,0])=>1 (infixl or 65) where
a or b == cond(a,1,b)
definition
zor i [1,i]=>1 (infix]l zor 65) where
a zor b == cond(a,not(b),b)

lemmas bool-defs = bool-def cond-def

lemma singleton-0: {0} = 1
by (simp add: succ-def)

lemma bool-1I [simp,TC]: 1 € bool
by (simp add: bool-defs )

lemma bool-0I [simp,TC]: 0 € bool
by (simp add: bool-defs)

lemma one-not-0: 1#0

by (simp add: bool-defs )

lemmas one-neq-0 = one-not-0 [THEN notFE]
lemma boolE:

[| ¢: bool; ¢c=1 ==> P; ¢=0 ==> P || ==>P
by (simp add: bool-defs, blast)

lemma cond-1 [simp]: cond(1,c,d) = ¢
by (simp add: bool-defs )

lemma cond-0 [simp]: cond(0,c,d) = d
by (simp add: bool-defs )

lemma cond-type [TC]: [| b: bool; c: A(1); d: A(0) || ==> cond(b,c,d): A(b)
by (simp add: bool-defs, blast)
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lemma cond-simple-type: [| b: bool; c¢: A; d: A|] ==> cond(b,c,d): A
by (simp add: bool-defs )

lemma def-cond-1: [| "b. j(b)==cond(b,c,d) || ==> j(1) = ¢
by simp
lemma def-cond-0: [| 1b. j(b)==cond(b,c,d) || ==> j(0) = d
by simp

lemmas not-1 = not-def [THEN def-cond-1, simp]
lemmas not-0 = not-def [THEN def-cond-0, simp]

and-def [THEN def-cond-1, simp)
and-def [THEN def-cond-0, simp)

lemmas and-1
lemmas and-0

lemmas or-1
lemmas or-0

or-def [THEN def-cond-1, simp)
or-def [THEN def-cond-0, simp)

lemmas zor-1 = zor-def [THEN def-cond-1, simp)
lemmas zor-0 = zor-def [THEN def-cond-0, simp)

lemma not-type [TC]: a:bool ==> not(a) € bool
by (simp add: not-def)

lemma and-type [TC]: [| a:bool; b:bool || ==> a and b € bool
by (simp add: and-def)

lemma or-type [TC]: || a:bool; b:bool || ==> a or b € bool
by (simp add: or-def)

lemma zor-type [TC]: [| a:bool; b:bool || ==> a zor b € bool
by (simp add: zor-def)

lemmas bool-typechecks = bool-1I bool-0I cond-type not-type and-type
or-type xor-type

6.1 Laws About ’not’

lemma not-not [simp]: a:bool ==> not(not(a)) = a
by (elim boolE, auto)

lemma not-and [simp]: a:bool ==> not(a and b) = not(a) or not(b)
by (elim boolE, auto)

lemma not-or [simp]: a:bool ==> not(a or b) = not(a) and not(b)
by (elim boolE, auto)
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6.2 Laws About ’and’

lemma and-absord [simp]: a: bool ==> a and a = a
by (elim boolE, auto)

lemma and-commute: [| a: bool; b:bool || ==> a and b = b and a
by (elim boolE, auto)

lemma and-assoc: a: bool ==> (a and b) and ¢ = a and (b and c)
by (elim boolE, auto)

lemma and-or-distrib: [| a: bool; b:bool; c:bool || ==>
(a orb) and ¢ = (a and ¢) or (b and c)
by (elim boolE, auto)

6.3 Laws About ’or’

lemma or-absorb [simp]: a: bool ==> a or a = a
by (elim boolE, auto)

lemma or-commute: || a: bool; b:bool || ==> a or b = b ora
by (elim boolE, auto)

lemma or-assoc: a: bool ==> (a or b) orc¢c = a or (b orc)
by (elim boolE, auto)

lemma or-and-distrib: [| a: bool; b: bool; c: bool || ==>
(a and b) or ¢ = (a or ¢) and (b or c)
by (elim boolE, auto)

definition
bool-of-0 :: o=>1 where
bool-of-o(P) == (if P then 1 else 0)

lemma [simp]: bool-of-o(True) = 1
by (simp add: bool-of-o-def)

lemma [simp]: bool-of-o(False) = 0
by (simp add: bool-of-o-def )

lemma [simp, TC]: bool-of-o(P) € bool
by (simp add: bool-of-o-def)

lemma [simp]: (bool-of-o(P) = 1) +— P
by (simp add: bool-of-o-def)

lemma [simp]: (bool-of-0o(P) = 0) <— ~P
by (simp add: bool-of-o-def)
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end

7 Sum: Disjoint Sums
theory Sum imports Bool equalities begin

And the ”Part” primitive for simultaneous recursive type definitions

definition sum :: [i,i]=>i (infixr + 65) where
A+B == {0}xA U {1}*B

definition Inl :: i=>1 where
Inl(a) == <0,a>

definition Inr :: i=>1i where
Inr(b) == <1,b>

definition case :: [i=>1, i=>i, i]J=>i where
case(c,d) == (%o<y,z>. cond(y, d(z), c(z)))

definition Part :: [i,i=>i] => i where
Part(Ah) =={z € A. 3z. z = h(2)}

7.1 Rules for the Part Primitive

lemma Part-iff:
a € Part(Ah) «— a € A & (Fy. a=h(y))
apply (unfold Part-def)
apply (rule separation)
done

lemma Part-eql [intro]:

[| @ € A; a=h(b) || ==> a € Part(A,h)
by (unfold Part-def, blast)
lemmas Part] = refl [THEN [2] Part-eql]

lemma PartE [elim!]:

[| @ € Part(A,h); Nz.[| a € A; a=h(z) || ==> P
|| ==> P
apply (unfold Part-def, blast)

done

lemma Part-subset: Part(A,h) C A
apply (unfold Part-def)

apply (rule Collect-subset)

done
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7.2 Rules for Disjoint Sums

lemmas sum-defs = sum-def Inl-def Inr-def case-def

lemma Sigma-bool: Sigma(bool,C') = C(0) + C(1)
by (unfold bool-def sum-def, blast)

lemma Inll [introl,simp,TC]: a € A ==> Inl(a) € A+B
by (unfold sum-defs, blast)

lemma Inrl [introl,simp,TC]|: b € B ==> Inr(b) € A+B
by (unfold sum-defs, blast)

lemma sumkFE [elim!]:

[| w € A+B;
Nz, [| z € A; u=Inl(z) || ==> P;
Yy. [| y € B; u=Inr(y) || ==> P
) ==>P

by (unfold sum-defs, blast)

lemma Inl-iff [iff]: Inl(a)=Inl(db) +— a=b
by (simp add: sum-defs)

lemma Inr-iff [iff]: Inr(a)=Inr(b) +— a=b
by (simp add: sum-defs)

lemma Ini-Inr-iff [simp]: Inl(a)=Inr(b) +— False
by (simp add: sum-defs)

lemma Inr-Inl-iff [simp): Inr(b)=Inl(a) +— False
by (simp add: sum-defs)

lemma sum-empty [simp]: 0+0 = 0
by (simp add: sum-defs)

lemmas Inl-inject = Inl-iff [THEN iffD1]
lemmas Inr-inject = Inr-iff [THEN iffD1]
lemmas Inl-neq-Inr = Inl-Inr-iff [THEN iffD1, THEN FalseE, elim!]
lemmas Inr-neg-Inl = Inr-Inl-iff [THEN iffD1, THEN FalseE, elim!]

lemma IniD: Ini(a): A+B ==>a € A
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by blast

lemma InrD: Inr(b): A+B ==> b€ B
by blast

lemma sum-iff: u € A+ B +— (Jz. 2z € A& u=Inl(z)) | Fy. y € B & u=Inr(y))
by blast

lemma Inl-in-sum-iff [simp]: (Inl(z) € A+B) +— (z € A)
by auto

lemma Inr-in-sum-iff [simp]: (Inr(y) € A+B) <— (y € B)
by auto

lemma sum-subset-iff: A+B C C+D +— A<=C & B<=D
by blast

lemma sum-equal-iff: A+B = C+D +— A=C & B=D
by (simp add: extension sum-subsetl-iff, blast)

lemma sum-eq-2-times: A+A = 2xA
by (simp add: sum-def, blast)

