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1 Arithmetic and Boolean Expressions

theory AFEzp imports Main begin

1.1 Arithmetic Expressions

type_synonym wvname = string
type_synonym val = int
type_synonym state = vname = val

datatype aexp = N int | V vname | Plus aexp aexp

fun aval :: aexp = state = wval where

aval (Nn) s =n |

aval (Vz)s=sux|

aval (Plus a1 a2) s = aval a1 s + aval ay s

value aval (Plus (V' "z"") (N 5)) (Ax. if x = "z then 7 else 0)
The same state more concisely:

value aval (Plus (V "z") (N 5)) ((Az. 0) ("z":= 7))

A little syntax magic to write larger states compactly:

definition null_state (<>) where
null_state = Az. 0

syntax

_State :: updbinds => "a (<_>)
translations

_State ms == _Update <> ms

_State (_updbinds b bs) <= _Update (_State b) bs
We can now write a series of updates to the function Az. 0 compactly:
lemma <a :=1,b:=2>= (<> (a := 1)) (b := (2::int))

by (rule refl)
value aval (Plus (V "z") (N 5)) <"z := 7>

In the <a := b> syntax, variables that are not mentioned are 0 by
default:

value aval (Plus (V "z'") (N 5)) <"'y" := 7>

Note that this <...> syntax works for any function space 71 = 79 where
79 has a 0.



1.2 Constant Folding

Evaluate constant subsexpressions:

fun asimp_const :: aexp = aexrp where
asimp_const (N n) = N n |
asimp_const (Vz) = Vx|
asimp_const (Plus a1 a3) =
(case (asimp_const a1, asimp_const a2) of
(N n1, N ng) = N(ni+n2) |
(bl,bg) = Plus bl b2)

theorem aval_asimp_const:

aval (asimp_const a) s = aval a s
apply (induction a)
apply (auto split: aexp.split)
done

Now we also eliminate all occurrences 0 in additions. The standard
method: optimized versions of the constructors:

fun plus :: aexp = aexp = aexp where

plus (N il) (N ig) = N(il-i-ig) ‘

plus (N i) a = (if i=0 then a else Plus (N i) a) |
plus a (N i) = (if i=0 then a else Plus a (N 7)) |
plus a1 as = Plus a1 a3

lemma aval_plus|simp]:

aval (plus al a2) s = aval al s + aval a2 s
apply (induction al a2 rule: plus.induct)
apply simp_all
done

fun asimp :: aexp = aexp where
asimp (N n) = Nn |
asimp (Vz) = Vx|
asimp (Plus a1 az) = plus (asimp a1) (asimp asz)
Note that in asimp_const the optimized constructor was inlined. Making

it a separate function AFEzp.plus improves modularity of the code and the
proofs.

value asimp (Plus (Plus (N 0) (N 0)) (Plus (V "z") (N 0)))

theorem aval_asimp|simp]:
aval (asimp a) s = aval a s
apply (induction a)



apply simp_all
done

end
theory BFExzp imports AEzp begin

1.3 Boolean Expressions

datatype bexp = Bc bool | Not bexp | And bexp bexp | Less aexp aexp
fun bval :: bexp = state = bool where

bval (Bcv) s = v |

bval (Not b) s = (= bval b s) |

bval (And by ba) s = (bval by s A bval by s) |

bval (Less a1 a2) s = (aval a1 s < aval az s)

value bval (Less (V "z'") (Plus (N 3) (V "y")))
<M= g Myl = 1>

To improve automation:

lemma bval_And_if [simp]:
bval (And b1 b2) s = (if bval b1 s then bval b2 s else False)
by (simp)

declare bval.simps(3)[simp del] — remove the original eqn

1.4 Constant Folding
Optimizing constructors:

fun less :: aexp = aexp = bexp where
less (N ny1) (N ng) = Be(ny < ng) |
less a1 ao = Less a1 as

lemma [simp]: bval (less al a2) s = (aval al s < aval a2 s)
apply (induction al a2 rule: less.induct)

apply stmp_all

done

fun and :: bexp = bexp = berp where
and (Bc True) b = b |

and b (Bc True) = b |

and (Bc False) b = Bc False |

and b (Bc False) = Bc False |

and b1 by = And b1 b



lemma bval_and[simp]: bval (and b1 b2) s = (bval b1l s A bval b2 s)
apply (induction b1 b2 rule: and.induct)

apply simp_all

done

fun not :: bexp = bexp where
not (Bc True) = Bc False |
not (Bc False) = Bc True |
not b = Not b

lemma bval_not[simp]: bval (not b) s = (- bval b s)
apply (induction b rule: not.induct)

apply simp_all

done

Now the overall optimizer:
fun bsimp :: bexp = bexp where
bsimp (Bc v) = Bc v |
bsimp (Not b) = not(bsimp b) |
bsimp (And by ba) = and (bsimp by) (bsimp ba) |
bsimp (Less a1 az) = less (asimp a1) (asimp a2)
value bsimp (And (Less (N 0) (N 1)) b)
value bsimp (And (Less (N 1) (N 0)) (Bc True))

theorem bval (bsimp b) s = bval b s
apply (induction b)

apply stmp_all

done

end

2 Stack Machine and Compilation

theory ASM imports AFEzp begin

2.1 Stack Machine
datatype instr = LOADI val | LOAD vname | ADD

type_synonym stack = val list

abbreviation hd2 zs == hd(tl zs)



abbreviation t12 rs == tl(tl xs)

Abbreviations are transparent: they are unfolded after parsing and folded
back again before printing. Internally, they do not exist.

fun execl :: instr = state = stack = stack where
execl (LOADI n) _ stk = n # stk |

execl (LOAD z) s stk = s(x) # stk |

execl ADD _ stk = (hd2 stk + hd stk) # t12 stk

fun exec :: instr list = state = stack = stack where
exec [| _ stk = stk |
exec (i#is) s stk = exec is s (execl i s stk)

value exec [LOADI 5, LOAD "y" ADD] <"z" := 42, "y" := 43> [50]

lemma ezxec_append|simp]:
exec (is1Qis2) s stk = exec is2 s (exec isl s stk)
apply (induction is1 arbitrary: stk)

apply (auto)
done

2.2 Compilation

fun comp :: aexp = instr list where

comp (N n) = [LOADI n] |

comp (Vz) = [LOAD z] |

comp (Plus e1 e32) = comp e; @ comp ey Q@ [ADD]

value comp (Plus (Plus (V "z") (N 1)) (V "z"))

theorem exec_comp: exec (comp a) s stk = aval a s # stk
apply (induction a arbitrary: stk)

apply (auto)
done

end
theory Star imports Main
begin

inductive
star :: ('a = 'a = bool) = 'a = 'a = bool
for » where
refl: star vz x|
step: rrxy = starryz = starr x z



hide_fact (open) refl step — names too generic

lemma star_trans:

starrry = starryz = starrzx z
proof (induction rule: star.induct)

case refl thus ?case .
next

case step thus ?case by (metis star.step)
qged

lemmas star_induct =
star.induct[of r:: 'ax’b = 'ax'b = bool, split_format(complete)]

declare star.refl[simp,intro|

lemma star_stepl[simp, introl: r x y = star r z y
by (metis star.refl star.step)

code_pred star .

end

3 IMP — A Simple Imperative Language

theory Com imports BEzp begin

datatype
com = SKIP
| Assign vname aexp (.= _[1000, 61] 61)
| Seq  com com (/) - [60, 61] 60)
| If  bexp com com  ((IF -/ THEN _/ ELSE _) [0, 0, 61] 61)
| While bexp com ((WHILE -/ DO _) [0, 61] 61)
end

theory Big_Step imports Com begin

3.1 Big-Step Semantics of Commands

The big-step semantics is a straight-forward inductive definition with con-
crete syntax. Note that the first paramenter is a tuple, so the syntax becomes
(c,s) = s

10



inductive
big_step :: com X state = state = bool (infix = 55)

where
Skip: (SKIP,s) = s |
Assign: (z = a,s) = s(z = aval a s) |

Seq: [ (c1,81) = s2; (c2,82) = 83 | = (ci3¢2, 1) = 33 |

IfTrue: [ bval b s; (c1,8) = t | = (IF b THEN ¢y ELSE ca, s) = t |
IfFalse: | —~bval b s; (ca,s) = t ]| = (IF b THEN ¢y ELSE ca, s) = t |
WhileFalse: —bval b s = (WHILE b DO ¢,s) = s |

While True:

[ bval b s1; (c,s1) = s2; (WHILE b DO ¢, s3) = s3]

= (WHILE b DO ¢, s1) = s3

schematic_lemma ez: ("z" := N §;; "y o=V "z" s) = %

apply(rule Seq)
apply (rule Assign)

apply simp
apply (rule Assign)
done
thm ex[simplified]
We want to execute the big-step rules:
code_pred big_step .
For inductive definitions we need command values instead of value.
values {t. (SKIP, \_. 0) = t}
We need to translate the result state into a list to display it.

values {map t ["z"] |t. (SKIP, <"z" := }2>) = t}
values {map t ["z"] [t. ("z" == N 2, <"z" = 42>) = t}

values {map t ["z""y"] |t.
(WHILE Less (V "z")y (V "y"") DO ("z" := Plus (V "z") (N 5)),
<'zg":=0,"y":=18>) = t}

Proof automation:

The introduction rules are good for automatically construction small
program executions. The recursive cases may require backtracking, so we
declare the set as unsafe intro rules.

declare big_step.intros [intro]

The standard induction rule

11



[x1 = z2; N\s. P (SKIP, s) s; Az as. P (z == a, s) (s(z := aval a s));
/\01 §1 S92 C2 S3.

[(c1, s1) = s2; P (c1, s1) s2; (c2, s2) = s3; P (ca, s2) s3]

= P (c13; c2, 1) 83
Nb s ci tco.

[bval b s; (¢1, s) = t; P (c1, s) t] = P (IF b THEN ¢y ELSE ca, s)
t;
Nb s co tcq.

[ bval b s; (c2, s) = t; P (ca, s) t] = P (IF b THEN c¢; ELSE cs,
s) t;
Nbsc.—bvalbs = P (WHILE b DO ¢, s) s;
N\b s1 ¢ so s3.

[bval b s1; (¢, s1) = s2; P (¢, s1) so; (WHILE b DO ¢, s9) = $3;

P (WHILE b DO ¢, s3) s3]

— P (WHILE b DO ¢, s1) s3]

— Pzl x2

thm big_step.induct

This induction schema is almost perfect for our purposes, but our trick
for reusing the tuple syntax means that the induction schema has two pa-
rameters instead of the ¢, s, and s’ that we are likely to encounter. Splitting
the tuple parameter fixes this:

lemmas big_step_induct = big_step.induct|[split_format(complete)]
thm big_step_induct

[(z1a, £1b) = x2a; N\s. P SKIP s s; Az as. P (z == a) s (s(z := aval a
s));
/\Cl §1 S92 C2 S3.

|I(C1, 81) = $9; P C1 81 S92, (CQ, 52) = S83; P Cco S92 83]]

= P (c13; c2) 51 83;
Ab s ¢y tcs.

[bval b s; (c1, s) = t; P ¢y st] = P (IF b THEN ¢y ELSE c2) s t;
Ab s cotc.

[— bval b s; (c2, s) = t; P ca st] = P (IF b THEN ¢; ELSE c¢3) s t;
Ab s c. = bval b s = P (WHILE b DO c¢) s s;
N\b s1 ¢ so s3.

[bval b s1; (¢, s1) = s2; P ¢ s1 so; (WHILE b DO ¢, s2) = s3;

P (WHILE b DO c¢) s2 s3]

= P (WHILE b DO c) s1 s3]
= P xla z1b x2a

12



3.2 Rule inversion

What can we deduce from (SKIP, s) = t ? That s = ¢. This is how we can
automatically prove it:

inductive_cases SkipE[elim!]: (SKIP,s) = t
thm SkipE

This is an elimination rule. The [elim] attribute tells auto, blast and
friends (but not simp!) to use it automatically; [elim!] means that it is applied
eagerly.

