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Let u, v, w denote objects. Let x,y, z denote sets.

It is time to indroduce a new operation on sets: The symmetric difference.

1.1 Definition

The symmetric difference of two sets is the set of all objects wich are contained
in exactly one of these sets.

Definition 1.1. z Ay = (zUy) \ (x Ny).
Let the symmetric difference of x and y stand for x A y.

Lemma 1.2. x Ay is a set.

Proof. x and y are sets. Hence xUy and xNy are sets. Thus (zUy)\ (zNy)
is a set. Therefore x Ay is a set. O

Alternatively, we could have defined the symmetric difference as follows:
Proposition 1.3. Ay = (z\y)U (y \ z).

Proof. Let us show that x Ay C (z\y)U (y \ z). Let u € 2 Ay. Then
u € zUyand u ¢ xNy. Hence (u € z or u € y) and not (v € z and u € y).
Thus (u € z or u € y) and (u ¢ x or u ¢ y). Therefore if u € x then u ¢ y.
If u € y then u ¢ . Then we have (v € z and u ¢ y) or (u € y and u ¢ x).
Hence w € z\yoru € y\z. Thusu € (z\y) U (y\z). End.

Let us show that ((z\y)U(y\z)) CaxAy. Let u € (z\y)U(y\z). Then
(uexanduéy)or (ucyandué¢ ). fuecxzandué¢ythenuexUy
and u ¢ xNy. Ifu € yandu ¢z then u € x Uy and u ¢ z Ny. Hence
vuezUyandu g znNy. Thusu € (zUy)\ (zNy) =2 Ay. End. O

1.2 Computation laws

As we did with our previously introduced set operations let us prove some of
the most important algebraic properties of the symmetric difference.

Commutativity:

Proposition 1.4.
rAy=yAzx.

Proof. x Ay=(xUy)\(zNy)=(yUz)\ (yNz)=yAx. O



Associativity:

Proposition 1.5.
(xAy)Az)=x Ay Az).

Proof. Take A= (((z\y) U(y\2))\2)U (z\ ((z\y) U (y\z))).

(
Take B= (z\ ((y\2) U(z\9) U(((y\ 2) U (z\¥) \z).
y) U

We have x Ay = (z\ (y\ )and yANz = (y\z)U(z\y). Hence
(zAy)Az=Aand z A(yAz) =

Let us show that (A) A C B. Let u € A.

(A1) Caseue ((z\y)U(y\z))\ 2z Then u ¢ z.

(A la) Case u € x\'y. Then u ¢ y\ z and v ¢ z\y. u € z. Hence
uexz\((y\2z)U(z\y)). Thus u € B. End.

(A 1b) Caseu € y\z. Thenu € y\ z. Hence u € (y\ 2)U (2 \y). u & x.
Thus v € ((y \ 2) U (2\ y)) \ . Therefore u € B. End. End.

(A2)Caseuez\((z\y)U(y\z)). Thenu€z u¢x\yandu ¢y z.
Hence not (u € x \ y or u € y \ ). Thus not ((v € x and u ¢ y) or (u €y

and u ¢ x)). Therefore (u ¢ z or u € y) and (u ¢ y or u € x).

(A 2a) Case u € z. Then u € y. Hence u ¢ (y\ z) U(z\y). Thus
u€xz\((y\2z)U(z\y)). Therefore u € B. End.

(A 2b) Case u ¢ x. Then u ¢ y. Hence v € z\y. Thus u € (y\2)U(z\y).
Therefore u € ((y\ 2) U(z\y))\ z. Then we have u € B. End. End. End.

Let us show that (B) B C A. Let u € B.

(B1l)Caseuecz\((y\2)U(z\y)). Thenuex. u¢y\zand u¢z\y.
Hence not (u € y \ z or v € z\ y). Thus not ((u € y and v ¢ z) or (u € 2z
and u ¢ y)). Therefore (u ¢ y or u € z) and (u ¢ z or u € y).

(B la) Case u € y. Then u € z. uw ¢ x\y and u ¢ y\ z. Hence
ué¢ (z\y)U(y\x). Thusu € z\ ((z\y)U(y\z)). Therefore u € A. End.

(B 1b) Case u ¢ y. Then u ¢ z. u € z \ y. Hence u € (x \ y) U (v \ z).
Thus v € ((z\y) U (y\z)) \ 2. Therefore u € A. End. End.

(B2) Caseue ((y\2)U(z\y)) \z. Then u ¢ x.

(B 2a) Case wu € y \ 2. Then u € y \ . Hence u € (z\ y) U (y\ ). Thus
€ ((z\y)U(y\x))\ 2. Therefore u € A. End.

(B 2b) Case u € z\y. Then u € z. v ¢ z\yand u ¢ y\ z. Hence
ué¢ (z\y)U(y\x). Thusu € 2\ ((z\y)U(y\z)). Therefore u € A. End.
End. End. O



Distributivity of intersection and symmetric difference:
Proposition 1.6.
xN(yAz)=(xNy)AlzNz).

Proof. zN(yAz)=xzn((y\2)U(z\y)) = (zN(y\2)U(zN(z\y)).

zN(y\2) =Ny \(zN2). 2N (z\y) = (€N2)\ (zNy).
Hence zN(y A z) = ((xNy)\ (zNz))U((zNz)\(zNy)) = (zNy) A(zNz). O

Miscellaneous rules:

Proposition 1.7.
xCy <= zAy=y\uz.
Proof. Case x Cy. Then x Uy = y and = Ny = z. Hence the thesis. End.

Case t Ay =y \x. Let u € z. Then u ¢ y\ x. Hence u ¢ x Ay. Thus
u¢axUyorucaxzny. IndeedcAy=(zUy)\ (xNy). If u ¢ x Uy then
we have a contradiction. Therefore u € x Ny. Then we have the thesis.
End. O

Proposition 1.8.

rAy=xAz < y=z.
Proof. Case z Ay =xAz.
Let us show that y C z. Let u € y.

Case u € x. Then u ¢ v Ay. Hence u ¢ x Az Therefore u € x N z.
Indeed Az = (xUz)\ (zNz). Hence u € z. End.

Case u ¢ . Then u € x Ay. Indeed u € x Uy and u ¢ = Ny. Hence
u€xAz Thusu € zUz and u ¢ x N z. Therefore uw € x or u € z. Then
we have the thesis. End. End.

Let us show that z C y. Let u € z.

Case u € x. Then u ¢ Az Hence u ¢ v Ay. Therefore u € z Ny.
Indeed v ¢ Uy or u € x Ny. Hence u € y. End.

Case u ¢ . Then u € x Az Indeed u € x Uz and u ¢ = N z. Hence
u€xAy. Thusu € xUy and u ¢ z Ny. Therefore u € z or u € y. Then

we have the thesis. End. End. End. O
Proposition 1.9.

xNAx=10.
Proof. st Az =(zUz)\(zNzx)=x\z=0. O



Proposition 1.10.
A

Proof. st AD=(zUD)\ (zNP)=2\0==x. O

Proposition 1.11.
=y < vAy=10.

Proof. Case x =y. Then x Ay = (zUx)\ (zNx) =2\ z=0. Hence the
thesis. End.

Case z Ay = 0. Then (zUy)\ (zNy) is empty. Hence every element of
x Uy is an element of z Ny. Thus for all elements w if © € x or u € y then
u € x and u € y. Therefore every element of x is an element of y. Every
element of y is an element of x. Then we have the thesis. End. O
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