7.3 The Eliminator: case

lemma case-Inl [simp]: case(c, d, Inl(a)) = c(a)
by (simp add: sum-defs)

lemma case-Inr [simp]: case(c, d, Inr(b)) = d(b)
by (simp add: sum-defs)

lemma case-type [TC):
[| w € A+B;
e, z € A ==> c(z): C(Inl(z));
ly. y € B ==> d(y): C(Inr(y))
[| ==> case(c,d,u) € C(u)
by auto

lemma expand-case: u € A+B ==>
R(case(c,d,u)) +—
(VzeA. v = Inl(x) — R(c(z))) &
(VyeB. u = Inr(y) — R(d(y))))
by auto

lemma case-cong:
[| = € A+B;
N,z € A ==> c(z)=c'(z);
y. y € B ==> d(y)=d'(y)
|| ==> case(c,d,z) = case(c’,d’,z)
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by auto
lemma case-case: z € A+B ==>
case(e, d, case(%ox. Inl(c'(z)), %oy. Inr(d'(y)), z)) =

)
case(Yox. c(c'(x)), %oy. d(d'(y)), 2)
by auto

7.4 More Rules for Part(A, h)

lemma Part-mono: A<=B ==> Part(A,h)<=Part(B,h)
by blast

lemma Part-Collect: Part(Collect(A,P), h) = Collect(Part(A,h), P)
by blast

lemmas Part-CollectE =
Part-Collect [THEN equalityD1, THEN subsetD, THEN CollectE)

lemma Part-Inl: Part(A+B,Inl) = {Inl(z). z € A}
by blast

lemma Part-Inr: Part(A+B,Inr) = {Inr(y). y € B}
by blast

lemma PartD1: a € Part(A,h) ==> a € A
by (simp add: Part-def)

lemma Part-id: Part(A,%z. ) = A
by blast

lemma Part-Inr2: Part(A+B, %x. Inr(h(z))) = {Inr(y). y € Part(B,h)}
by blast

lemma Part-sum-equality: C C A+B ==> Part(C,Inl) U Part(C,Inr) = C
by blast

end

8 func: Functions, Function Spaces, Lambda-Abstraction

theory func imports equalities Sum begin

8.1 The Pi Operator: Dependent Function Space

lemma subset-Sigma-imp-relation: r C Sigma(A,B) ==> relation(r)
by (simp add: relation-def, blast)

lemma relation-converse-converse [simp]:
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relation(r) ==> converse(converse(r)) = r
by (simp add: relation-def, blast)

lemma relation-restrict [simp]: relation(restrict(r,A))
by (simp add: restrict-def relation-def , blast)

lemma Pi-iff:
f € Pi(A,B) <— function(f) & f<=Sigma(A,B) & A<=domain(f)
by (unfold Pi-def, blast)

lemma Pi-iff-old:
f € Pi(A,B) «— f<=Sigma(A,B) & (Vz€A. EX! y. <z,y>: f)
by (unfold Pi-def function-def, blast)

lemma fun-is-function: f € Pi(A,B) ==> function(f)
by (simp only: Pi-iff )

lemma function-imp-Pi:
[|function(f); relation(f)|] ==> f € domain(f) —> range(f)
by (simp add: Pi-iff relation-def, blast)

lemma functionl:

| Nz yy' || <zy>r; <z,y>ir|] ==> y=y'|] ==> function(r)
by (simp add: function-def, blast)

lemma fun-is-rel: f € Pi(A,B) ==> f C Sigma(A,B)
by (unfold Pi-def, blast)
lemma Pi-cong:

[| A=A"; z. 2 € A’ ==> B(z)=B'(z) || ==> Pi(A,B) = Pi(A",B’)
by (simp add: Pi-def cong add: Sigma-cong)

lemma fun-weaken-type: [| f € A—>B; B<=D || ==>f € A—>D
by (unfold Pi-def, best)

8.2 Function Application

lemma apply-equality?2: [| <a,b>: f; <a,c>: f; f € Pi(A,B) |] ==> b=c
by (unfold Pi-def function-def, blast)

lemma function-apply-equality: [| <a,b>: f; function(f) |] ==> f'a =15
by (unfold apply-def function-def, blast)

lemma apply-equality: [| <a,b>: f; f € Pi(A,B) || ==> fa=1
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apply (unfold Pi-def)
apply (blast intro: function-apply-equality)
done

lemma apply-0: a ¢ domain(f) ==> f‘a = 0
by (unfold apply-def, blast)

lemma Pi-memberD: [| f € Pi(A,B); c € f|] ==> 3z€A. ¢ = <z.fa>
apply (frule fun-is-rel)

apply (blast dest: apply-equality)

done

lemma function-apply-Pair: [| function(f); a € domain(f)|] ==> <a,fa>: f
apply (simp add: function-def, clarify)

apply (subgoal-tac f‘a = y, blast)

apply (simp add: apply-def, blast)

done

lemma apply-Pair: || f € Pi(A,B); a € A|] ==> <a,fa>: f
apply (simp add: Pi-iff)

apply (blast intro: function-apply-Pair)

done

lemma apply-type [TC): [| f € Pi(A,B); a € A || ==> fa € B(a)
by (blast intro: apply-Pair dest: fun-is-rel)

lemma apply-funtype: || f € A—>B; a € A|] ==> f'a € B
by (blast dest: apply-type)

lemma apply-iff: f € Pi(A,B) ==> <a,b>: f+—ac A& fa=0b
apply (frule fun-is-rel)

apply (blast intro!: apply-Pair apply-equality)

done

lemma Pi-type: || f € Pi(A,C); Nz.z € A==> fo € B(z) || ==> f € Pi(A,B)

apply (simp only: Pi-iff)
apply (blast dest: function-apply-equality)
done

lemma Pi-Collect-iff :

(f € Pi(A, %z. {y € B(z). P(z,y)}))
+—— f € Pi(A,B) & (Vz€A. P(z, fx))
by (blast intro: Pi-type dest: apply-type)
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lemma Pi-weaken-type:
[| f € Pi(A,B); Nz. z € A ==> B(z)<=C(z) || ==> f € Pi(A,C)
by (blast intro: Pi-type dest: apply-type)

lemma domain-type: [| <a,b> € f; f € Pi(4,B) || ==>a€ A
by (blast dest: fun-is-rel)

lemma range-type: [| <a,b> € f; f € Pi(A,B) || ==> b € B(a)

by (blast dest: fun-is-rel)

lemma Pair-mem-PiD: || <a,b>: f; f € Pi(A,B) ||==>a€ A& bec Ba) &
fla=5

by (blast intro: domain-type range-type apply-equality)

8.3 Lambda Abstraction

lemma laml: ¢ € A ==> <a,b(a)> € (A\z€A. b(z))
apply (unfold lam-def)

apply (erule RepFunl)

done

lemma lamE:
| p: (\weA. b(a)); Nl o € A; p=<z,b(z)> || ==> P
| ==> P

by (simp add: lam-def, blast)

lemma lamD: [| <a,c>: (Az€A. b(z)) |] ==> ¢ = b(a)
by (simp add: lam-def)

lemma lam-type [TC):
| Nz. 2z € A ==> b(z): B(z) || ==> (Az€A. b(z)) € Pi(A,B)
by (simp add: lam-def Pi-def function-def, blast)

lemma lam-funtype: (Az€A. b(z)) € A —> {b(z). z € A}
by (blast intro: lam-type)

lemma function-lam: function (Az€A. b(z))
by (simp add: function-def lam-def)

lemma relation-lam: relation (Az€A. b(x))
by (simp add: relation-def lam-def)

lemma beta-if [simp]: (Az€A. b(z)) ‘a = (if a € A then b(a) else 0)
by (simp add: apply-def lam-def, blast)

lemma beta: a € A ==> (Az€A. b(z)) ‘a = b(a)
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by (simp add: apply-def lam-def, blast)