Similarly for the other commands:
inductive_cases AssignE[elim!]: (z = a,s) =t
thm AssignE
inductive_cases SeqE[elim!]: (c1;;¢2,s1) = s3
thm SeqF
inductive_cases IfE[elim!]: (IF b THEN c1 ELSE c2,s) =t
thm IfE

inductive_cases WhileE[elim]: (WHILE b DO c,s) =t
thm WhileE

Only [elim]: [elim!] would not terminate.
An automatic example:

lemma (IF b THEN SKIP ELSE SKIP, s) =t =t = s
by blast

Rule inversion by hand via the “cases” method:

lemma assumes ([F b THEN SKIP ELSE SKIP, s) = t
shows ¢ = s

proof—
from assms show ?thesis
proof cases — inverting assms

case IfTrue thm IfTrue
thus ?thesis by blast
next
case [fFalse thus ?thesis by blast
qged
qed

lemma assign_simp:
(z = a,s) = s +— (s’ = s(z := aval a s))
by auto

An example combining rule inversion and derivations

13



lemma Seq_assoc:
(c13; 255 ¢3, 8) = 8" «— (cl;; (¢255 ¢3), s) = s’
proof
assume (cl;; ¢2;; ¢3, s) = s’
then obtain sI s2 where
cl: (¢, s) = sl and
c2: (c2, s1) = s2 and
c3: (¢3, s2) = s’ by auto
from c2 c3
have (¢2;; ¢3, s1) = s’ by (rule Seq)
with c1
show (cI;; (¢2;; ¢8), s) = s’ by (rule Seq)
next
— The other direction is analogous
assume (cl;; (¢2;; ¢3), s) = s’
thus (cI;; ¢2;; ¢8, s) = s’ by auto
qged

3.3 Command Equivalence

We call two statements ¢ and ¢’ equivalent wrt. the big-step semantics when
c started in s terminates in s’ iff ¢’ started in the same s also terminates
in the same s’. Formally:

abbreviation
equiv_c :: com = com = bool (infix ~ 50) where
cr~ce'= st (¢s) =t = (cs) = t)

Warning: ~ is the symbol written \ < s i m > (without spaces).
As an example, we show that loop unfolding is an equivalence transfor-
mation on programs:

lemma unfold_while:
(WHILE b DO ¢) ~ (IF b THEN c;; WHILE b DO ¢ ELSE SKIP) (is ?w
~ Ziw)
proof —
— to show the equivalence, we look at the derivation tree for
— each side and from that construct a derivation tree for the other side
{ fix s t assume (%w, s) = ¢
— as a first thing we note that, if b is False in state s,
— then both statements do nothing:
{ assume —bval b s
hence ¢t = s using (?w,s) = ©) by blast
hence (7w, s) = t using (—bval b $) by blast

}

14



moreover
— on the other hand, if b is True in state s,
— then only the WhileTrue rule can have been used to derive (%w, s)
=1
{ assume bval b s
with ((?w, s) = t) obtain s’ where
(¢, s) = s’ and (%w, s’) = t by auto
— now we can build a derivation tree for the IF
— first, the body of the True-branch:
hence (c¢;; ?w, s) = t by (rule Seq)
— then the whole IF
with (bval b s) have (7w, s) = t by (rule IfTrue)
}
ultimately
— both cases together give us what we want:
have (%iw, s) = t by blast
}
moreover
— now the other direction:
{ fix s ¢t assume (%iw, s) =t
— again, if b is Fulse in state s, then the False-branch
— of the IF is executed, and both statements do nothing:
{ assume —bval b s
hence s = t using (%iw, s) = t by blast
hence (7w, s) = t using (—bval b s) by blast
}
moreover
— on the other hand, if b is True in state s,
— then this time only the IfTrue rule can have be used
{ assume bval b s
with (%iw, s) = ) have (¢;; ?w, s) = t by auto
— and for this, only the Seq-rule is applicable:
then obtain s’ where
(¢, s) = s’ and (?w, s’) = t by auto
— with this information, we can build a derivation tree for the WHILE

with (bval b s
have (7w, s) = t by (rule WhileTrue)
}
ultimately
— both cases together again give us what we want:
have (?w, s) = t by blast

}

ultimately

15



show ?thesis by blast
qged

Luckily, such lengthy proofs are seldom necessary. Isabelle can prove
many such facts automatically.

lemma while_unfold:
(WHILE b DO ¢) ~ (IF b THEN c¢;; WHILE b DO ¢ ELSE SKIP)
by blast

lemma triv_if:
(IF b THEN ¢ ELSE ¢) ~ ¢
by blast

lemma commute_if:
(IF b1 THEN (IF b2 THEN c11 ELSE c12) ELSE c2)
(IF b2 THEN (IF b1 THEN c11 ELSE c2) ELSE (IF b1 THEN c12
ELSE c2))
by blast

lemma sim_while_cong_aux:

(WHILE b DO ¢,8) =t = ¢~ ¢’ = (WHILE b DO ¢';s) =t
apply (induction WHILE b DO c s t arbitrary: b ¢ rule: big_step_induct)
apply blast
apply blast
done

lemma sim_while_cong: ¢ ~ ¢’ = WHILE b DO ¢ ~ WHILE b DO ¢’
by (metis sim_while_cong_aux)

Command equivalence is an equivalence relation, i.e. it is reflexive, sym-
metric, and transitive. Because we used an abbreviation above, Isabelle
derives this automatically.

lemma sim_refl: ¢ ~ ¢ by simp
lemma sim_sym: (¢ ~ ¢') = (¢’ ~ ¢) by auto
lemma sim_trans: ¢ ~ ¢/ = ¢’ ~ ¢ = ¢ ~ ¢' by auto

3.4 Execution is deterministic

This proof is automatic.

theorem big_step_determ: [ (¢,s) = t; (¢,s) = u] = u =1
by (induction arbitrary: u rule: big_step.induct) blast+

This is the proof as you might present it in a lecture. The remaining
cases are simple enough to be proved automatically:

16



theorem
(c,s) =t = (¢,8) =t = t'=1t
proof (induction arbitrary: t' rule: big_step.induct)
— the only interesting case, WhileTrue:
fix bcssy tt!
— The assumptions of the rule:
assume bval b s and (c¢,s) = s; and (WHILE b DO ¢,s1) =t
— Ind.Hyp; note the A because of arbitrary:
assume [He: N\t (¢,8) =t/ = t' = 51
assume [Hw: \t'. (WHILE b DO ¢,s1) = t' = t' =t
— Premise of implication:
assume (WHILE b DO ¢,s) = t’
with (bval b s) obtain s;’ where
c: (¢,8) = s1" and
w: (WHILE b DO ¢,s1) = t’
by auto
from c¢ [Hc have s;’ = s; by blast
with w IHw show t' = t by blast
ged blast+ — prove the rest automatically

end

4 Small-Step Semantics of Commands
theory Small_Step imports Star Big_Step begin

4.1 The transition relation

inductive

small_step :: com * state = com * state = bool (infix — 55)
where
Assign: (z = a, s) — (SKIP, s(x := aval a s)) |

Seql:  (SKIP;;co,5) — (ca,8) |
Seq2:  (c1,8) = (e1',s)) = (cas5e2,8) — (e1'5502,8) |

IfTrue: bval b s = (IF b THEN c¢; ELSE ca,s) — (c1,8) |
IfFalse: =bval b s = (IF' b THEN ci ELSE ca,s) — (c2,s) |

While: (WHILE b DO c¢,s) —
(IF b THEN c¢;; WHILE b DO ¢ ELSE SKIP,s)

abbreviation
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small_steps :: com * state = com * state = bool (infix —x 55)
where © —x* y == star small_step x y

4.2 Executability

code_pred small_step .

values {(¢;map t ["z","y"."2"]) |’ t.
(//x// e V //Z//;; //y// e V //x//,
<M= g, Myt = = 5S) s (¢))}

4.3 Proof infrastructure
4.3.1 Induction rules

The default induction rule small_step.induct only works for lemmas of the
form a - b = ... where a and b are not already pairs (DUMMY ,DUMMY).
We can generate a suitable variant of small_step.induct for pairs by “split-
ting” the arguments — into pairs:

lemmas small_step_induct = small_step.induct[split_format(complete)]

4.3.2 Proof automation
declare small_step.intros[simp,intro]
Rule inversion:

inductive_cases SkipE[elim!]: (SKIP,s) — ct

thm SkipE

inductive_cases AssignE[elim!]: (z::=a,s) — ct

thm AssignF

inductive_cases SeqE[elim|: (c1;;¢2,s) — ct

thm SeqF

inductive_cases IfE[elim!]: (IF' b THEN c1 ELSE c2,s) — ct
inductive_cases WhileE[elim]: (WHILE b DO ¢, s) — ct

A simple property:

lemma deterministic:
cs — 8’ = cs = cs" = cs' = cs’
apply (induction arbitrary: cs'' rule: small_step.induct)
apply blast+
done

4.4 Equivalence with big-step semantics

lemma star_seq2: (c1,s) —x (c1',8") = (c1;;¢2,8) —x* (cl';;¢2,8")
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proof (induction rule: star_induct)
case refl thus ?case by simp
next
case step
thus ?case by (metis Seq2 star.step)
qged

lemma seq_comp:
[ (c1,s1) —* (SKIP,s2); (c2,s2) —* (SKIP,s3) |
= (cl;;¢2, s1) —x (SKIP,s3)

by (blast intro: star.step star_seq2 star_trans)

The following proof corresponds to one on the board where one would
show chains of — and —x steps.

lemma big_to_small:
cs = t => cs —x* (SKIP,t)
proof (induction rule: big_step.induct)
fix s show (SKIP,s) —x (SKIP,s) by simp
next
fix z a s show (z = a,s) —* (SKIP, s(z := aval a s)) by auto
next
fix c1 c2 sl s2 s3
assume (c1,s1) —x (SKIP,s2) and (c2,s2) —x* (SKIP,s3)
thus (c1;;¢2, s1) —x (SKIP,s3) by (rule seq_comp)
next
fix s::state and b c0 c1t
assume bval b s
hence ([F'b THEN c0 ELSE c1,s) — (c0,s) by simp
moreover assume (c0,s) —x (SKIP,t)
ultimately
show (IF b THEN c0 ELSE c1,s) —x (SKIP,t) by (metis star.simps)
next
fix s::state and b c0 c1t
assume —bval b s
hence (/F'b THEN c0 ELSE c1,s) — (cl1,s) by simp
moreover assume (cl,s) —x (SKIP,t)
ultimately
show (IF b THEN c0 ELSE c1,s) —x (SKIP,t) by (metis star.simps)
next
fix b ¢ and s::state
assume b: —~bval b s
let %if = IF b THEN ¢;; WHILE b DO ¢ ELSE SKIP
have (WHILE b DO ¢,s) — (%if, s) by blast
moreover have (?if,s) — (SKIP, s) by (simp add: b)
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ultimately show (WHILE b DO c¢,s) —x (SKIP,s) by(metis star.refl
star.step)
next

fixbess't

let 7w = WHILE b DO ¢

let %if = IF b THEN c;; Yw ELSE SKIP

assume w: (?w,s") —x (SKIP,t)

assume c: (¢,s) —* (SKIP,s’)

assume b: bval b s

have (?w,s) — (%if, s) by blast

moreover have (%if, s) — (¢;; ?w, s) by (simp add: b)

moreover have (c;; %w,s) —* (SKIP,t) by(rule seq_.comp[OF ¢ w])

ultimately show (WHILE b DO c,s) —* (SKIP,t) by (metis star.simps)
qed

Each case of the induction can be proved automatically:

lemma c¢s = t = ¢s —* (SKIP,t)
proof (induction rule: big_step.induct)
case Skip show Zcase by blast
next
case Assign show ?case by blast
next
case Seq thus ?case by (blast intro: seq_comp)
next
case IfTrue thus ?case by (blast intro: star.step)
next
case IfFalse thus ?case by (blast intro: star.step)
next
case WhileFalse thus ?case
by (metis star.step star_stepl small_step.IfFalse small_step. While)
next
case WhileTrue
thus ?case
by (metis While seq_comp small_step.IfTrue star.step|of small_step])
qed

lemma smalll_big_continue:
cs v cs' = cs' =t = cs=>t
apply (induction arbitrary: t rule: small_step.induct)
apply auto
done

lemma small_to_big:
cs =% (SKIPt) = cs =t
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apply (induction cs (SKIP,t) rule: star.induct)
apply (auto intro: smalll_big_continue)
done

