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Let k,l, m,n denote natural numbers.
To conclude our investigations about the interplay between the ordering and
our arithmetical operations, let us have a look at exponentiation.

Proposition 1.1. Assume k # 0. Then for all n, m we have
n<m < nF<mk

Proof. Define

P { ke N ‘ forl all na/tural numbers n,m if n < m and k¥’ > 1 then } _
nk < mk

Let us show that every natural number is contained in P. (BASE CASE
1) P contains 0.
(BASE CASE 2) P contains 1.

(BASE CASE 3) P contains 2.
Proof. Let us show that for all natural numbers n,m if n < m then
n? < m2. Let n, m be natural numbers. Assume n < m.

Case n = 0 or m = 0. Obvious.

Case n,m # 0. Then n-n <n-m < m-m (by 77, ??). Hence n®> =n-n <
n-m<m-m=m?. End. End. Qed.

(INDUCTION STEP) For all natural numbers k&' we have k¥’ € P —
K +1eP.
Proof. Let k' be a natural number. Assume k' € P.

For all natural numbers n,m if n < m and k' +1 > 1 then n* ™! < m*+1,
Proof. Let n,m be natural numbers. Assume n < m and k' +1 > 1. Then
n* < m* . Indeed k' # 0 and ifk’ = 1 then n* < m”.

Case k' <1. Then ¥  =0or k' =1. Hence kK’  +1=1or k' +1 = 2. Thus
k' +1 € P. Therefore n*'+1 < m* 1, End.

Case k' > 1. Case n = 0. Then m # 0. Hence n¥'*! =0 < m* . m =
mF+1. Thus n¥ 1 < m*+1. End.

Case n # 0. Then n*' -n < m* -n < mF - m (by 22, 27). Indeed



nF < mF #0. Hence n*'*1 = n¥ .n < mF - n < mk - m = mF+!. Thus
n*+t1 < m¥+1 (by 72). End. End.

Hence the thesis. Indeed &/ <1 or ¥/ > 1. Qed.

E'+1€P. Qed.

Therefore every natural number is contained in P. End.

Define

Q= { K eN | for all natural numbers n, m if n > m then n* > m* } .

Let us show that every natural number is contained in ). (BASE CASE)
Q contains 0.

(INDUCTION STEP) For all natural numbers k¥’ we have ¥’ € Q@ —
E+1eqQ.

Proof. Let k' be a natural number. Assume &’ € Q.
For all natural numbers n,m if n > m then n* 1 > m# +1,

Proof. Let n,m be natural numbers. Assume n > m. Then n* > mk’ .
Hence n* - n > mF - n > mF - m. Thus n*'+1 = n*" . p > mF - n >
mF - m = m*+1. Therefore n¥'*1 > m*+1 (by ?7). Qed.

Hence the thesis. Indeed &’ + 1 is a natural number. Qed.
Thus every natural number is contained in (). End.

Let n, m be natural numbers.

Case n < m. Case k = 1. Obvious.

Casek # 1. Then k > 1. Indeed k < 1 or k =1 or k > 1. Hence n* < mF.
Indeed n and m belong to P. End. End.

Case n® < m*. Then n* ¥ m*. Hence n # m. Indeed n and m are

contained in Q). Thus n < m. End. ]

Corollary 1.2. Assume k # 0. Then

nk:mk — n=m.

Proof. Assume n # m. Then n < m or m < n. If n < m then n* < mF
(by 1.1). If m < n then m* < n*. Thus n* # m”. Hence the thesis. O

Corollary 1.3. Assume k # 0. Then

k

nkgm <~ n<m.

Proof. If n* < m* then n < m. If n* = m* then n = m.

If n < m then n* < m* (by 1.1). If n = m then n* = m*. O



Proposition 1.4. Assume k& > 1. Then for all n, m we have
n<m < k" <k™.

Proof. Define

. for all natural numbers n if & > 1 and n < m then

P={meN .
Em < K™

Let us show that every natural number is contained in P.

(BASE CASE) P contains 0.

(INDUCTION STEP) For all natural numbers m we have m € P =
m+1¢€P.
Proof. Let m be a natural number. Assume m € P.

For all natural numbers n if £ > 1 and n < m + 1 then k" < k™1
Proof. Let n be natural numbers such that £ > 1 and n < m + 1. Then
n < m. We have k™ -1 < k™ - k. Indeed k™ # 0. Case n = m. Then
K" =k™ < k™. k=k™". End.

Case n < m. Then k" < k™ < k™ -k = k™*!. End. Qed. Qed.
Hence every natural number is contained in P. End.

Define

Q:{neN

for all natural numbers m if n > m then k" > k™ or}
k<1 ’

Let us show that every natural number is contained in Q.
(BASE CASE) 0 € Q.

(INDUCTION STEP) For all natural numbers n we have n € Q@ =
n+1eq.
Proof. Let n be a natural number. Assume n € Q.

For all natural numbers m if n + 1 > m then k"1 > k™ or k < 1.
Proof. Let m be natural numbers. Assume n +1 > m.

Case n + 1 = m. Obvious.
Case n+1 > m. Then n > m. Hence k"™ > k™ or k < 1.
Case k < 1. Obvious.

Case k™ > k™. We have k™ -1 < k™ - k. Indeed 1 < k and k™ # 0. Hence
Em<k?=k"-1<Ek™ k=k""1 End. End. Qed. Qed.

Thus every natural number is contained in (). End.
Let n, m be natural numbers.

Case n < m. Then k™ < k™. Indeed n and m are contained in P. End.



Case k™ < k™. Then it is wrong that k™ > k™ or k < 1. Hence n 2 m.
Indeed n and m are contained in Q). Thus n < m. End. O]

Corollary 1.5. Assume k£ > 1. Then
k" =k = n=m.

Proof. Assume n # m. Then n < m or m < n. If n < m then k™ < k™. If
m < n then k™ < k™. Thus k™ # k™. Hence the thesis. O

Corollary 1.6. Assume k£ > 1. Then

n<m < k" <k™.
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