lemma lam-empty [simp]: (A\z€0. b(z)) = 0
by (simp add: lam-def)

lemma domain-lam [simp]: domain(Lambda(A,b)) = A
by (simp add: lam-def, blast)

lemma lam-cong [cong]:
[| A=A" Nz, z € A’ ==> b(z)=b'(z) || ==> Lambda(A,b) = Lambda(A’b’)
by (simp only: lam-def cong add: RepFun-cong)

lemma lam-thel:
(Nz. z € A ==> EX!y. Q(z,y)) ==> 3f. VzeA. Q(z, fx)
apply (rule-tac z = Ax€A. THE y. Q (z,y) in exl)

apply simp

apply (blast intro: thel)

done

lemma lam-egE: || (Az€A. f(z)) = (Az€A. ¢g(z)); a € A|] ==> f(a)=g(a)

by (fast introl: laml elim: equalityE lamE)

lemma Pi-emptyl! [simp]: Pi(0,A) = {0}
by (unfold Pi-def function-def, blast)

lemma singleton-fun [simp]: {<a,b>} € {a} —> {b}
by (unfold Pi-def function-def, blast)

lemma Pi-empty?2 [simp]: (A—>0) = (if A=0 then {0} else 0)
by (unfold Pi-def function-def, force)

lemma fun-space-empty-iff [iff]: (A—>X)=0 +— X=0 & (4 # 0)
apply auto

apply (fast intro!: equalsOI intro: lam-type)

done

8.4 Extensionality

lemma fun-subset:
[| f € Pi(A,B); g € Pi(C,D); A<=C;
.z € A==> fo=g% [| ==> f<=g
by (force dest: Pi-memberD intro: apply-Pair)

lemma fun-extension:
[| f € Pi(A,B); g € Pi(A,D);
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.z € A==> fo =g% || ==> f=g¢
by (blast del: subsetl intro: subset-refl sym fun-subset)

lemma eta [simp]: f € Pi(A,B) ==> (Az€A. fz) = f
apply (rule fun-extension)

apply (auto simp add: lam-type apply-type beta)

done

lemma fun-extension-iff:
[| f € Pi(A,B); g € Pi(A,C) || ==> (Va€A. fla = g‘a) +— f=yg
by (blast intro: fun-extension)

lemma fun-subset-eq: [| f € Pi(A,B); g € Pi(A,C) || ==>f Cg+— (f =9)
by (blast dest: apply-Pair
intro: fun-extension apply-equality [symmetric])

lemma Pi-lamkFE:
assumes major: f € Pi(A,B)
and minor: I1b. [| Va€A. b(z):B(z); f = (Az€A. b(z)) || ==> P
shows P
apply (rule minor)
apply (rule-tac [2] eta [symmetric])
apply (blast intro: major apply-type)+
done

8.5 Images of Functions

lemma image-lam: C C A ==> (Az€A. b(z)) “ C = {b(x). z € C}
by (unfold lam-def, blast)

lemma Repfun-function-if:

function(f)

==> {fz. x € C} = (if C C domain(f) then f*“C else cons(0,f‘C))
apply simp
apply (intro congl impI)
apply (blast dest: function-apply-equality intro: function-apply-Pair)
apply (rule equalityl)
apply (blast intro!: function-apply-Pair apply-0)
apply (blast dest: function-apply-equality intro: apply-0 [symmetric])
done

lemma image-function:
[| function(f); C C domain(f) || ==> f“C = {fz. z € C}
by (simp add: Repfun-function-if)
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lemma image-fun: [| f € Pi(A,B); C C A|] ==> f“C ={fz.z € C}
apply (simp add: Pi-iff)

apply (blast intro: image-function)

done

lemma image-eq-UN:
assumes f: f € Pi(A,B) C C A shows f“C = (JzeC. {f ‘z})
by (auto simp add: image-fun [OF f])

lemma Pi-image-cons:
| f € Pi(AB); = € Al ==>f* cons(z,y) = cons(f'z, [*y)
by (blast dest: apply-equality apply-Pair)

8.6 Properties of restrict(f, A)

lemma restrict-subset: restrict(f,A) C f
by (unfold restrict-def, blast)

lemma function-restrictl:
function(f) ==> function(restrict(f,A))
by (unfold restrict-def function-def, blast)

lemma restrict-type2: [| f € Pi(C,B); A<=C || ==> restrict(f,A) € Pi(A,B)
by (simp add: Pi-iff function-def restrict-def, blast)

lemma restrict: restrict(f,A) ‘a = (if a € A then f‘a else 0)
by (simp add: apply-def restrict-def, blast)

lemma restrict-empty [simp): restrict(f,0) = 0
by (unfold restrict-def, simp)

lemma restrict-iff: z € restrict(r,A) «— z € r & (Jz€A. Jy. z = (z, y))
by (simp add: restrict-def)

lemma restrict-restrict [simp]:
restrict(restrict(r,A),B) = restrict(r, A N B)
by (unfold restrict-def, blast)
lemma domain-restrict [simp|: domain(restrict(f,C)) = domain(f) N C
apply (unfold restrict-def)
apply (auto simp add: domain-def)

done

lemma restrict-idem: f C Sigma(A,B) ==> restrict(f,A) = f
by (simp add: restrict-def, blast)

lemma domain-restrict-idem:
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[| domain(r) C A; relation(r) || ==> restrict(r,A) = r
by (simp add: restrict-def relation-def, blast)

lemma domain-restrict-lam [simp]: domain(restrict(Lambda(A,f),C)) = AN C
apply (unfold restrict-def lam-def)

apply (rule equalityl )

apply (auto simp add: domain-iff)

done

lemma restrict-if [simp): restrict(f,A) ‘a = (if a € A then f‘a else 0)
by (simp add: restrict apply-0)

lemma restrict-lam-eq:
A<=C ==> restrict(AzeC. b(z), A) = (Az€A. b(x))
by (unfold restrict-def lam-def, auto)

lemma fun-cons-restrict-eq:

f € cons(a, b) —> B ==> f = cons(<a, f * a>, restrict(f, b))
apply (rule equalityl )
prefer 2 apply (blast intro: apply-Pair restrict-subset [THEN subsetD])
apply (auto dest!: Pi-memberD simp add: restrict-def lam-def)
done

8.7 Unions of Functions

lemma function-Union:
[| Vz€S. function(z);
VzeS. Vyes. z<=y | y<=z |]
==> function(|J (9))
by (unfold function-def, blast)

lemma fun-Union:
|VfeS.3CD. fe C—>D;
VfeS. Vyes. f<=y | y<=f |] ==>
U (S) € domain(|J(S)) —> range(J (5))
apply (unfold Pi-def)
apply (blast intro!: rel-Union function-Union)
done

lemma gen-relation-Union [rule-format]:
VfeF. relation(f) = relation(lJ (F))
by (simp add: relation-def)

lemmas Un-rls = Un-subset-iff SUM-Un-distrib1 prod-Un-distrib2
subset-trans [OF - Un-upperl ]
subset-trans [OF - Un-upper?2]
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lemma fun-disjoint-Un:
|[feA—>B; ge C—>D; AnC =20 |
==>(fUg)e(AUC)—->(BUD)

apply (simp add: Pi-iff extension Un-rls)
apply (unfold function-def, blast)
done

lemma fun-disjoint-applyl: a ¢ domain(g) ==> (f U g)‘a = fa
by (simp add: apply-def, blast)
lemma fun-disjoint-apply2: ¢ ¢ domain(f) ==> (f U g)‘c = g‘c
by (simp add: apply-def, blast)

8.8 Domain and Range of a Function or Relation

lemma domain-of-fun: f € Pi(A,B) ==> domain(f)=A
by (unfold Pi-def, blast)

lemma apply-rangel: || f € Pi(A,B); a € A || ==> f‘a € range(f)
by (erule apply-Pair [THEN rangel], assumption)

lemma range-of-fun: f € Pi(A,B) ==> f € A—>range(f)
by (blast intro: Pi-type apply-rangel )