Finally, the equivalence theorem:

theorem big_iff small:
cs = t = cs = (SKIP,t)
by (metis big_to_small small_to_big)

4.5 Final configurations and infinite reductions

definition final cs «+— —(EX cs’. ¢s — ¢s)

lemma finalD: final (¢,s) = ¢ = SKIP
apply(simp add: final_def)

apply (induction c)

apply blast+

done

lemma final_iff SKIP: final (c,s) = (¢ = SKIP)
by (metis SkipE finalD final_def)

Now we can show that = yields a final state iff — terminates:

lemma big_iff_small_termination:
(EX t. cs = t) «— (EX c¢s’. ¢cs —* cs’ A final cs’)
by (simp add: big-iff-small final_iff SKIP)

This is the same as saying that the absence of a big step result is equiv-
alent with absence of a terminating small step sequence, i.e. with nontermi-
nation. Since — is determininistic, there is no difference between may and
must terminate.

end

theory Finite_Reachable
imports Small_Step
begin

4.6 Finite number of reachable commands

This theory shows that in the small-step semantics one can only reach a
finite number of commands from any given command. Hence one can see
the command component of a small-step configuration as a combination of
the program to be executed and a pc.

definition reachable :: com = com set where
reachable ¢ = {c’. s t. (¢,8) —* (c't)}
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Proofs need induction on the length of a small-step reduction sequence.

fun small_stepsn :: com * state = nat = com * state = bool
(- ="(2)) - 165,0,55] 55) where

(cs =(0) ¢s) = (es' = ¢s) |
cs —(Suc n) ¢s” = (Fes'. es — ¢s’ A es’ —(n) es”)
lemma stepsn_if_star: cs —* cs’ = In. cs —(n) cs’
proof (induction rule: star.induct)

case refl show ?Zcase by (metis small_stepsn.simps(1))
next

case step thus ?case by (metis small_stepsn.simps(2))
qed

lemma star_if-stepsn: cs —(n) c¢s’ = cs —x* cs’
by (induction n arbitrary: cs) (auto elim: star.step)

lemma SKIP_starD: (SKIP, s) —x (¢,t) = ¢ = SKIP
by (induction SKIP s c¢ t rule: star_induct) auto

lemma reachable_SKIP: reachable SKIP = {SKIP}
by (auto simp: reachable_def dest: SKIP_starD)

lemma Assign_starD: (z::=a, s) =% (¢,t) = ¢ € {x:=a, SKIP}
by (induction z::=a s ¢ t rule: star_induct) (auto dest: SKIP_starD)

lemma reachable_Assign: reachable (x::=a) = {z::=a, SKIP}
by (auto simp: reachable_def dest:Assign_starD)

lemma Seq_stepsnD: (c1;; ¢2, s) —(n) (¢/, t) =
(Fel'm. ¢'=c1’; 2 A (cl, s) =(m) (cI’,t) Am <n)V
(382 m1 m2. (c1,s) —(m1) (SKIP,s2) A (c2, s2) —(m2) (¢/, t) A
ml+m2 < n)
proof (induction n arbitrary: c1 c2 s)
case ( thus ?case by auto
next
case (Suc n)
from Suc.prems obtain s’ ¢12’ where (c1;;¢2, s) — (c12’, s')
and n: (c12's") —(n) (c',t) by auto
from this(1) show Zcase
proof
assume cl = SKIP (c12', s") = (¢2, s)
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hence (c1,s) —(0) (SKIP, s") A (c2, s") =(n) (¢/,t) N0+ n < Sucn
using n by auto
thus ?case by blast
next
fix c1’ s” assume 1: (c12/, s') = (c1’;; ¢2, s") (c1, s) — (c1’, s")
hence n” (c1';;¢2,s") —(n) (¢',t) using n by auto
from Suc.IH[OF n'] show ?case
proof
assume Jcl”" m. ¢ = c1"; ¢2 A (cl!, s") —=(m) (c1”, t) A m <n
(is3 ab. ?Pab)
then obtain ¢!’ m where 2: ?P c1” m by blast
hence ¢’ = c1";;¢2 A (cl, s) —(Suc m) (c1”t) A Suc m < Suc n
using 1 by auto
thus ?case by blast
next
assume 3s2 ml1 m2. (c1';s") —(m1) (SKIP,s2) N
(c2,82) =(m2) (¢/;t) A mi+m2 < n (isJabec. Pabc)
then obtain s2 m! m2 where ?P s2 m1 m2 by blast
hence (c1,s) —(Suc m1) (SKIP,s2) A (¢2,s2) —(m2) (c;t) A
Suc m1 + m2 < Suc n using 1 by auto
thus “case by blast
qged
qed
qed

corollary Seq_starD: (cl1;; ¢2, s) —x* (¢/, t) =
(Fel. ¢'=cly; 2 N (cl, s) =% (el t)) V
(3s2. (cl,s) = (SKIP,s2) A (c2, s2) —x* (c', 1))

by (metis Seq_stepsnD star_if_stepsn stepsn_if_star)

lemma reachable_Seq: reachable (c1;;¢2) C
(Ael'. ¢1';;¢2) “ reachable ¢l U reachable c2
by (auto simp: reachable_def image_def dest!: Seq_starD)

lemma If starD: (IF b THEN c1 ELSE c2, s) —x* (c,t) =
¢ =IF b THEN c1 ELSE c2 V (c1,s) —x (c,t) V (c2,s) =% (c,t)
by (induction IF b THEN c1 ELSE c2 s c t rule: star_induct) auto

lemma reachable_If : reachable (IF b THEN c1 ELSE c2) C

{IF b THEN c1 ELSE c2} U reachable c1 U reachable c2
by (auto simp: reachable_def dest!: If starD)
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lemma While_stepsnD: (WHILE b DO ¢, s) —(n) (¢2,t) =
c2 € {WHILE b DO ¢, IF b THEN c ;; WHILE b DO ¢ ELSE SKIP,
SKIP}
V (Jel. c2 =cl;; WHILE b DO ¢ A (3 s1 s2. (¢,s1) —x (c1,52)))
proof (induction n arbitrary: s rule: less_induct)
case (less nl)
show ?case
proof(cases nl)
case 0 thus ?thesis using less.prems by (simp)
next
case (Suc n2)
let 7w = WHILE b DO ¢
let %w = IF b THEN ¢ ;; %w ELSE SKIP
from Suc less.prems have n2: (%iw,s) —(n2) (c2,t) by(auto elim!:
WhileE)
show ?thesis
proof(cases n2)
case ( thus ?thesis using n2 by auto
next
case (Suc n3)
then obtain iw’ s’ where (%iw,s) — (iw’;s’)
and n3: (iw';s’) —(n3) (¢2,t) using n2 by auto
from this(1)
show ?thesis
proof
assume (iw’, s') = (¢;; WHILE b DO ¢, s)
with n3 have (¢;;%w, s) —(n3) (c2,t) by auto
from Seq_stepsnD[OF this| show ?thesis
proof
assume Jcl’' m. c2 = cl';; 2w A (¢,8) —(m) (c1’, t) A m < n3
thus ?thesis by (metis star_if_stepsn)
next
assume 3s2 m1 m2. (¢, s) =(ml1) (SKIP, s2) A
(WHILE b DO ¢, s2) —-(m2) (c2,t) A ml + m2 <n8 (is3Jzy
z. Pz y 2)
then obtain s2 m1 m2 where ?P s2 m1 m2 by blast
with (n2 = Suc n® (n1 = Suc n2have m2 < nl by arith
from less.IH[OF this] (?P s2 m1 m2) show ?thesis by blast
qed
next
assume (iw’, s') = (SKIP, s)
thus ?thesis using star_if-stepsn|OF n3] by (auto dest!: SKIP_starD)
qed
qed

24



qed
qged

lemma reachable-While: reachable (WHILE b DO ¢) C
{WHILE b DO ¢, IF b THEN c ;; WHILE b DO ¢ ELSE SKIP, SKIP} U
(X¢'. ¢’ ;; WHILE b DO c¢) ‘ reachable c

apply (auto simp: reachable_def image_def)

by (metis While_stepsnD insertE singletonE stepsn_if_star)

theorem finite_reachable: finite(reachable c)

apply (induction c)

apply (auto simp: reachable_SKIP reachable_Assign
finite_subset[OF reachable_Seq] finite_subset|OF reachable_If|
finite_subset[OF reachable_While])

done

end

5 Denotational Semantics of Commands

theory Denotational imports Big_Step begin
type_synonym com_den = (state X state) set

definition W :: (state = bool) = com_den = (com_den = com_den)
where

W db de = (Adw. {(s,t). if db s then (s,t) € dc O dw else s=t})

fun D :: com = com_den where

D SKIP = Id |

D (z == a) = {(s,t). t = s(x := aval a s)} |

D (c1;;¢2) = D(cl) O D(c2) |

D (IF b THEN c1 ELSE c2)

= {(s,t). if bval b s then (s,t) € D cl else (s,t) € D c2} |
D (WHILE b DO ¢) = Iifp (W (bval b) (D ¢))

lemma W_mono: mono (W b r)
by (unfold W_def mono_def) auto

lemma D_While_If:
D(WHILE b DO ¢) = D(IF b THEN c;; WHILE b DO ¢ ELSE SKIP)
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proof—
let Yw = WHILE b DO c let ?f = W (bval b) (D ¢)
have D ?w = Ifp ?f by simp

also have ... = ?f (ifp ?f) by(rule lfp_unfold [OF W_mono))
also have ... = D(IF b THEN c;;?w ELSE SKIP) by (simp add: W_def)
finally show ?thesis .

qed

Equivalence of denotational and big-step semantics:

lemma D_if big_step: (c,s) = t = (s,t) € D(c)
proof (induction rule: big_step_induct)
case WhileFualse
with D_While_If show ?case by auto
next
case WhileTrue
show ?case unfolding D_While_If using WhileTrue by auto
qed auto

abbreviation Big_step :: com = com_den where
Big_step ¢ = {(s,t). (¢,s) = t}

lemma Big_step_if D: (s,t) € D(c) = (s,t) : Big_step c

proof (induction c arbitrary: s t)
case Seq thus ?case by fastforce

next
case (While b ¢)
let B = Big_step (WHILE b DO c¢) let ?f = W (bval b) (D c¢)
have ?f ?B C ?B using While.IH by (auto simp: W_def)
from Ifp_lowerbound[where ?f = ?f OF this] While.prems
show ?case by auto

qed (auto split: if splits)

theorem denotational_is_big_step:
(s;t) € D(c) = ((c;8) = 1)
by (metis D_if-big_step Big_step_if-D|[simplified))

corollary equiv_c_iff-equal_D: (¢1 ~ ¢2) <— D ¢l = D c2
by (simp add: denotational_is_big_step[symmetric] set_eq_iff)

