1 Standard exercises
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Let k,l, m,n denote natural numbers.

In this section we will have a look some standard text book exercises on induction
and prove them within our arithmetic.

Proposition 1.1. We have
(n+1)*=m*+(2-n)) +1.
Proof. We have
(n+1)2

=Mn+1)-(n+1)
(n+1)-n)+(n+1)
(n-n)+n)+(n+1)
= (n*+n) +(n+1)

= (
=

Proposition 1.2. For all n if n > 3 then
n?>(2-n)+1.
Proof. Define
P={neN|n*>(2-n)+1}.
(BASE CASE) P contains 3.

(INDUCTION STEP) For all natural numbers n such that n > 3 we have
ncP = n+1leP.
Proof. Let n be a natural number. Suppose n > 3. Assume n € P.



M2+ 2-n)+1>({(2-n)+1)+(2-n) + 1. Indeed n® + (2-n) >
((2-n)4+1)+(2-n).

2-(n+n))+1>(2-(n+1))+1. Indeed 2-(n+n) > 2 (n+1). Indeed
n+n>n+1and2#0.

Hence
(n+1)?

=(n*+(2-n)) +1
>{(2-n)+1)+(2-n)+1
>((2-n)+(2-n)+1
=(2-(n+n))+1
>(2-(n+1))+1.

Thus (n+1)2> (2- (n+1)) + 1 (by ??). Qed.
Therefore P contains every natural number n such that n > 3 (by 7?). O
Proposition 1.3. For all n if n > 5 then

2" > n?.
Proof. Define

P:{nEN’2">n2}.

(BASE CASE) P contains 5. Indeed 2° =2-(2-(2-(2-2))) = (5-5)+7 >
5.5 =52 Indeed ((5-5)+7)>5-5.

(INDUCTION STEP) For all natural numbers n such that n > 5 we have
ncP = n+1leP.

Proof. Let n be a natural number. Suppose n > 5. Assume n € P. Then
2" > n2.

(1) 27 -2 >n?-2 (by ??). Indeed 2 # 0.

(2) n?-2=n%+n%

(B)n?2+n?>n2+((2-n)+1) (by ??). Indeed n? > (2-n) + 1.
4 n2+(2-n)+1)=(n+1)%

Hence
2n+1

=2".2
>n?.2
—n2 4 pn?

>n?4+((2-n)+1)



=(n+ 1)2.
Thus 2" > (n + 1)2. Qed.
Therefore P contains every natural number n such that n > 5 (by ?7).
Proposition 1.4. For all n if n > 2 then
n' > nl.

Proof. Define
P={neN|n">nl}.

(BASE CASE) P contains 2.

O

(INDUCTION STEP) For all natural numbers n such that n > 2 we have

neP = n+1leP.
Proof. Let n be a natural number. Suppose n > 2. Assume n € P.

) (n+1)" - (n+1)>n"(n+1).

Proof. We have n +1 > n and n # 0. Thus (n +1)" > n" (by ??). n+1

is nonzero. Hence the thesis (by ?7). Qed.
(2) n™-(n+1)>n!-(n+1) (by ??). Indeed n™ > n! and n+ 1 # 0.

Hence
(n + 1)n+1

=Mn+1)" (n+1)
>n"-(n+1)
>nl-(n+1)
=(n+ 1)L
Thus (n+ 1)"™ > (n+ 1)!. Qed.
Therefore P contains every natural number n such that n > 2 (by 77?).

Proposition 1.5. For all n if n > 4 then
n! > 2"

Proof. Define
P={neN|n!>2"}.

(BASE CASE) P contains 4.
Proof.

(4)
=4-(3-2)

O



Qed.

(INDUCTION STEP) For all natural numbers n such that n > 4 we have
nelP — n+1lcP.

Proof. Let n be a natural number. Suppose n > 4. Assume n € P. Then
n! > 2™,

(1) 0#n+1> 2. Indeed n > 1.
2)n!-(n+1)>2"-(n+1) (by 7?).
(3) 2" - (n+1)>2"-2 (by ??). Indeed 2™ # 0.

Hence
((n+ 1)

=n!-(n+1)

>2"- (n+1)
>2".2
= 9

Thus (n + 1)! > 27T Qed.

Therefore P contains every natural number n such that n > 4 (by ?7?). O
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