8.9 Extensions of Functions

lemma fun-extend:
[| f € A—>B; c¢A |] ==> cons(<c,b>,f) € cons(c,A) —> cons(b,B)
apply (frule singleton-fun [THEN fun-disjoint-Un], blast)
apply (simp add: cons-eq)
done

lemma fun-extend3:
[| f € A—>B; c¢A; b e Bl ==> cons(<c,b>,f) € cons(c,A) —> B
by (blast intro: fun-extend [THEN fun-weaken-type])

lemma extend-apply:
¢ ¢ domain(f) ==> cons(<c,b>.f)‘a = (if a=c then b else f‘a)
by (auto simp add: apply-def)

lemma fun-extend-apply [simp):
[| f € A—>B; ¢¢A || ==> cons(<c,b>,f)‘a = (if a=c then b else f‘a)
apply (rule extend-apply)
apply (simp add: Pi-def, blast)
done

lemmas singleton-apply = apply-equality [OF singletonl singleton-fun, simp)
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lemma cons-fun-eq:

c ¢ A ==> cons(c,A) —> B = (Jf € A—>B. |JbeB. {cons(<c,b>, f)})
apply (rule equalityl)
apply (safe elim!: fun-extend3)

apply (subgoal-tac restrict (z, A) € A —> B)
prefer 2 apply (blast intro: restrict-type2)
apply (rule UN-I, assumption)
apply (rule apply-funtype [THEN UN-I|)
apply assumption
apply (rule consll)
apply (simp (no-asm))
apply (rule fun-extension)
apply assumption
apply (blast intro: fun-extend)
apply (erule consE, simp-all)
done

lemma succ-fun-eq: succ(n) —> B = (Jf € n—>B. |JbeB. {cons(<n,b>, [)})
by (simp add: succ-def mem-not-refl cons-fun-eq)

8.10 Function Updates

definition
update :: [i,i,i] => i where
update(f,a,b) == Axecons(a, domain(f)). if (z=a, b, fz)

nonterminal updbinds and updbind

syntax

-updbind  :: [i, 1] => updbind ((2-:=/-)

it updbind => updbinds (-)

-updbinds i [updbind, updbinds] => updbinds (-,/ -)

-Update  :: [i, updbinds] => i (-/((-)") [900,0] 900)
translations

-Update (f, -updbinds(b,bs)) == -Update (-Update(f,b), bs)

f(z:=y) == CONST update(f,x,y)

lemma update-apply [simp]: f(x:=y) ‘2z = (if z=x then y else fz)
apply (simp add: update-def)

apply (case-tac z € domain(f))

apply (simp-all add: apply-0)

done
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lemma update-idem: || f'c = y; f € Pi(A,B); z € Al|] ==> f(z:=y) = f
apply (unfold update-def)

apply (simp add: domain-of-fun cons-absorb)

apply (rule fun-extension)

apply (best intro: apply-type if-type lam-type, assumption, simp)

done

declare refl [THEN update-idem, simp)

lemma domain-update [simp]: domain(f(z:=y)) = cons(z, domain(f))
by (unfold update-def, simp)

lemma update-type: [| f € Pi(A,B); z € A; y € B(z) || ==> f(z:=y) € Pi(4,
B)

apply (unfold update-def)

apply (simp add: domain-of-fun cons-absorb apply-funtype lam-type)

done

8.11 Monotonicity Theorems

8.11.1 Replacement in its Various Forms

lemma Replace-mono: A<=B ==> Replace(A,P) C Replace(B,P)
by (blast elim!: ReplaceE)

lemma RepFun-mono: A<=B ==> {f(z). ¢ € A} C {f(z). = € B}
by blast

lemma Pow-mono: A<=B ==> Pow(A) C Pow(B)

by blast
lemma Union-mono: A<=B ==> J(A) C J(B)
by blast
lemma UN-mono:
[| A<=C; Nz. z € A ==> B(z)<=D(z) || ==> (Jz€A. B(z)) C (UzeC.
D(z))
by blast
lemma Inter-anti-mono: [| A<=B; A#0 || ==> (B) € (4)
by blast
lemma cons-mono: C<=D ==> cons(a,C) C cons(a,D)
by blast
lemma Un-mono: [| A<=C; B<=D||==>AUBC CUD
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by blast

lemma Int-mono: [| A<=C; B<=D ||==>ANBCCnND
by blast

lemma Diff-mono: [| A<=C; D<=B|]==> A-B C C-D
by blast

8.11.2 Standard Products, Sums and Function Spaces

lemma Sigma-mono [rule-format]:

[| A<=C; z. 2 € A — B(z) C D(z) || ==> Sigma(A,B) C Sigma(C,D)
by blast
lemma sum-mono: [| A<=C; B<=D || ==> A+B C C+D

by (unfold sum-def, blast)

lemma Pi-mono: B<=C ==> A—>B C A—>C
by (blast intro: lam-type elim: Pi-lamFE)

lemma lam-mono: A<=B ==> Lambda(A,c) C Lambda(B,c)
apply (unfold lam-def)

apply (erule RepFun-mono)

done

8.11.3 Converse, Domain, Range, Field

lemma converse-mono: r<=s ==> converse(r) C converse(s)
by blast

lemma domain-mono: r<=s ==> domain(r)<=domain(s)
by blast

lemmas domain-rel-subset = subset-trans [OF domain-mono domain-subset]

lemma range-mono: r<=s ==> range(r)<=range(s)
by blast

lemmas range-rel-subset = subset-trans [OF range-mono range-subset]

lemma field-mono: r<=s ==> field(r)<=field(s)
by blast

lemma field-rel-subset: r C AxA ==> field(r) C A
by (erule field-mono [THEN subset-trans], blast)

8.11.4 Images

lemma image-pair-mono:
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([ N2y <zy>r==><z,y>s A<=B|] ==>r“AC s“B
by blast

lemma vimage-pair-mono:

[ N2y <zy>r==><zy>s; A<=B| ==>r—“AC s—“B
by blast
lemma image-mono: [| r<=s; A<=B || ==> r“A C s“B
by blast
lemma vimage-mono: [| r<=s; A<=B || ==>r—“A C s—“B
by blast
lemma Collect-mono:
[| A<=B; llz. 2z € A==> P(z) — Q(z) || ==> Collect(A,P) C Collect(B,Q)
by blast

lemmas basic-monos = subset-refl imp-refl disj-mono conj-mono ex-mono
Collect-mono Part-mono in-mono

lemma bez-image-simp:
| fePi(X,Y); ACX | ==> (Fzef“A. P(z)) +— (Jz€A. P(fz))
apply safe
apply rule
prefer 2 apply assumption
apply (simp add: apply-equality)
apply (blast intro: apply-Pair)
done

lemma ball-image-simp:
[[fePi(X,Y); AC X || ==> (Vzef“A. P(z)) «— (VzeA. P(fz))
apply safe
apply (blast intro: apply-Pair)
apply (drule bspec) apply assumption
apply (simp add: apply-equality)
done

end

9 QPair: Quine-Inspired Ordered Pairs and Dis-
joint Sums

theory QPair imports Sum func begin

For non-well-founded data structures in ZF. Does not precisely follow Quine’s
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construction. Thanks to Thomas Forster for suggesting this approach!