5.1 Continuity

definition chain :: (nat = 'a set) = bool where
chain S = (Vi. Si C S(Suc i))
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lemma chain_total: chain S = Si < SjV S;j <S5
by (metis chain_def le_cases lift_Suc_mono_le)

definition cont :: ("a set = b set) = bool where
cont f = (VS. chain S — f(UN n. Sn) = (UN n. f(S n)))

lemma mono_if_cont: fixes [ :: 'a set = b set
assumes cont f shows mono f
proof
fix a b: 'a set assume a C b
let 25 = An:nat. if n=0 then a else b
have chain ?S using (a C b by(auto simp: chain_def)
hence f(UN n. 2Sn) = (UN n. f(%S n))
using assms by (simp add: cont_def)
moreover have (UN n. S n) = b using (a C b by (auto split: if_splits)
moreover have (UN n. f(?Sn)) = fa U fb by (auto split: if-splits)
ultimately show fa C fb by (metis Un_upperl)
qed

lemma chain_iterates: fixes f :: 'a set = 'a set
assumes mono f shows chain(An. (f""n) {})
proof—
{ fix n have (f " n) {} C (f " Suc n) {} using assms
by (induction n) (auto simp: mono_def) }
thus ?thesis by(auto simp: chain_def)
qged

theorem Ifp_if cont:
assumes cont f shows Ifp f = (UN n. (f""n) {}) (is - = ?U)
proof
show Ifp f C 2U
proof (rule Ifp_lowerbound)
have f ?U = (UN n. (f""Suc n){})
using chain_iterates| OF mono_if_cont|OF assms]] assms
by (simp add: cont_def)
also have ... = (f""0){} U ... by simp
also have ... = 2U
by (auto simp del: funpow.simps) (metis not0-implies_Suc)
finally show f ?U C ?U by simp
qed
next
{ fix n p assume fp C p

have (f""n){} C p
proof (induction n)
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case (0 show ?case by simp
next
case Suc
from monoD[OF mono_if-cont[OF assms] Suc] (fp C p
show ?Zcase by simp
qed
}
thus ?U C Ifp f by(auto simp: Ifp_def)
ged

lemma cont_W: cont(W b r)
by (auto simp: cont_def W_def)

5.2 The denotational semantics is deterministic

lemma single_valued_-UN_chain:
assumes chain S (An. single_valued (S n))
shows single_valued(UN n. S n)
proof(auto simp: single_valued_def)
fix mnazyzassume (z,y) € Sm (z,2) € Sn
with chain_total|OF assms(1), of m n] assms(2)
show y = z by (auto simp: single_valued_def)
qed

lemma single_valued_lfp: fixes f :: com_den = com_den
assumes cont f Ar. single_valued r = single_valued (f r)
shows single_valued(lfp f)
unfolding Ifp_if-cont[OF assms(1)]
proof (rule single_valued_UN_chain[OF chain_iterates|OF mono_if-cont[OF
assms(1)]])
fix n show single_valued ((f """ n) {})
by (induction n)(auto simp: assms(2))
qged

lemma single_valued_D: single_valued (D c)
proof (induction c)

case Seq thus ?case by(simp add: single_valued_relcomp)
next

case (While b c)

let f = W (bval b) (D c)

have single_valued (Ifp ?f)

proof (rule single_valued_lfp[OF cont_W])

show Ar. single_valued r = single_valued (?f r)
using While.IH by(force simp: single_valued_def W_def)
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qed
thus ?case by simp
qed (auto simp add: single_valued_def)

end

6 Compiler for IMP

theory Compiler imports Big_Step Star
begin

6.1 List setup

In the following, we use the length of lists as integers instead of natural
numbers. Instead of converting nat to int explicitly, we tell Isabelle to
coerce nat automatically when necessary.

declare [[coercion_enabled]]
declare [[coercion int :: nat = int]]

Similarly, we will want to access the ith element of a list, where ¢ is an
wnt.
fun inth :: 'a list = int = ’a (infixl !! 100) where
(x #as)NWi=(ifi =0thenzelsexs!! (i — 1))

The only additional lemma we need about this function is indexing over
append:

lemma inth_append [simp]:
0<i=
(zs @ ys) 1 i = (if i < size zs then zs !l i else ys ! (i — size x5))
by (induction xs arbitrary: i) (auto simp: algebra_simps)
We hide coercion int applied to length:

abbreviation (output)
isize s == int (length xs)

notation isize (size)

6.2 Instructions and Stack Machine

datatype instr =
LOADI int | LOAD vname | ADD | STORE vname
JMP int | JMPLESS int | JMPGE int
type_synonym stack = wval list
type_synonym config = int X state X stack

29



abbreviation hd2 zs == hd(tl xs)
abbreviation ¢2 xs == ti(tl xs)

fun iexec :: instr = config = config where
iexec instr (i,s,stk) = (case instr of
LOADI n = (i+1,s, n#stk) |
LOAD x = (i+1,s, s x # stk) |
ADD = (i+1,s, (hd2 stk + hd stk) # tI2 stk) |
STORE z = (i+1,s(x := hd stk),tl stk) |
JMP n = (i+1+n,s,stk) |
JMPLESS n = (if hd2 stk < hd stk then i+14n else i+1,s,tl2 stk) |
JMPGE n = (if hd2 stk >= hd stk then i+1+n else i+1,s,tl2 stk))

definition
execl :: instr list = config = config = bool
((-/ = (- =/ ) [59,0,59] 60)
where
Pkec—c=
(Fi s stk. ¢ = (i,s,stk) A ¢’ = iexec(PWi) (i,s,stk) N 0 < i A i < size P)

lemma ezxecll [intro, code_pred_intro|:
¢ = dexec (PWi) (i,s,sth) = 0 < i = i < size P
= P I (i,s,stk) — ¢’

by (simp add: execl_def)

abbreviation

exec :: instr list = config = config = bool ((-/ F (- —=/ _)) 50)
where

exec P = star (execl P)
declare star.step[intro]
lemmas ezec_induct = star.induct [of execl P, split_format(complete)]
code_pred ezecl by (metis execl_def)
values

{(i,map t ["z","y"),stk) | i t stk.

[LOAD "y" STORE "z") +
(0, <"z =8, "y" = 4>, [)) == (i,t,stk)}
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6.3 Verification infrastructure

Below we need to argue about the execution of code that is embedded in
larger programs. For this purpose we show that execution is preserved by
appending code to the left or right of a program.

lemma iexec_shift [simp]:
((n+1',s',stk’) = iexec x (n+i,s,stk)) = ((i',s',stk’) = iexec x (i,s,stk))
by (auto split:instr.split)

lemma ezecl_appendR: P+ ¢ — ¢/ = PQP'F ¢ — ¢’
by (auto simp: execl_def)

lemma exec_appendR: P+ ¢ —* ¢/ = PQP'F ¢ —x ¢’
by (induction rule: star.induct) (fastforce intro: execl_appendR)+

lemma ezxecl_appendL:
fixes i1/ :: int
shows
P F (i,s,stk) — (i',s',stk’) =
P'@ P+ (size(P')+1i,s,stk) — (size(P')+i’,s’ stk’)
unfolding execi_def
by (auto simp del: iexec.simps)

lemma ezxec_appendL:
fixes i i’ :: int
shows
P+ (i,s,stk) —x* (i',s'stk’) —
P’ @ P+ (size(P')+1,s,stk) —x* (size(P')+1i',s' stk’)
by (induction rule: exec_induct) (blast intro!: execl_appendL)+

Now we specialise the above lemmas to enable automatic proofs of P +
¢ —* ¢’ where P is a mixture of concrete instructions and pieces of code
that we already know how they execute (by induction), combined by @ and
#. Backward jumps are not supported. The details should be skipped on a
first reading.

If we have just executed the first instruction of the program, drop it:

lemma exec_Cons_1 [intro]:
P+ (0,s,stk) —x* (j,t,stk") =
instr#P + (1,s,stk) —* (1+7,t,stk’)
by (drule exec_appendL[where P'=[instr]]) simp

lemma ezec_appendL_if [intro]:

fixes 14’ j :: int
shows
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size P! <= i
= P (i — size P',s,stk) —x (j,s’,stk’)
= i = size P/ +j
— P’ Q@ P\ (i,s,stk) —* (i',s',stk”)
by (drule exec_appendL[where P'=P’]) simp

Split the execution of a compound program up into the excution of its

parts:
lemma ezxec_append_trans[intro]:

fixes ¢/ 4" " int

shows
P F (0,s,stk) == (i',s',stk") =

size P < ¢/ =

P+ (i’ = size P,s' stk’) —x (i",s" stk") =

" = size P + 1"

.

P @ P'F (0,s,stk) —* (j",s" stk")
by (metis star_trans|OF exec_appendR exec_appendL_if])

declare Let_def[simp]

6.4 Compilation

fun acomp :: aexp = instr list where

acomp (N n) = [LOADI n] |

acomp (V z) = [LOAD z] |

acomp (Plus al a2) = acomp al Q acomp a2 Q [ADD)]

lemma acomp_correct[intro]:
acomp a F (0,s,stk) —x (size(acomp a),s,aval a s#stk)
by (induction a arbitrary: stk) fastforce+

fun bcomp :: bexp = bool = int = insir list where
bcomp (Bc v) fn = (if v=f then [JMP n] else []) |
bcomp (Not b) fn = bcomp b (=f) n |
bcomp (And b1 b2) fn =
(let ¢b2 = bcomp b2 f n;

m = if f then size cb2 else (size cb2::int)+n;

cbl = bcomp b1 False m
in cbl Q ¢b2) |

bcomp (Less al a2) fn =
acomp al @ acomp a2 Q (if f then [JMPLESS n| else [JMPGE n])

32



value
becomp (And (Less (V ") (V "y")) (Not(Less (V "u’) (V "v")))
False 3

lemma bcomp_correct|introl:
fixes n :: int
shows
0<n—
bcomp b fn
(0,s,stk) —x (size(bcomp b fn) + (if f = bval b s then n else 0),s,stk)
proof (induction b arbitrary: f n)
case Not
from Not(1)[where f="f] Not(2) show ?case by fastforce
next
case (And b1 b2)
from And(1)[of if f then size(bcomp b2 f n) else size(bcomp b2 fn) + n
False]
And(2)[of n f] And(3)
show ?case by fastforce
qed fastforce+

fun ccomp :: com = instr list where

ccomp SKIP = ] |

ccomp (z == a) = acomp a Q [STORE z] |

ccomp (c135¢2) = ccomp ¢1 @ ccomp cq |

ccomp (IF b THEN c¢; ELSE c3) =
(let ccy = ccomp c1; ccg = ccomp ca; c¢b = becomp b False (size ccy + 1)
in ¢cb @Q ccy @ JMP (size cca) # cca) |

ccomp (WHILE b DO ¢) =

(let cc = ccomp c¢; c¢b = becomp b False (size cc + 1)
in ¢cb @Q cc @ [JMP (—(size cb + size cc + 1))])

value ccomp
(IF Less (V "u'") (N 1) THEN "u" ::= Plus (V "u"") (N 1)
ELSE "v" .=V "u")

value ccomp (WHILE Less (V "u"") (N 1) DO ("u" ::= Plus (V "u") (N
1))

6.5 Preservation of semantics

lemma ccomp_bigstep:
(¢,8) = t = ccomp ¢ (0,s,stk) —= (size(ccomp c),t,stk)
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proof (induction arbitrary: stk rule: big_step_induct)
case (Assign z a s)
show ?case by (fastforce simp:fun_upd_def cong: if cong)
next
case (Seq cl s1 s2 c2 s3)
let ?ccl = ccomp c1 let ?cc2 = ccomp c2
have %ccl @Q ?cc2 - (0,s1,stk) —x* (size ?ccl,s2,stk)
using Seq.IH (1) by fastforce
moreover
have ?ccl @ Zcc2 b (size Zccl,s2,sth) —* (size(%ccl Q %cc?2),s3,stk)
using Seq.IH(2) by fastforce
ultimately show ?case by simp (blast intro: star_trans)
next
case (WhileTrue b s1 ¢ s2 s3)
let ¢cc = ccomp ¢
let ?cb = bcomp b False (size %cc + 1)
let cw = ccomp(WHILE b DO c¢)
have ?cw & (0,s1,stk) —x (size ?cb,s1,stk)
using (bval b s1) by fastforce
moreover
have ?cw b (size ?cb,s1,stk) —x (size ?cb + size ?cc,s2,stk)
using WhileTrue.IH (1) by fastforce
moreover
have ?cw b (size ?cb + size ?cc,s2,stk) —x* (0,s2,stk)
by fastforce
moreover
have ?cw - (0,s2,stk) —x (size ?cw,s3,stk) by(rule WhileTrue.IH (2))
ultimately show ?Zcase by(blast intro: star_trans)
qed fastforce+

end

theory Compiler?2
imports Compiler
begin

The preservation of the source code semantics is already shown in the
parent theory Compiler. This here shows the second direction.
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7 Compiler Correctness, Reverse Direction

7.1 Definitions

Execution in n steps for simpler induction

primrec
exec_n :: instr list = config = nat = config = bool
(o) F(—="/") [65,0,1000,55] 55)
where
PEc¢—="0c = (c'=0¢) |
Pte—"(Sucn)c"=3c (Prec—c)ANPEc —"nc”

The possible successor PCs of an instruction at position n

definition isuccs :: instr = int = int set where
isuccs i n = (case i of
JMPj = {n+ 1+ j} |
JMPLESS j = {n+ 1+ j,n+ 1} |
JMPGE j = {n+1+j,n+ 1}
_={n+1})

The possible successors PCs of an instruction list

definition succs :: instr list = int = int set where
suces Pmn = {s. Jizint. 0 < i A i < size P N\ s € isuccs (P!i) (n+1)}

Possible exit PCs of a program

definition exits :: instr list = int set where
exits P = succs P 0 — {0..< size P}

7.2 Basic properties of erec_n

lemma ezec_n_ezec:
Ptc—="ne' = Pt c—xc
by (induct n arbitrary: c) auto

lemma ezxec_0 [intro!]: P+ ¢ — "0 ¢ by simp

lemma exec_Suc:
[PFe—c¢sPE-"nc"] = PFc—"(Sucn) c”
by (fastforce simp del: split_paired_Ex)

lemma ezec_ezec_n:

Ptec¢—*xc¢' = dn.PFc—"nc
by (induct rule: star.induct) (auto intro: exec_Suc)
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lemma exec_eq_exec_n:
(PFc—oxc)=3n PFkc—"nc)
by (blast intro: exec_exec_n exec_n_exec)

lemma ezec_n_Nil [simp]:
[Fe—="ke'=(c"=cnk=0)
by (induct k) (auto simp: execl_def)

lemma ezxecl_exec_n [intro!):
Prec—c¢d = Pkc—"1¢
by (cases ¢’) simp

7.3 Concrete symbolic execution steps

lemma exec_n_step:
n#n =
P+ (n,stk,s) =k (n',stk’;s") =
(Je. PF (n,stk,s) > cANPFc—="(k—1)(nstk’s") N0 <k)
by (cases k) auto

lemma execl_end:
size P <= fstc = - PFc—c
by (auto simp: execl_def)

lemma ezec_n_end:
size P <= (n:int) =
P+ (n,s,stk) =k (n',s',stk") = (n' = n A stk’=stk N\ s'=s N k =0)
by (cases k) (auto simp: execl_end)

lemmas ezxec_n_simps = exec_n_step exec_n_end

7.4 Basic properties of succs

lemma succs_simps [simp]:
suces [ADD] n={n + 1}
succs [LOADI vl n = {n + 1}
suces [LOAD z] n ={n + 1}
suces [STORE ] n = {n + 1}
suces [JMP il n={n+ 1 + i}
suces [JMPGE i)n={n+ 1+ i, n+ 1}
succs [JMPLESS il n ={n+ 1 +i,n + 1}
by (auto simp: succs_def isuccs_def)

lemma succs_empty [iff]: suces [| n = {}
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by (simp add: succs_def)

lemma succs_Cons:
suces (z#txs) n = isuccs x n U suces zs (1+n) (is - = %z U Zxs)
proof
let Zisuccs = Ap P nizint. 0 < i A i < size P A\ p € isuccs (Pi) (n+i)
{ fix p assume p € succs (z#zs) n
then obtain i::int where isuccs: Zisuccs p (x#xs) n i
unfolding succs_def by auto
have p € %z U %xs
proof cases
assume i = (0 with isuccs show ?thesis by simp
next
assume i # 0
with isuccs
have ?isuccs p xs (1+n) (i — 1) by auto
hence p € ?zs unfolding succs_def by blast
thus %thesis ..
qged
}

thus succs (z#xs) n C %z U Zzs ..

{ fix p assume p € %z V p € %xs
hence p € succs (x#xs) n
proof
assume p € %z thus ?thesis by (fastforce simp: succs_def)
next
assume p € ?7zs
then obtain i where ?isuccs p xs (1+n) i
unfolding succs_def by auto
hence ?isuccs p (z#xs) n (1+1)
by (simp add: algebra_simps)
thus ?thesis unfolding succs_def by blast
qed
}
thus %z U %zs C succs (z#xs) n by blast
qed

lemma succs_ierecl:
assumes ¢’ = jezec (Pl3) (i,s,stk) 0 < ii < size P
shows fst ¢’ € succs P 0

using assms by (auto simp: succs_def isuccs_def split: instr.split)

lemma succs_shift:
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(p — n € suces P 0) = (p € succs P n)
by (fastforce simp: succs_def isuccs_def split: instr.split)

lemma inj_op_plus [simp]:
ing (op + (i:int))
by (metis add-minus_cancel inj_on_inversel )

lemma succs_set_shift [simp]:
op + 1 ¢ succs xs 0 = succs xS 1
by (force simp: succs_shift [where n=i, symmetric] intro: set_eql)

lemma succs_append [simp]:
suces (zs Q ys) n = succs xs n U suces ys (n + size s)
by (induct xs arbitrary: n) (auto simp: succs_Cons algebra_simps)

lemma exits_append [simp]:
exits (zs Q ys) = exits zs U (op + (size xs)) * exits ys —
{0..<size xs + size ys}
by (auto simp: exits_def image_set_diff)

lemma exits_single:
exits [z] = isuccs 0 — {0}
by (auto simp: exits_def succs_def)

lemma ezits-Cons:
exits (v # xs) = (isuces © 0 — {0}) U (op + 1)  exits xs —
{0..<1 + size xs}
using ezits_append [of [z] xs]
by (simp add: exits_single)

lemma exits_empty [iff]: exits [| = {} by (simp add: exits_def)

lemma ezits_simps [simp]:
exits [ADD] = {1}
exits [LOADI v] = {1}
exits [LOAD z] = {1}
exits [STORE z] = {1}
i # —1 = exits [JMP i] = {1 + i}
i # —1 = exits [JMPGE i]| = {1 + i, 1}
i # —1 = exits [JMPLESS i] = {1 + i, 1}
by (auto simp: ezits_def)

lemma acomp_succs [simp]:
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suces (acomp a) n = {n + 1 .. n + size (acomp a)}
by (induct a arbitrary: n) auto

lemma acomp_size:
(1::int) < size (acomp a)
by (induct a) auto

lemma acomp_exits [simp]:
exits (acomp a) = {size (acomp a)}
by (auto simp: exits_def acomp_size)

lemma bcomp_succs:
0<i—
suces (bcomp b fi) n C {n .. n + size (bcomp b f i)}
U {n + i + size (bcomp b fi)}
proof (induction b arbitrary: f i n)
case (And b1 b2)
from And.prems
show “case
by (cases f)
(auto dest: And.IH (1) [THEN subsetD, rotated]
And.IH(2) [THEN subsetD, rotated)])
qed auto

lemmas bcomp_succsD [dest!] = bcomp_succs [THEN subsetD, rotated)

lemma bcomp_exits:
fixes i :: int
shows
0<i—
exits (bcomp b f i) C {size (bcomp b f 1), i + size (bcomp b f i)}
by (auto simp: exits_def)

lemma bcomp_exitsD [dest!]:
p € exits (bcomp b fi) = 0 < i =
p = size (bcomp b fi) V p =1 + size (bcomp b f 1)
using bcomp_exits by auto

lemma ccomp_succs:

suces (ccomp ¢) n C {n..n + size (ccomp c)}
proof (induction ¢ arbitrary: n)

case SKIP thus ?case by simp
next

case Assign thus Zcase by simp
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next
case (Seq cl ¢2)
from Seq.prems
show “case
by (fastforce dest: Seq.IH [THEN subsetD])
next
case (If b cl c2)
from If.prems
show ?case
by (auto dest!: If IH [THEN subsetD] simp: isuccs_def succs_Cons)
next
case (While b ¢)
from While.prems
show ?case by (auto dest!: While.IH [THEN subsetD])
qged

lemma ccomp_exits:
exits (ccomp ¢) C {size (ccomp c)}
using ccomp_succs [of ¢ 0] by (auto simp: exits_def )

lemma ccomp_exitsD [dest!]:
p € exits (ccomp ¢) = p = size (ccomp c)
using ccomp_exits by auto

7.5 Splitting up machine executions

lemma ezecl_split:
fixes i 7 :: int
shows
P@c@P'F (sizegP+i,5) — (j,8) = 0<i=1i< sizec—=
ct (i,8) = (j — size P, s')
by (auto split: instr.splits simp: execl_def)

lemma exec_n_split:
fixes i j :: int
assumes P @ ¢ @ P’} (size P + i, s) = "n (4, s')
0 <11 < sizec
J ¢ {size P ..< size P + size c}
shows 35" (i":int) k m.
ck (i,8) =7k (i, s") A
i’ € exits ¢ N
P@c@P'F (sizeg P+1i,s8")—="m (5, s) A
n=%k+m
using assms proof (induction n arbitrary: i j s)
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case (
thus ?case by simp
next

case (Suc n)

have i: 0 < i1 < size ¢ by fact+

from Suc.prems

have j: = (size P < j N\ j < size P + size ¢) by simp

from Suc.prems

obtain i0 s0 where
step: P @ ¢ @ P'+ (size P + i, s) — (i0,s0) and
rest: P @ ¢ @ P"F (i0,s0) — "n (5, s')
by clarsimp

from step ¢
have c: ¢ F (i,s) — (i0 — size P, s0) by (rule exec1_split)

have i0 = size P + (i0 — size P) by simp
then obtain j0::int where j0: i0 = size P + jO ..

note split_paired_Ex [simp del]

{ assume j0 € {0 ..< size c}
with j0 j rest ¢
have ?case
by (fastforce dest!: Suc.IH intro!: exec_Suc)
} moreover {
assume j0 ¢ {0 ..< size c}
moreover
from ¢ jO have j0 € succs ¢ 0
by (auto dest: succs_iexecl simp: execl_def simp del: iexec.simps)
ultimately
have j0 € exits ¢ by (simp add: exits_def)
with ¢ jO rest
have ?case by fastforce
}
ultimately
show ?case by cases
qed

lemma exec_n_drop_right:
fixes j :: int
assumes ¢ @ P+ (0, s) —"n (4, s) j ¢ {0..<size ¢}
shows 3s” i" k m.
(ifc=[thens"=sANi'=0ANk=10
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else c = (0, 8) =k (i, ") A
i’ € exits ¢) A
c@QP'E (G s")y—="m (j,s) A
n==F%k+m
using assms
by (cases ¢ = [])
(auto dest: exec_n_split [where P=|], simplified))