W. V. Quine, On Ordered Pairs and Relations, in Selected Logic Papers,
1966.

definition
QPair i [i, 4] =>4 (<(~;/ -)>) where
<a;b> == a+b
definition

gfst = i => i where
qfst(p) == THE a. 3b. p=<a;b>

definition
gsnd :: v => 1 where
gsnd(p) == THE b. Ja. p=<a;b>

definition
gsplit =2 [[i, i] => 'a, i] => 'a::{} where
gsplit(c,p) == c(qfst(p), gsnd(p))

definition
gconverse :: i => i where
geonverse(r) == {z. w € r, Jz y. w=<z;y> & 2=<y;z>}
definition
QSigma [, i => i] => i where
QSigma(A,B) == (JzeA. JyeB(z). {<z;y>}
syntax
-QSUM  :: [idt, i, i) => i ((3QSUM - € -./ -) 10)
translations

QSUM z € A. B => CONST QSigma(A, %x. B)

abbreviation
gprod (infixr <*> 80) where
A <x> B == QSigma(A, %-. B)

definition
gsum  : [ii]=>1 (infixr <+> 65) where
A<+>B == ({0} <x> A) U ({1} <*> B)

definition
QInl :: i=>i where
QInl(a) == <0;a>

definition

QInr :: i=>i where
QInr(d) == <I1;b>
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definition
qease  :: [i=>1, i=>1, i|]=>i where
gcase(c,d) == gsplit(%y z. cond(y, d(z), ¢(z)))

9.1 Quine ordered pairing

lemma QPair-empty [simp]: <0;0> = 0
by (simp add: QPair-def)

lemma QPair-iff [simp]: <a;b> = <c¢;d> +— a=c & b=d
apply (simp add: QPair-def)

apply (rule sum-equal-iff)

done

lemmas QPair-inject = QPair-iff [THEN iffD1, THEN conjE, elim!]

lemma QPair-injectl: <a;b> = <c;d> ==> a=c
by blast

lemma QPair-inject?2: <a;b> = <c;d> ==> b=d
by blast

9.1.1 QSigma: Disjoint union of a family of sets Generalizes Carte-
sian product

lemma QSigmal [introl]: [| a € A; b € B(a) |] ==> <a;b> € QSigma(A,B)
by (simp add: QSigma-def)

lemma QSigmaFE [elim!]:
[| ¢ € QSigma(A,B);
Nz y.lz € A ye Bx), c=<z;y>]|] ==>P
|| ==> P
by (simp add: QSigma-def, blast)

lemma QSigmaE2 [elim!]:
[| <a;b>: QSigma(A,B); [| a € A; b€ B(a) || ==> P |]==>P
by (simp add: QSigma-def)

lemma QSigmaD1: <a;b> € QSigma(A,B) ==> a € A
by blast

lemma QSigmaD2: <a;b> € QSigma(A,B) ==> b € B(a)
by blast

lemma QSigma-cong:

[| A=A" Nz. 2 € A’ ==> B(z)=B'(z) |] ==>
QSigma(A,B) = QSigma(A’,B’)
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by (simp add: QSigma-def)

lemma QSigma-emptyl [simp]: QSigma(0,B) = 0
by blast

lemma QSigma-empty2 [simp]: A <x> 0 = 0
by blast

9.1.2 Projections: qfst, gsnd

lemma gfst-conv [simp]: qfst(<a;b>) = a
by (simp add: gfst-def)

lemma gsnd-conv [simp]: gsnd(<a;b>) = b
by (simp add: gsnd-def)

lemma gfst-type [TC]: p € QSigma(A,B) ==> ¢fst(p) € A
by auto

lemma gsnd-type [TC]: p € QSigma(A,B) ==> gsnd(p) € B(qfst(p))
by auto

lemma QPair-qfst-gsnd-eq: a € QSigma(A,B) ==> <qfst(a); gsnd(a)> = a
by auto

9.1.3 Eliminator: gsplit

lemma gsplit [simp]: gsplit(%ox y. c(z,y), <a;b>) == c(a,b)
by (simp add: gsplit-def)

lemma gsplit-type [elim!]:
(| p € QSigma(A,B);
Nz y.[ z € A; y € B(z) ||
| ==> gsplit(%ox y. c(z,y), p)
by auto

lemma expand-gsplit:

u € A<*>B ==> R(gsplit(c,u)) «+— VacA.VyeB. u= <z;y> — R(c(z,y)))
apply (simp add: gsplit-def, auto)

done

9.1.4 gsplit for predicates: result type o

lemma gsplitl: R(a,b) ==> g¢split(R, <a;b>)
by (simp add: gsplit-def)

lemma ¢splitE:
[| gsplit(R,z); z € QSigma(A,B);
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Ney. [| 2 = <zy>; R(z,y) || ==>P
|| ==>P
by (simp add: gsplit-def, auto)

lemma gsplitD: gsplit(R,<a;b>) ==> R(a,b)
by (simp add: gsplit-def)

9.1.5 qconverse
lemma gconversel [intro!]: <a;b>:r ==> <b;a>:qconverse(r)

by (simp add: gconverse-def, blast)

lemma geonverseD [elim!]: <a;b> € qconverse(r) ==> <b;a> € r
by (simp add: gconverse-def, blast)

lemma gconverseE [elim!]:
[| yx € geonverse(r);
Nz y. [| yr=<y;z>; <z;y>r|] ==>P
| ==>P
by (simp add: gconverse-def, blast)

lemma gconverse-gconverse: r<=QSigma(A,B) ==> qconverse(qconverse(r)) =
r

by blast

lemma gconverse-type: 1 C A <x> B ==> qconverse(r) C B <x> A
by blast

lemma gconverse-prod: gconverse(A <x> B) = B <x> A
by blast

lemma gconverse-empty: qconverse(0) = 0
by blast

9.2 The Quine-inspired notion of disjoint sum

lemmas gsum-defs = gsum-def QInl-def QInr-def gcase-def

lemma QInll [introl]: a € A ==> QInl(a) € A <+> B
by (simp add: gsum-defs, blast)

lemma QInrl [intro!]: b € B ==> QInr(b) € A <+> B
by (simp add: gsum-defs, blast)

lemma gsumFE [elim!]:
[| w e A<+> B;
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Nz [| z € A; u=QInl(z) |] ==> P;
Ny. [l y € By u=QInr(y) [| ==> P
| ==>P
by (simp add: gsum-defs, blast)

lemma QInl-iff [iff]: QInl(a)=QInl(b) +— a=b
by (simp add: gsum-defs )

lemma QInr-iff [iff]: QInr(a)=QInr(b) +— a=b
by (simp add: gsum-defs )

lemma QInl-QInr-iff [simp]: QInl(a)=QInr(b) «— False
by (simp add: gsum-defs )

lemma QInr-QInl-iff [simp]: QInr(b)=QInl(a) +— False
by (simp add: gsum-defs )

lemma gsum-empty [simp]: 0<+>0 = 0
by (simp add: gsum-defs )

lemmas QInl-inject = QInl-iff [THEN iffD1]
lemmas QInr-inject = QInr-iff [THEN iffD1]
lemmas QInl-neq-QInr = QInl-QInr-iff [THEN iffD1, THEN FualseE, elim!
lemmas QInr-neq-QInl = QInr-QInl-iff [THEN iffD1, THEN FualseE, elim!

lemma QInlD: QInl(a): A<+>B ==>a€ A
by blast

lemma QInrD: QInr(b): A<+>B ==> b€ B
by blast

lemma qsum-iff:
u€A<+>B+— 3Fz.z e A& u=Qnl(z)) | By. y € B& u=QInr(y))
by blast

lemma gsum-subset-iff: A <+> B C C <+> D +— A<=C & B<=D
by blast

lemma gqsum-equal-iff: A <+> B = C <+> D +— A=C & B=D
apply (simp (no-asm) add: extension gsum-subset-iff)

apply blast

done
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9.2.1 Eliminator — qcase

lemma gcase-QInl [simp]: gease(c, d, QInl(a)) = c(a)
by (simp add: gsum-defs )

lemma gcase-QInr [simp]: gcase(c, d, QInr(b)) = d(b)
by (simp add: gsum-defs )

lemma qcase-type:
| we A<+> B;
Nz, z € A ==> c(z): C(QInl(z));
ly. y € B ==> d(y): C(QInr(y))
[| ==> qcase(c,d,u) € C(u)
by (simp add: qsum-defs, auto)

lemma Part-QInl: Part(A <+> B,QInl) = {QIni(z). z € A}
by blast

lemma Part-QInr: Part(A <+> B,QInr) = {QInr(y). y € B}
by blast

lemma Part-QInr2: Part(A <+> B, %z. QInr(h(z))) = {QInr(y). y € Part(B,h)}
by blast

lemma Part-gsum-equality: C C A <+> B ==> Part(C,QInl) U Part(C,QInr)
=C

by blast

9.2.2 Monotonicity

lemma QPair-mono: [| a<=c; b<=d || ==> <a;b> C <c¢;d>

by (simp add: QPair-def sum-mono)

lemma QSigma-mono [rule-format]:
[| A<=C; VYzeA. B(z) C D(z) || ==> QSigma(A,B) C QSigma(C,D)
by blast

lemma QInl-mono: a<=b ==> QInl(a) C QInl(d)
by (simp add: QInl-def subset-refl [THEN QPair-mono))

lemma QInr-mono: a<=b ==> QInr(a) C QInr(b)
by (simp add: QInr-def subset-refl [THEN QPair-mono))

lemma gsum-mono: || A<=C; B<=D ||==>A<+>BC (C<+>D
by blast

end
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10 Perm: Injections, Surjections, Bijections, Com-
position

theory Perm imports func begin

definition
comp i [i,i]=>i (infixr O 60) where
r O s == {xz € domain(s)xrange(r) .