Dropping the left context of a potentially incomplete execution of c.

lemma ezxecl_drop_left:
fixes i n :: int
assumes P1 @Q P2+ (i, s, stk) — (n, s/, stk’) and size P1 < i
shows P2 F (i — size P1, s, stk) — (n — size P1, s', stk’)
proof —
have i = size P1 + (i — size P1) by simp
then obtain i’ :: int where i = size P1 + i’ ..
moreover
have n = size P1 4+ (n — size P1) by simp
then obtain n’:: int where n = size P1 + n’ ..
ultimately
show ?thesis using assms
by (clarsimp simp: execl_def simp del: iexec.simps)
qged

lemma exec_n_drop_left:
fixes i n :: int
assumes P @ P’ (i, s, stk) — "k (n, s', stk’)
size P < i exits P' C {0..}
shows P'F (i — size P, s, stk) — "k (n — size P, s, stk”)
using assms proof (induction k arbitrary: i s stk)
case 0 thus ?case by simp
next
case (Suc k)
from Suc.prems
obtain i’ s” stk’ where
step: P Q@ P& (i, s, stk) — (i, s", stk”) and
rest: P @Q P+ (i, s") stk") ="k (n, s', stk’)
by auto
from step (size P < 4
have P’ (i — size P, s, stk) — (i’ — size P, s”, stk”)
by (rule execl_drop_left)
moreover
then have i’ — size P € succs P’ 0
by (fastforce dest!: succs_iexecl simp: execl_def simp del: iexec.simps)
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with (exits P' C {0..}
have size P < i’ by (auto simp: exits_def)
from rest this (exits P’ C {0..}
have P'tF (i’ — size P, s”, stk') — "k (n — size P, s, stk’)
by (rule Suc.IH)
ultimately
show ?case by auto
qed

lemmas ezxec_n_drop_Cons =
exec_n_drop_left [where P=[instr|, simplified] for instr

definition
closed P «— exits P C {size P}

lemma ccomp_closed [simp, intro!]: closed (ccomp c)
using ccomp_exits by (auto simp: closed_def)

lemma acomp_closed [simp, intro!]: closed (acomp c)
by (simp add: closed_def)

lemma exec_n_split_full:
fixes j :: int
assumes ezec: P Q@ P'+ (0,s,stk) ="k (j, s', stk’)
assumes P: size P < j
assumes closed: closed P
assumes ezits: exits P’ C {0..}
shows 3 k1 k2 s stk”. P+ (0,s,stk) — k1 (size P, s, stk’") A
P+ (0,s"stk") — k2 (j — size P, s, stk’)
proof (cases P)
case Nil with exec
show ?thesis by fastforce
next
case Cons
hence 0 < size P by simp
with exec P closed
obtain kI k2 s stk' where
1: P+ (0,s,stk) — k1 (size P, s", stk”) and
2: P Q P'F (size P,s" stk") — k2 (4, s, stk’)
by (auto dest!: exec_n_split [where P=|[| and i=0, simplified|
simp: closed_def)
moreover
have j = size P + (j — size P) by simp
then obtain j0 :: int where j = size P + j0 ..
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ultimately
show ?thesis using erits
by (fastforce dest: exec_n_drop_left)
qged

7.6 Correctness theorem

lemma acomp_neq_Nil [simp]:

acomp a # ||
by (induct a) auto

lemma acomp_exec_n |dest!]:
acomp a t= (0,s,stk) — "n (size (acomp a),s’ stk’) =
s'= s A stk = aval a s# stk
proof (induction a arbitrary: n s’ stk stk”)
case (Plus al a2)
let sz = size (acomp al) + (size (acomp a2) + 1)
from Plus.prems
have acomp al @ acomp a2 @ [ADD] t (0,s,stk) — "n (?sz, s', stk’)
by (simp add: algebra_simps)

then obtain nl si stki n2 s2 stk2 n3 where
acomp al = (0,s,stk) — "nl (size (acomp al), s, stkl)
acomp a2 b (0,s1,stk1) — "n2 (size (acomp a2), s2, stk2)
[ADD] - (0,s2,stk2) — "n3 (1, s, stk’)
by (auto dest!: exec_n_split_full)

thus ?case by (fastforce dest: Plus.IH simp: exec_n_simps execl_def)
qged (auto simp: exec_n_simps execl_def)

lemma bcomp_split:
fixes i j :: int
assumes bcomp b fi @ P'F (0, s, stk) = "n (4, s, stk’)
J ¢ {0..<size (bcomp b fi)} 0 < i
shows 3" stk (i"::int) k m.
bcomp b fit (0, s, stk) ="k (i', s, stk”) A
(i" = size (bcomp b fi) V i’ =i + size (bcomp b fi)) A
bcomp b fi @ P'+ (i', ", stk') —"m (5, s', stk’) A
n=%k+m
using assms by (cases bcomp b fi = []) (fastforce dest!: exec_n_drop_right)+

lemma bcomp_exec_n [dest]:

fixes i j :: int
assumes bcomp b fj + (0, s, stk) — "n (i, s', stk’)
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size (bcomp b fj) <10 <j
shows ¢ = size(bcomp b fj) + (if f = bval b s then j else 0) A
s'= s A stk’ = stk
using assms proof (induction b arbitrary: fjin s’ stk’)
case Bc thus ?case
by (simp split: split_if_asm add: exec_n_simps execl_def)
next
case (Not b)
from Not.prems show Zcase
by (fastforce dest!: Not.IH)
next
case (And b1 b2)

let 262 = bcomp b2 f 5
let ?m = if f then size ?b2 else size ?b2 + j
let ?b1 = bcomp bl False ?m

have j: size (bcomp (And b1 b2) fj7) < i 0 < j by fact+

from And.prems
obtain s” stk” and i"::int and k m where
b1: 2b1 & (0, s, stk) — "k (i, s, stk”)
i/ = size ?b1 V i’ = ?m + size ?b1 and
b2: 702 F (i’ — size 2b1, s, stk’) — "m (i — size ?b1, s', stk’)
by (auto dest!: bcomp_split dest: exec_n_drop_left)
from b1 j
have i’ = size ?b1 + (if —bval b1 s then ?m else 0) N\ s” = s N stk” =
stk
by (auto dest!: And.IH)
with 02 j
show ?case
by (fastforce dest!: And.IH simp: exec_n_end split: split_if_asm)
next
case Less

thus ?case by (auto dest!: exec_n_split_full simp: exec_n_simps execl_def)
qged
lemma ccomp_empty [elim!]:

ccomp ¢ =[] = (¢,8) = s

by (induct ¢) auto

declare assign_simp [simp]
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lemma ccomp_ezxec_n:

ccomp ¢ & (0,s,stk) — "n (size(ccomp c),t,stk’)

= (c,8) = t A stk'=stk
proof (induction ¢ arbitrary: s t stk stk’ n)

case SKIP

thus “case by auto
next

case (Assign x a)

thus Zcase

by simp (fastforce dest!: exec_n_split_full simp: exec_n_simps execl_def)

next

case (Seq cl ¢2)

thus ?case by (fastforce dest!: exec_n_split_full)
next

case (If b cl c2)

note If.IH [dest!]

let ?if = IF b THEN c1 ELSE c2
let ?cs = ccomp ?if
let ?bcomp = bcomp b False (size (ccomp c1) + 1)

from (?cs b (0,s,stk) — "n (size ?cs,t,stk’)
obtain i’ :: int and k m s” stk” where
cs: Zes B (if)s" stk"") — "m (size Pcs,t,stk’) and
Zbcomp & (0,s,stk) — "k (i’, s, stk")
i’ = size 2bcomp V i’ = size ?bcomp + size (ccomp c1) + 1
by (auto dest!: bcomp_split)

hence i":
s''=s stk = stk
i’ = (if bval b s then size Zbcomp else size ?bcomp+size(ccomp c1)+1)
by auto

with cs have cs”:
ccomp c1QJMP (size (ccomp c2))#ccomp c2
(if bval b s then 0 else size (ccomp c1)+1, s, stk) — "m
(1 + size (ccomp c1) + size (ccomp c2), t, stk’)
by (fastforce dest: exec_n_drop_left simp: exits-Cons isuccs-def alge-
bra_simps)

show ?case

proof (cases bval b s)
case True with cs’
show ?thesis
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by simp
(fastforce dest: exec_n_drop_right
split: split_if_asm
simp: exec_n_simps execl_def)
next
case False with cs’
show ?thesis
by (auto dest!: exec_n_drop_Cons exec_n_drop_left
simp: exits-Cons isuccs_def)
qed
next
case (While b ¢)

from While.prems

show ?case

proof (induction n arbitrary: s rule: nat_less_induct)
case (1 n)

{ assume - bval b s

with 1.prems

have ?case

by simp
(fastforce dest!: bcomp_exec_n bcomp_split simp: exec_n_simps)

} moreover {

assume b: bval b s

let ?c0 = WHILE b DO ¢

let %cs = ccomp %cO

let ?bs = bcomp b False (size (ccomp ¢) + 1)

let ?jmp = [JMP (—((size ?bs + size (ccomp c¢) + 1)))]

from 1.prems b

obtain k£ where
cs: Zes b (size ?bs, s, stk) — "k (size Zcs, t, stk’) and
ki k<n
by (fastforce dest!: bcomp_split)

have Zcase
proof cases
assume ccomp ¢ = |]
with cs k
obtain m where
Zcs = (0,s,stk) — "m (size (ccomp ?c0), t, stk’)
m<n
by (auto simp: exec_n_step [where k=k| execl_def)
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with 1./H
show ?case by blast
next

assume ccomp ¢ # |]

with cs

obtain m m’ s” stk' where
c: ccomp ¢ F (0, s, stk) — "m’ (size (ccomp c), s", stk”) and
rest: ?cs b (size ?bs + size (ccomp ¢), s”, stk') —"m

(size ?cs, t, stk’) and

m: k=m + m’
by (auto dest: exec_n_split [where i=0, simplified])

from c

have (¢,s) = s" and stk: stk” = stk
by (auto dest!: While.IH)

moreover

from rest m k stk

obtain £’ where
Zcs (0, 8", stk) — k' (size ?cs, t, stk’)
k'<mn
by (auto simp: exec_n_step [where k=m)| execl_def)

with 1.JH

have (?2c0, s”) = t A stk’ = stk by blast

ultimately

show ?case using b by blast

qed
}
ultimately show ?case by cases
qed
qed

theorem ccomp_ezec:
ccomp ¢ = (0,s,stk) —x (size(ccomp ¢),t,stk") = (¢,8) = ¢
by (auto dest: exec_exec_n ccomp_exec_n)

corollary ccomp_sound:
ccomp ¢ b= (0,s,stk) —x (size(ccomp c),t,stk) <— (c,s) =t

by (blast intro!: ccomp_exec ccomp_bigstep)

end

8 A Typed Language

theory Types imports Star Compler_Main begin
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We build on Complex_Main instead of Main to access the real numbers.