Jzy 2. az=<x,2> & <z,y>:5 & <y,z>:1}
definition

id ::i=>i where
id(A) == (\z€A. )

definition

inj :: [4,i]=>i where
inj(A,B) =={ f € A—>B. VweA. VzcA. fu=fr — w=z}

definition

surj :: [i,i]=>i where
surj(A,B) == { f € A—>B .VyeB. JzcA. fa=y}

definition

bij :: [i,i]=>i where
bij(A,B) == inj(A,B) N surj(A,B)

10.1 Surjective Function Space

lemma surj-is-fun: f € surj(A,B) ==> f € A—>B
apply (unfold surj-def)

apply (erule CollectD1)

done

lemma fun-is-surj: f € Pi(A,B) ==> f € surj(A,range(f))
apply (unfold surj-def)

apply (blast intro: apply-equality range-of-fun domain-type)
done

lemma surj-range: [ € surj(A,B) ==> range(f)=B

apply (unfold surj-def)
apply (best intro: apply-Pair elim: range-type)
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done

A function with a right inverse is a surjection

lemma f-imp-surjective:
[|feA—>B; ly.y € B==>d(y): A; "y. y € B==> fd(y) =y |]
==> f € surj(4,B)
by (simp add: surj-def, blast)

lemma lam-surjective:
[| "z. 2 € A ==> ¢(z): B;
Ny. y € B ==> d(y): 4;
Ny.y € B ==> c(d(y)) =
[| ==> (Az€A. c(x)) € sur ( B)
apply (rule-tac d = d in f-imp- suryectwe)
apply (simp-all add: lam-type
done

Cantor’s theorem revisited

lemma cantor-surj: f ¢ surj(A,Pow(A))
apply (unfold surj-def, safe)

apply (cut-tac cantor)

apply (best del: subsetl)

done

10.2 Injective Function Space

lemma inj-is-fun: f € inj(A,B) ==> f € A—>B
apply (unfold inj-def)

apply (erule CollectD1)

done

Good for dealing with sets of pairs, but a bit ugly in use [used in AC]
lemma inj-equality:
[| <a,b>:f; <e,b>:f; f € inj(A,B) || ==> a=c

apply (unfold inj-def)
apply (blast dest: Pair-mem-PiD)
done

lemma inj-apply-equality: [| f € inj(A,B); faa=fb; a€ A; be A|] ==> a=b
by (unfold inj-def, blast)

A function with a left inverse is an injection

lemma f-imp-injective: [| f € A—>B; Vaze€A. d(fz)=x || ==> [ € inj(4,B)
apply (simp (no-asm-simp) add: ingj-def)

apply (blast intro: subst-context [THEN boz-equals))

done

lemma lam-injective:
| Nz. 2 € A ==> c¢(z): B;
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Nz, z € A ==>d(c(z)) =z |]
==> (Az€A. ¢(z)) € inj(A,B)
apply (rule-tac d = d in f-imp-injective)
apply (simp-all add: lam-type)
done

10.3 Bijections

lemma bij-is-inj: f € bij(A,B) ==> f € inj(4,B)
apply (unfold bij-def)

apply (erule IntD1)

done

lemma bij-is-surj: f € bij(A,B) ==> f € surj(A,B)

apply (unfold bij-def)
apply (erule IntD2)
done

lemma bij-is-fun: f € bij(A,B) ==> f € A—>B
by (rule bij-is-inj [THEN inj-is-fun])

lemma lam-bijective:

[|Nz. 2 € A ==> c¢(z): B;
ly. y € B ==> d(y): 4;
e,z € A==>d(c(z)) = z;
Ny.y € B==> c(d(y)) =

¢ )
[| ==> (Az€A. ¢(z)) € bij(A,B)
apply (unfold bij-def)
apply (blast intro!: lam-injective lam-surjective)
done

lemma RepFun-bijective: (Vyezx. EX! y'. f(y') = f(y))
==> (A\z€{f(y). y € z}. THE y. f(y) = 2) € bij({f(y). y € =}, x)

apply (rule-tac d = f in lam-bijective)

apply (auto simp add: the-equality2)

done

10.4 Identity Function

lemma idI [introl]: a € A ==> <a,a> € id(A)
apply (unfold id-def)

apply (erule laml)

done

lemma idE [elim!]: [| p € id(A); Nz.[| € 4; p=<z,2> || ==> P || ==> P
by (simp add: id-def lam-def, blast)

lemma id-type: id(A) € A—>A

apply (unfold id-def)
apply (rule lam-type, assumption)
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done

lemma id-conv [simp]: x € A ==> id(A)z =z
apply (unfold id-def)

apply (simp (no-asm-simp))

done

lemma id-mono: A<=B ==> id(A) C id(B)
apply (unfold id-def)

apply (erule lam-mono)

done

lemma id-subset-inj: A<=B ==> id(A): inj(A,B)
apply (simp add: inj-def id-def)

apply (blast intro: lam-type)

done

lemmas id-inj = subset-refl [THEN id-subset-inj]

lemma id-surj: id(A): surj(A,A)
apply (unfold id-def surj-def)
apply (simp (no-asm-simp))
done

lemma id-bij: id(A): bij(A,A)
apply (unfold bij-def)

apply (blast intro: id-inj id-surj)
done

lemma subset-iff-id: A C B <— id(A) € A—>B
apply (unfold id-def)

apply (force intro!: lam-type dest: apply-type)
done

td as the identity relation

lemma id-iff [simp]: <z,y> € id(A) +— =y & yec A
by auto

10.5 Converse of a Function

lemma inj-converse-fun: f € inj(A,B) ==> converse(f) € range(f)—>A
apply (unfold inj-def)

apply (simp (no-asm-simp) add: Pi-iff function-def)

apply (erule CollectE)

apply (simp (no-asm-simp) add: apply-iff)

apply (blast dest: fun-is-rel)

done

P

Equations for converse(f)
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The premises are equivalent to saying that f is injective...

lemma left-inverse-lemma:
[| f € A—>B; converse(f): C—>A; a € A |] ==> converse(f)‘(f'a) = a
by (blast intro: apply-Pair apply-equality conversel)

lemma left-inverse [simpl: [| f € inj(A,B); a € A || ==> converse(f)‘(f‘a) = a
by (blast intro: left-inverse-lemma inj-converse-fun inj-is-fun)

lemma left-inverse-eq:
If € inj(A,B); f‘x =y; z € A|]] ==> converse(f) ‘y ==
by auto

lemmas left-inverse-bij = bij-is-inj [THEN left-inverse]

lemma right-inverse-lemma:
[| f € A—>B; converse(f): C—>A; b e C || ==> f(converse(f)b) = b
by (rule apply-Pair [THEN converseD [THEN apply-equality]], auto)

lemma right-inverse [simp]:
[| f € inj(A,B); b€ range(f) |] ==> f*(converse(f)Db) = b
by (blast intro: right-inverse-lemma inj-converse-fun inj-is-fun)

lemma right-inverse-bij: [| f € bij(A,B); b € B || ==> f*(converse(f)b) = b
by (force simp add: bij-def surj-range)

10.6 Converses of Injections, Surjections, Bijections

lemma inj-converse-inj: f € inj(A,B) ==> converse(f): inj(range(f), A)
apply (rule f-imp-injective)

apply (erule inj-converse-fun, clarify)

apply (rule right-inverse)

apply assumption

apply blast

done

lemma inj-converse-surj: f € inj(A,B) ==> converse(f): surj(range(f), A)

by (blast intro: f-imp-surjective inj-converse-fun left-inverse inj-is-fun
range-of-fun [THEN apply-type])

Adding this as an intro! rule seems to cause looping

lemma bij-converse-bij [TC]: f € bij(A,B) ==> converse(f): bij(B,A)

apply (unfold bij-def)
apply (fast elim: surj-range |[THEN subst] inj-converse-inj inj-converse-surj)
done

10.7 Composition of Two Relations

The inductive definition package could derive these theorems for r O s
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lemma compl [intro]: || <a,b>:s; <b,c>:r || ==> <a,c> € r O s
by (unfold comp-def, blast)

lemma compE [elim!]:
[| zz €1 Os;
Moy z. || zz=<wz,2>; <z,y>:s; <y,z>:r || ==> P |]
==> P
by (unfold comp-def, blast)

lemma compFEpair:
[| <a,e>€rOs;
Ny [| <a,y>:s; <y,c>:r|] ==> P |]
==> P
by (erule compE, simp)

lemma converse-comp: converse(R O §) = converse(S) O converse(R)
by blast

10.8 Domain and Range — see Suppes, Section 3.1
Boyer et al., Set Theory in First-Order Logic, JAR 2 (1986), 287-327

lemma range-comp: range(r O s) C range(r)
by blast

lemma range-comp-eq: domain(r) C range(s) ==> range(r O s) = range(r)
by (rule range-comp [THEN equalityI], blast)

lemma domain-comp: domain(r O s) C domain(s)
by blast

lemma domain-comp-eq: range(s) C domain(r) ==> domain(r O s) = domain(s)
by (rule domain-comp [THEN equalityl], blast)

lemma image-comp: (r O s)“A = r*“(s“A)
by blast

lemma inj-inj-range: f € inj(A,B) ==> f € inj(A,range(f))
by (auto simp add: inj-def Pi-iff function-def)

lemma inj-bij-range: f € inj(A,B) ==> f € bij(A,range(f))
by (auto simp add: bij-def intro: inj-inj-range inj-is-fun fun-is-surj)

10.9 Other Results

lemma comp-mono: [| r'<=r; s'<=s || ==> (r' O s’) C (r O s)
by blast

composition preserves relations

lemma comp-rel: [| s<=A*B; r<=BxC || ==> (r O 5) C AxC
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by blast

associative law for composition

lemma comp-assoc: (r Os) Ot =10 (s O t)
by blast

lemma left-comp-id: r<=A*B ==> id(B) Or = r
by blast

lemma right-comp-id: r<=AxB ==> r O id(A) = r
by blast

10.10 Composition Preserves Functions, Injections, and Sur-
jections

lemma comp-function: || function(g); function(f) || ==> function(f O g)
by (unfold function-def, blast)

Don’t think the premises can be weakened much

lemma comp-fun: [| g € A—>B; f € B—>C|]==> (f0g) € A—>C
apply (auto simp add: Pi-def comp-function Pow-iff comp-rel)

apply (subst range-rel-subset [THEN domain-comp-eq|, auto)

done

lemma comp-fun-apply [simp]:
g€ A=>B; a€ A||==>(f0g)'a=[f(g%)
apply (frule apply-Pair, assumption)
apply (simp add: apply-def image-comp)
apply (blast dest: apply-equality)
done

Simplifies compositions of lambda-abstractions

lemma comp-lam:
[| Nz. 2 € A ==> b(z): B ]
==> (AyeB. c(y)) O (Az€A. b(z)) = (A\xe€A. ¢(b(x)))
apply (subgoal-tac (A\x€A. b(z)) € A —> B)
apply (rule fun-extension)
apply (blast intro: comp-fun lam-funtype)
apply (rule lam-funtype)
apply simp
apply (simp add: lam-type)
done

lemma comp-inj:

[ 9 € inj(A,B); f € inj(B,C) || ==> (fO g) € inj(4,0)
apply (frule inj-is-fun [of g])
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apply (frule inj-is-fun [of f])

apply (rule-tac d = %y. converse (g)  (converse (f)
apply (blast intro: comp-fun, simp)

done

¢

y) in f-imp-injective)

lemma comp-sury:
I g € suj(A,B); | € surj(B,C) || ==> ( O g) € surj(4,C)
apply (unfold surj-def)
apply (blast intro!: comp-fun comp-fun-apply)
done

lemma comp-bij:
g € bij(A,B); f € bij(B,C) || ==> (f O g) € bij(A,C)
apply (unfold bij-def)
apply (blast intro: comp-inj comp-surj)
done

10.11 Dual Properties of inj and surj

Useful for proofs from D Pastre. Automatic theorem proving in set theory.
Artificial Intelligence, 10:1-27, 1978.

lemma comp-mem-injD1:
[| (f O g): inj(A,C); g€ A=>B; f € B->C || ==> g € inj(A,B)
by (unfold inj-def, force)

lemma comp-mem-ingD2:
1 (f O g): inj(A,C); g € surj(A,B); f € B—>C || ==> f € inj(B,C)
apply (unfold inj-def surj-def, safe)
apply (rule-tac 1 = x in bspec [THEN bezE])
apply (erule-tac [3] 1 = w in bspec [THEN bexE], assumption+, safe)
apply (rule-tac t = op ‘ (g) in subst-context)
apply (erule asm-rl bspec [THEN bspec, THEN mp])+
apply (simp (no-asm-simp))
done

lemma comp-mem-surjD1:
[| (f O g): surj(A,C); g€ A—>B; f € B—>C || ==> f € surj(B,C)
apply (unfold surj-def)
apply (blast intro!: comp-fun-apply [symmetric] apply-funtype)
done

lemma comp-mem-surjD2:
[| (f O g): surji(A,C); g € A—=>B; f € inj(B,C) || ==> g € surj(A,B)
apply (unfold inj-def surj-def, safe)
apply (drule-tac x = f‘y in bspec, auto)
apply (blast intro: apply-funtype)
done
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10.11.1 Inverses of Composition

left inverse of composition; one inclusion is f € A - B = id(A) C con-
verse(f) O f

lemma left-comp-inverse: f € inj(A,B) ==> converse(f) O f = id(A)

apply (unfold inj-def, clarify)

apply (rule equalityl)

apply (auto simp add: apply-iff, blast)

done

right inverse of composition; one inclusion is f € A — B = f O converse(f)
C id(B)

lemma right-comp-inverse:
f € surj(A,B) ==> f O converse(f) = id(B)
apply (simp add: surj-def, clarify)
apply (rule equalityl )
apply (best elim: domain-type range-type dest: apply-equality2)
apply (blast intro: apply-Pair)
done

10.11.2 Proving that a Function is a Bijection

lemma comp-eq-id-iff :
| f€A->B; ge B—>A|==>f0g=1d(B) +— (YyeB. f(g%y)=y)

apply (unfold id-def, safe)

apply (drule-tac t = %h. h'y in subst-context)

apply simp
apply (rule fun-extension)

apply (blast intro: comp-fun lam-type)

apply auto
done

lemma fg-imp-bijective:
| feA—>B; g€ B->A; fOg=1id(B); gOf=idA4)|[ ==>Fc¢€
bij(A,B)
apply (unfold bij-def)
apply (simp add: comp-eq-id-iff)
apply (blast intro: f-imp-injective f-imp-surjective apply-funtype)
done

lemma nilpotent-imp-bijective: [| f € A—>A4; fO f =1id(4)|] ==> f € bij(4,A)
by (blast intro: fg-imp-bijective)

lemma invertible-imp-bijective:
[| converse(f): B—>A; f € A—>B || ==> f € bij(A,B)
by (simp add: fg-imp-bijective comp-eq-id-iff
left-inverse-lemma right-inverse-lemma,)
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10.11.3 Unions of Functions
See similar theorems in func.thy