8.1 Arithmetic Expressions

datatype val = Iv int | Rv real

type_synonym wvname = string
type_synonym state = vname = valdatatype aexp = Ic int | Rc real |
V vname | Plus aexp aexp

inductive taval :: aexp = state = wval = bool where
taval (Ic i) s (Iv i) |

taval (Rcr) s (Rvr) |

taval (Vz) s (s z) |

taval al s (Iv il) = taval a2 s (Iv i2)

— taval (Plus al a?2) s (Iv(il+i2)) |

taval al s (Rv rl) = taval a2 s (Rv 12)

= taval (Plus al a2) s (Rv(rl1+r2))

inductive_cases [elim!]:
taval (Ic i) s v taval (Rc i) s v
taval (V) s v
taval (Plus al a2) s v

8.2 Boolean Expressions

datatype bexp = Bc bool | Not bexp | And bexp bexp | Less aexp aexp

inductive tbval :: bexp = state = bool = bool where

tbval (Bc v) s v |

tbval b s bu = tbval (Not b) s (= bv) |

thval b1 s bvl = thval b2 s bv2 = thval (And b1 b2) s (bvl & bv2) |
taval al s (Iv i1) = taval a2 s (v i2) = tbval (Less al a2) s (il < i2)
|

taval al s (Rv r1) = taval a2 s (Rv r2) = tbval (Less al a2) s (r1 <
r2)

8.3 Syntax of Commands

datatype
com = SKIP
| Assign vname aexp (- == _[1000, 61] 61)
| Seq  com com (o5 - 60, 61] 60)

| If  bexp com com  (IF - THEN _ ELSE _ [0, 0, 61] 61)
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| While bexp com (WHILE _ DO _ [0, 61] 61)

8.4 Small-Step Semantics of Commands

inductive

small_step :: (com x state) = (com x state) = bool (infix — 55)
where
Assign: taval a s v = (z == a, s) = (SKIP, s(z := v)) |

Seql: (SKIP;;c,s) — (¢,s) |
Seq2:  (c1,8) — (c1's") = (cl3;¢2,8) — (c1’5¢2,8") |

IfTrue: tbval b s True = (IF b THEN c1 ELSE ¢2,s) — (cl1,s) |
IfFalse: thval b s False = (IF' b THEN c1 ELSE c2,s) — (¢2,s) |

While:  (WHILE b DO ¢,s) — (IF b THEN ¢;; WHILE b DO ¢ ELSE
SKIP,s)

lemmas small_step_induct = small_step.induct|split_format(complete)]

8.5 The Type System
datatype ty = Ity | Rty

type_synonym tyenv = vname = ty

inductive atyping :: tyenv = aexp = ty = bool
((1-/ =/ (-:/ 1) [50,0,50] 50)
where
Iety: T+ Ici: Ity |
Rety: '+ Re r : Rty |
Vity:THVa:T x|
Plusty:TFal :7=TFa2: 7= TF Plusal a2 : 7

declare atyping.intros [intro!]
inductive_cases [elim!]:
'cVex:7rTkFIci:TDFRer:7DF Plusal a2 : 7

%))

Warning: the notation leads to syntactic ambiguities, i.e. multiple
parse trees, because “:” also stands for set membership. In most situations
Isabelle’s type system will reject all but one parse tree, but will still inform
you of the potential ambiguity.

inductive btyping :: tyenv = bexp = bool (infix F 50)
where

Bty: T+ Becw |
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Notty: T'F b= T+ Not b |
Andty: TH b —= T F b2 =T1+F And b1 b2 |
Lessty:T'Fal : 7= T1TF a2 :7 = I F Less al a2

declare btyping.intros [introl]
inductive_cases [elim!]: T'+ Not b I' - And b1 b2 T' - Less al a2

inductive ctyping :: tyenv = com = bool (infix - 50) where
Skip_ty: I' = SKIP |

Assignty: T'F a:T'(z) =Tk z == a |

Seqty:THecl =TFc2=TF cl;;c2 |

Ifty:THFb=—TFcl =T+ 2= T+t IFbTHEN cl ELSE ¢2 |
While_ty: T b =T+ c= T+ WHILE b DO ¢

declare ctyping.intros [intro!]
inductive_cases [elim!]:
I'Fxu=a 'k cl;;c2
I' = IF b THEN c1 ELSE c2
I' = WHILE b DO ¢

8.6 Well-typed Programs Do Not Get Stuck

fun type :: val = ty where
type (Iv i) = Ity |
type (Rv r) = Rty

lemma type_eq_Ity[simp]: type v = Ity +— (Fi. v = v i)
by (cases v) simp_all

lemma type_eq Rty[simp]: type v = Rty <— (Ir. v = Ru 1)
by (cases v) simp_all

definition styping :: tyenv = state = bool (infix - 50)
where ' s «+— (Vz. type (sz) =T z)

lemma apreservation:

I'Fa:7= tavalasv =1TF s = typev =7
apply (induction arbitrary: v rule: atyping.induct)
apply (fastforce simp: styping_def)+
done

lemma aprogress: ' - a : 7= T'F s = Jv. taval a s v

proof (induction rule: atyping.induct)
case (Plus_ty I al t a2)
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then obtain v! v2 where v: taval al s vl taval a2 s v2 by blast
show ?Zcase
proof (cases vl)
case v
with Plus_ty v show ?thesis
by (fastforce intro: taval.intros(4) dest!: apreservation)
next
case Rv
with Plus_ty v show ?thesis
by (fastforce intro: taval.intros(5) dest!: apreservation)
qed
qed (auto intro: taval.intros)

lemma bprogress: I' - b —= T'F s = Jwv. thval b s v
proof (induction rule: btyping.induct)
case (Less_ty I" al t a2)
then obtain vI v2 where v: taval al s vl taval a2 s v2
by (metis aprogress)
show “case
proof (cases vl)
case v
with Less_ty v show ?thesis
by (fastforce introl: tbval.intros(4) dest!:apreservation)
next
case Rv
with Less_ty v show ?thesis
by (fastforce intro!: tbval.intros(5) dest!:apreservation)
qed
qed (auto intro: tbval.intros)

theorem progress:
'tFe=T+tFs= c+# SKIP = Jcs’. (¢,5) = cs’
proof (induction rule: ctyping.induct)
case Skip_ty thus ?case by simp
next
case Assign_ty
thus Zcase by (metis Assign aprogress)
next
case Seq_ty thus ?case by simp (metis Seql Seq2)
next
case (Ifty T' b cl c2)
then obtain bv where thval b s bv by (metis bprogress)
show ?case
proof (cases bv)
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assume bv
with (tbval b s bv) show Zcase by simp (metis IfTrue)
next
assume —bv
with (tbval b s bv) show Zcase by simp (metis IfFalse)
qed
next
case While_ty show ?case by (metis While)
ged

theorem styping_preservation:
(¢,8) = (¢/8) =ThkFce=TFs=TFs'
proof (induction rule: small_step_induct)
case Assign thus ?case
by (auto simp: styping_def) (metis Assign(1,3) apreservation)
qed auto

theorem ctyping_preservation:
(¢,8) = (¢/8s) =THFc=TF¢c
by (induct rule: small_step_induct) (auto simp: ctyping.intros)

abbreviation small_steps :: com * state = com % state = bool (infix —x
55)
where © —x* y == star small_step x y

theorem type_sound:
(c,s) =% (¢/;s)) =TFc¢c=TFs= ¢ # SKIP
= Jes”. (¢;s) — cs”

apply (induction rule:star_induct)

apply (metis progress)

by (metis styping_preservation ctyping-preservation)

end

theory Poly_Types imports Types begin

8.7 Type Variables

datatype ty = Ity | Rty | TV nat
Everything else remains the same.

type_synonym tyenv = vname = ty

inductive atyping :: tyenv = aexp = ty = bool
((1-/ Fp/ (-:/ ) [50,0,50] 50)
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where

Ikplei: Ity |

I'Fp Rer: Rty |

Fkp Va:T x|

I'tpal :7=Ttpa2:7= T tp Plusal a2 : 7

inductive btyping :: tyenv = bexp = bool (infix Fp 50)
where

I'p Be o |

I'kpb=TFp Notb |

Pkpbl =T Fpb2 =T tFp And b1 b2 |

I'tpal :7=TtFpa2:7 =T Fp Less al a2

inductive ctyping :: tyenv = com = bool (infix Fp 50) where

T bp SKIP |

F'tpa:T'(z) =Ttpz:=a|

F'kpel =T kFpc2=TFpcl;c2 |

P'kpb=T*Fpcl =TkFpc2=TtplIFbTHEN cl ELSE c2 |
Trpb=—TFpec— T Fp WHILE b DO ¢

fun type :: val = ty where
type (Iv i) = Ity |
type (Rv r) = Rty

definition styping :: tyenv = state = bool (infix Fp 50)
where ' Fp s «— (Vz. type (sz) =T x)

fun tsubst :: (nat = ty) = ty = ty where
tsubst S (TV n) = Sn |
tsubst St =t

8.8 Typing is Preserved by Substitution

lemma subst_atyping: E Fp a : t = tsubst S o E Fp a : tsubst St
apply (induction rule: atyping.induct)

apply (auto intro: atyping.intros)

done

lemma subst_btyping: E Fp (b::bexp) = tsubst S o E Fp b
apply (induction rule: btyping.induct)

apply (auto intro: btyping.intros)

apply(drule subst_atyping[where S=S])

apply (drule subst_atyping|where S=S])

apply (simp add: o_def btyping.intros)
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done

lemma subst_ctyping: E Fp (c::com) = tsubst S o E Fp ¢
apply (induction rule: ctyping.induct)

apply (auto intro: ctyping.intros)

apply(drule subst_atyping[where S=S])

apply (simp add: o_def ctyping.intros)

apply(drule subst_btyping|where S=S])

apply (simp add: o_def ctyping.intros)

apply (drule subst_btyping[where S=5])

apply (simp add: o_def ctyping.intros)

done

end

9 Security Type Systems

theory Sec_Type_Expr imports Big_Step
begin

9.1 Security Levels and Expressions
type_synonym level = nat

class sec =
fixes sec :: 'a = nat

The security/confidentiality level of each variable is globally fixed for
simplicity. For the sake of examples — the general theory does not rely on
it! — a variable of length n has security level n:

instantiation list :: (type)sec
begin

definition sec(z :: 'a list) = length z
instance ..
end

instantiation aezp :: sec
begin

fun sec_aexp :: aexp = level where
sec (Nn) =0 |
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sec (Vz) = secz |
sec (Plus a1 az) = max (sec a1) (sec az)

instance ..
end

instantiation bexp :: sec
begin

fun sec_bexp :: bexp = level where

sec (Becv) =0 |

sec (Not b) = sec b |

sec (And by by) = maz (sec by) (sec ba) |
sec (Less a1 a2) = maz (sec a1) (sec az)

instance ..
end
abbreviation eq_le :: state = state = level = bool
(L=_1< ) [61,51,0] 50) where
s=s'"(K)==Wz.secx <l — sz =3s"1x)
abbreviation eq_less :: state = state = level = bool
(-=_-"(< ) [61,51,0] 50) where
s=s'(<l)==Wz.seccx <l — sx=3s"1x)
lemma aval_eq_if eq_le:
[s1=352(<1); seca <1] = aval a s1 = aval a s2
by (induct a) auto
lemma bval_eq_if_eq_le:
[s1=s2(<1); sechb<I1] = bval b s1 = bval b s9
by (induct b) (auto simp add: aval_eq_if_eq_le)
end

theory Sec_Typing imports Sec_Type_Expr
begin
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9.2 Syntax Directed Typing

inductive sec_type :: nat = com = bool ((_/ - _) [0,0] 50) where
Skip:
[+ SKIP |
Assign:
[ sec x> seca; sece > 1] = 1lFzu=a
Seq:
[[l"Cl; ll—Cg]]:>l|—Cl;;62’
If:
[ maz (sec b) I F c¢1; mazx (sec b) I+ co ] = I+ IF b THEN ¢; ELSE
()] |
While:
mazx (sec b) I+ c= I+ WHILE b DO ¢

code_pred (ezpected_modes: i => i => bool) sec_type .

value 0 + IF Less (V "z1'") (V "z'") THEN "z1" := N 0 ELSE SKIP
value 1 + IF Less (V "x1") (V "2y THEN "z" ::= N 0 ELSE SKIP
value 2 - IF Less (V "xz1") (V "z") THEN "z1" := N 0 ELSE SKIP

inductive_cases [elim!]:
IlF-z2=a lF ci55¢0 I IFbDTHEN ¢y ELSE ¢co |+ WHILE b DO ¢