Theorem by KG, proof by LCP

lemma inj-disjoint-Un:
[| f € inj(A,B); g€ inj(C.D); BND =10 |
==> (Aa€A U C. if a € A then f‘a else g‘a) € inj(AU C, B U D)
apply (rule-tac d = %z. if z € B then converse (f) ‘z else converse (g) ‘z
in lam-injective)
apply (auto simp add: inj-is-fun [THEN apply-type))
done

lemma surj-disjoint-Un:
[| f € surj(A,B); g € surj(C,D); AnC =0 |
==> (f Ug) € surj(AU C, BU D)
apply (simp add: surj-def fun-disjoint-Un)
apply (blast dest!: domain-of-fun
introl: fun-disjoint-applyl fun-disjoint-apply2)
done

A simple, high-level proof; the version for injections follows from it, using f
€ inj(A, B) «— f € bij(A, range(f))

lemma bij-disjoint-Un:
[| f €bij(A,B); g€ bij(C,D); ANC=0;, BND=20]]
==> (fUg) €by(AuU C, BUD)
apply (rule invertible-imp-bijective)
apply (subst converse-Un)
apply (auto intro: fun-disjoint-Un bij-is-fun bij-converse-bij)
done

10.11.4 Restrictions as Surjections and Bijections

lemma surj-image:
f € Pi(A,B) ==> f € surj(4, f“A)
apply (simp add: surj-def)
apply (blast intro: apply-equality apply-Pair Pi-type)
done

lemma surj-image-eq: f € surj(A, B) ==> f“A =B
by (auto simp add: surj-def image-fun) (blast dest: apply-type)

lemma restrict-image [simp]: restrict(f,A) “ B = f‘“ (AN B)
by (auto simp add: restrict-def)

lemma restrict-ing:

[| f € inj(A,B); C<=A || ==> restrict(f,C): inj(C,B)
apply (unfold inj-def)
apply (safe elim!: restrict-type2, auto)
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done

lemma restrict-surj: [| f € Pi(A,B); C<=A|] ==> restrict(f,C): surj(C, f*“C)
apply (insert restrict-type2 |[THEN surj-image])

apply (simp add: restrict-image)

done

lemma restrict-bij:
[| f € inj(A,B); C<=A | ==> restrict(f,C): bij(C, f“C)
apply (simp add: ing-def bij-def )
apply (blast intro: restrict-surj surj-is-fun)
done

10.11.5 Lemmas for Ramsey’s Theorem

lemma inj-weaken-type: || f € inj(A,B); B<=D |] ==> f € inj(A,D)
apply (unfold inj-def)

apply (blast intro: fun-weaken-type)

done

lemma inj-succ-restrict:
[| f € inj(succ(m), A) |] ==> restrict(f,m) € inj(m, A—{fm})
apply (rule restrict-bij [THEN bij-is-inj, THEN inj-weaken-type], assumption,
blast)
apply (unfold inj-def)
apply (fast elim: range-type mem-irrefl dest: apply-equality)
done

lemma inj-extend:

[| f € inj(A,B); a¢A; b¢B ||

==> cons(<a,b>,f) € inj(cons(a,A), cons(b,B))
apply (unfold inj-def)
apply (force intro: apply-type simp add: fun-extend)
done

end

11 Trancl: Relations: Their General Properties and
Transitive Closure

theory Trancl imports Fizedpt Perm begin
definition

refl  : [i,i]=>0 where
refl(A,r) == (Vz€A. <z,x> € 1)
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definition
irrefl i [i,i]=>0 where
irrefl(A,r) == Va€A. <zx> ¢ r

definition
sym :t 4=>0 where
sym(r) ==Vzy. <z, y> 1 — <y,x>: T
definition
asym  9=>0 where
asym(r) == Vz y. <z,y>r — ~ <y,z>:r
definition
antisym :: i=>0 where
antisym(r) ==V y.<z,y>r — <y,x>1r — T=Yy
definition
trans 1 i=>0 where
trans(r) == Vo y z. <z,y>:r — <y,2z> 1 — <x,2>: 7T
definition

trans-on :: [i,i]=>0 (trans[-]’(-')) where
trans[A](r) == Vaz€A. VycA. VzeA.
<Ey>:ir — <Yy,z>i T — <x;yE>ir

definition
rtrancl 2 i=>1 ((-"%) [100] 100) where
r s« == Ifp(field(r)xfield(r), %s. id(field(r)) U (r O s))

definition
trancl :: i=>i ((-"4) [100] 100) where
r’+==1r0r’x

definition
equiv  :: [i,i]J=>0 where
equiv(A,r) == r C AxA & refl(A,r) & sym(r) & trans(r)
11.1 General properties of relations

11.1.1 irreflexivity

lemma irrefil:
[Nz, z € A==> <z,x> ¢ r || ==> irrefl(A,r)
by (simp add: irrefl-def)

lemma irrefiE: || irrefl(A,r); z € A|] ==> <za>¢r
by (simp add: irrefl-def)
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11.1.2 symmetry

lemma syml:
[| Nz y.<zy>:r==> <y,z>: r| ==> sym(r)
by (unfold sym-def, blast)

lemma symkE: [| sym(r); <z,y>: 71 |] ==> <y,z>:r
by (unfold sym-def, blast)

11.1.3 antisymmetry

lemma antisyml:
| Nz y[| <z,y>:r; <y,x>:r|] ==> z=y |] ==> antisym(r)
by (simp add: antisym-def, blast)

lemma antisymE: [| antisym(r); <z,y>:r; <y,z>: r | ==> z=y
by (simp add: antisym-def, blast)

11.1.4 transitivity

lemma transD: [| trans(r); <a,b>:r; <b,c>:r || ==> <a,c>:1
by (unfold trans-def, blast)

lemma trans-onD:
[| trans[A](r); <a,b>:r; <b,e>r; a€ A; be A; ce Al ==> <a,c>:r
by (unfold trans-on-def, blast)

lemma trans-imp-trans-on: trans(r) ==> trans[A](r)
by (unfold trans-def trans-on-def, blast)

lemma trans-on-imp-trans: [|trans[A](r); r C AxA|] ==> trans(r)
by (simp add: trans-on-def trans-def, blast)

11.2 Transitive closure of a relation

lemma rtrancl-bnd-mono:
bnd-mono(field(r)«field(r), %s. id(field(r)) U (r O s))
by (rule bnd-monol, blast+)

lemma rtrancl-mono: r<=s ==> r"x C s %
apply (unfold rtrancl-def)

apply (rule lfp-mono)

apply (rule rtrancl-bnd-mono)+

apply blast

done

lemmas rtrancl-unfold =
rtrancl-bnd-mono [THEN rtrancl-def [THEN def-lfp-unfold]]
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lemmas rtrancl-type = rtrancl-def [THEN def-Ifp-subset]

lemma relation-rtrancl: relation(r )

apply (simp add: relation-def)

apply (blast dest: rtrancl-type [THEN subsetD))
done

lemma rtrancl-refl: || a € field(r) |] ==> <a,a> € r’x
apply (rule rtrancl-unfold [THEN ssubst])

apply (erule idl [THEN Unll))
done

lemma rtrancl-into-rtrancl: || <a,b> € r’s; <b,c> € r || ==> <a,c> € r’x
apply (rule rtrancl-unfold [THEN ssubst])

apply (rule compl [THEN Unl2], assumption, assumption)

done

lemma r-into-rtrancl: <a,b> € r ==> <a,b> € r’x
by (rule rtrancl-refl [THEN rtrancl-into-rtrancl], blast+)

lemma r-subset-rtrancl: relation(r) ==> r C r’x
by (simp add: relation-def, blast intro: r-into-rtrancl)

lemma rtrancl-field: field(r x) = field(r)
by (blast intro: r-into-rtrancl dest!: rtrancl-type [THEN subsetD))

lemma rtrancl-full-induct [case-names initial step, consumes 1]:

[| <a,b> € r'*;

Nz, z € field(r) ==> P(<z,x>);

Nz y 2| P(<z,y>); <z,y>: 1'% <y,z>: r || ==> P(<z,2>) []
==> P(<a,b>)

by (erule def-induct [OF rtrancl-def rtrancl-bnd-mono), blast)