An important property: anti-monotonicity.

lemma anti_mono: [IF¢; I'<I] = 1"t ¢
apply (induction arbitrary: 1’ rule: sec_type.induct)
apply (metis sec_type.intros(1))

apply (metis le_trans sec_type.intros(2))

apply (metis sec_type.intros(3))

apply (metis If le_refl sup_mono sup_nat_def)
apply (metis While le_refl sup-mono sup_nat_def)
done

lemma confinement: [ (¢,s) = t; Ik c] = s=1 (<)
proof (induction rule: big_step_induct)
case Skip thus ?case by simp
next
case Assign thus Zcase by auto
next
case Seq thus ?case by auto
next
case (IfTrue b s cl)
hence maz (sec b) | - c1 by auto
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hence [ - c1 by (metis maz.cobounded? anti_-mono)
thus ?case using IfTrue.IH by metis
next
case (IfFalse b s c2)
hence maz (sec b) | F ¢2 by auto
hence [ - ¢2 by (metis maz.cobounded? anti_mono)
thus ?case using IfFalse.IH by metis
next
case WhileFalse thus ?case by auto
next
case (WhileTrue b s1 c)
hence maz (sec b) | F ¢ by auto
hence [ - ¢ by (metis maz.cobounded?2 anti-mono)
thus ?case using While True by metis
qged

theorem noninterference:
[ (¢,8) = s (e,t) =t OFc¢; s=t(<1)]
= s'=t' (<)

proof (induction arbitrary: t t’ rule: big_step_induct)
case Skip thus ?case by auto

next
case (Assign z a s)
have [simp]: t' = t(z := aval a t) using Assign by auto
have sec x >= sec a using (0 F z ::= a) by auto

show ?Zcase
proof auto
assume sec z < [
with (sec x >= sec a) have sec a < [ by arith
thus aval a s = aval a ¢
by (rule aval_eq_if-eq_le[OF (s =t (< 1))])
next
fix y assume y # x sec y < |
thus s y = t y using (s = t (< 1)) by simp
qed
next
case Seq thus ?case by blast
next
case (IfTrue b s c1 s’ ¢c2)
have sec b - ¢l sec b - ¢2 using <0 - [F b THEN c1 ELSE ¢2) by auto
show Zcase
proof cases
assume sec b < [
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hence s = ¢ (< sec b) using (s = t (< 1)) by auto
hence bval b t using (bval b ) by (simp add: bval_eq_if-eq_le)
with IfTrue.IH IfTrue.prems(1,3) (sec b & c1) anti_mono
show ?thesis by auto
next
assume — sec b < [
have 1: sec b+ IF b THEN c1 ELSE c2
by (rule sec_type.intros)(simp_all add: (sec b = c1) (sec b F ¢2))
from confinement[OF (c1, s) = s sec b ¢D] (= sec b < D
have s = s’ (< 1) by auto
moreover
from confinement[OF (IF b THEN c1 ELSE c2, t) = t 1] (- sec b
<D
have ¢t = t' (< 1) by auto
ultimately show s’ = t’' (< [) using s = ¢ (< 1)) by auto
qed
next
case (IfFalse b s ¢2 s’ c1)
have sec b - ¢l sec b - ¢2 using (0 - I[F b THEN c1 ELSE ¢2) by auto
show Zcase
proof cases
assume sec b < [
hence s = ¢ (< sec b) using (s = t (< 1)) by auto
hence — bval b t using (— bval b s) by(simp add: bval_eq_if-eq_le)
with IfFalse.IH IfFalse.prems(1,3) (sec b F ¢2) anti_mono
show ?thesis by auto
next
assume — sec b < |
have 1: sec b - IF b THEN c1 ELSE c2
by (rule sec_type.intros)(simp_all add: (sec b = c1) (sec b F ¢2))
from confinement[OF big_step.IfFalse[OF IfFalse(1,2)] 1] (= sec b < )
have s = s’ (< 1) by auto
moreover
from confinement[OF (IF b THEN c1 ELSE c2, t) = t 1] (- sec b
<D
have ¢t = t' (< ) by auto
ultimately show s’ = t’' (< 1) using s = ¢ (< 1)) by auto
qed
next
case (WhileFalse b s ¢)
have sec b b ¢ using WhileFalse.prems(2) by auto
show Zcase
proof cases
assume sec b < [
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hence s = ¢ (< sec b) using (s = t (< 1)) by auto
hence — bval b t using (— bval b s) by(simp add: bval_eq_if-eq_le)
with WhileFalse.prems(1,3) show ?thesis by auto
next
assume — sec b < |
have 1: sec b= WHILE b DO ¢
by (rule sec_type.intros)(simp_all add: (sec b F ©)
from confinement|OF (WHILE b DO ¢, t) = t) 1] (= sec b < D
have t = t' (< ) by auto
thus s = t/ (< 1) using (s = ¢ (< 1)) by auto
qed
next
case (WhileTrue b s1 ¢ s2 s3 t1 t3)
let %w = WHILE b DO ¢
have sec b - ¢ using (0 = WHILE b DO ¢ by auto
show ?case
proof cases
assume sec b < [
hence s1 = t1 (< sec b) using (s1 = t1 (< [)) by auto
hence bval b t1
using (bval b s1) by (simp add: bval_eq_if eq_le)
then obtain ¢2 where (¢,t1) = t2 (?w,t2) = t3
using (?w,t1) = t3) by auto
from WhileTrue. IH(2)[OF (?w,t2) = t3 0 F 2w
WhileTrue. IH(1)[OF ((c,t1) = t2) anti_mono[OF (sec b F ©]
(s1 =t1 (< 1)]]
show ?thesis by simp
next
assume — sec b < |
have 1: sec b b 2w by(rule sec_type.intros)(simp_all add: (sec b F o)
from confinement|OF big_step. While True| OF WhileTrue.hyps] 1] (- sec
b <
have s1 = s3 (< ) by auto
moreover
from confinement[OF ( WHILE b DO ¢, t1) = t3 1] (- sec b < D
have t1 = t3 (< 1) by auto
ultimately show s3 = t3 (< [) using (s1 = t1 (< 1)) by auto
qed
qged

9.3 The Standard Typing System

The predicate [ - ¢ is nicely intuitive and executable. The standard formu-
lation, however, is slightly different, replacing the maximum computation
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by an antimonotonicity rule. We introduce the standard system now and
show the equivalence with our formulation.

inductive sec_type’ :: nat = com = bool ((-/ F"" _) [0,0] 50) where
Skip .
I+ SKIP |
Assign’:
[ secx > sec a; secx > 1] = I+H z:=a
Seq:
[l1F ¢ci; IFH o] = LF ciz5ea |
If.
[secb<l; I+ ec1; IF ¢co] = IF' IFb THEN ¢1 ELSE c3 |
While":
[secb<1l; I+ ¢] = 1F WHILE b DO c |
anti-mono:
[IF ¢ I'<l]=1lFc¢

lemma sec_type_sec_type” |+ ¢ = 1+ ¢

apply (induction rule: sec_type.induct)

apply (metis Skip’)

apply (metis Assign’)

apply (metis Seq’)

apply (metis maz.commute maz.absorb_iff2 nat_le_linear If " anti_mono”)
by (metis less_or_eq_imp_le maz.absorbl max.absorb2 nat_le_linear While'
anti_mono’)

lemma sec_type’_sec_type: | ' ¢ = | ¢
apply (induction rule: sec_type’.induct)
apply (metis Skip)

apply (metis Assign)

apply (metis Seq)

apply (metis maz.absorb2 If)

apply (metis mazx.absorb2 While)

by (metis anti_mono)

9.4 A Bottom-Up Typing System

inductive sec_type2 :: com = level = bool ((F- -:_) [0,0] 50) where

Skip2:

F SKIP : 1|
Assign2:

sect > seca =k x = a: sec x|
Seq2:

[[l—clill; FCQZZQ]]:>F01;;CQZminlllQ |

61



If2:

[secb<minlyly Foey:ly; Feaila]
=+ IF b THEN ¢y ELSE c3 : min [y Iy |
While2:

[secb<Il; Fec:l] =+ WHILEb DO c: 1

lemma sec_type2_sec_type”: - c: 1l = I+ ¢

apply (induction rule: sec_type2.induct)

apply (metis Skip”’)

apply (metis Assign’ eq_imp_le)

apply (metis Seq’ anti_mono’ min.coboundedl min.cobounded2)
apply (metis If " anti_mono’ min.absorb2 min.absorb_iff1 nat_le_linear)
by (metis While’)

lemma sec_type’_sec_type2: |+ ¢ = 3 I'>1.Fc: 1’
apply (induction rule: sec_type’.induct)

apply (metis Skip2 le_refl)

apply (metis Assign2)

apply (metis Seq2 min.boundedl)

apply (metis If2 inf_greatest inf-nat_def le_trans)
apply (metis While2 le_trans)

by (metis le_trans)

end
theory Sec_TypingT imports Sec_Type_FExpr
begin

9.5 A Termination-Sensitive Syntax Directed System

inductive sec_type :: nat = com = bool ((-/ F -) [0,0] 50) where
Skip:
|+ SKIP |
Assign:
[ secx > seca; secx >1] = IlFzu=a
Seq:
I g = 1lFcg=1F cy55¢0 |
If:
[ maz (sec b) I F c1; maz (sec b) I F ca]
= |+ IF b THEN ¢y ELSE co |
While:
secb=0= 0Fc= 0F WHILE b DO c

code_pred (expected_modes: i => i => bool) sec_type .
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inductive_cases [elim!]:
Iz a2=a lF ci5¢0 I IFbDTHEN ¢y ELSE ¢co |+ WHILE b DO ¢

lemma anti_mono: [ c = 1'<='k ¢
apply (induction arbitrary: 1’ rule: sec_type.induct)
apply (metis sec_type.intros(1))

apply (metis le_trans sec_type.intros(2))

apply (metis sec_type.intros(3))

apply (metis If le_refl sup-mono sup_nat_def)

by (metis While le_0_eq)

lemma confinement: (¢,s) =t =1k c= s=1 (<)
proof (induction rule: big_step_induct)
case Skip thus ?case by simp
next
case Assign thus ?case by auto
next
case Seq thus “case by auto
next
case (IfTrue b s cl)
hence maz (sec b) I + ¢ by auto
hence [ - c1 by (metis maz.cobounded? anti_mono)
thus ?case using IfTrue.IH by metis
next
case (IfFalse b s c2)
hence maz (sec b) | F ¢2 by auto
hence | - ¢2 by (metis max.cobounded2 anti_mono)
thus ?case using IfFalse.IH by metis
next
case WhileFalse thus ?case by auto
next
case (WhileTrue b s1 c)
hence | - ¢ by auto
thus ?case using WhileTrue by metis
qed

lemma termi_if-non0: |- c = 1# 0 = 3 t. (¢,s) =t
apply (induction arbitrary: s rule: sec_type.induct)

apply (metis big_step.Skip)

apply (metis big_step.Assign)

apply (metis big_step.Seq)
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apply (metis IfFalse IfTrue le0 le_antisym maz.cobounded?)

apply simp
done

theorem noninterference: (¢,s) = s’ = 0k c = s=1(<1)
= Jt. (et) =>t'ANs' =t (<)

proof (induction arbitrary: t rule: big_step_induct)
case Skip thus ?case by auto

next
case (Assign = a s)
have sec x >= sec a using (0 - z ::= a) by auto
have (z = a,t) = t(z := aval a t) by auto
moreover

have s(z := aval a s) = t(z := aval a t) (< 1)
proof auto
assume sec z < [
with (sec £ > sec a) have sec a < | by arith
thus aval a s = aval a t
by (rule aval_eq_if-eq_le[OF (s =t (< 1))])
next
fix y assume y # x sec y < |
thus s y = t y using (s = t (< 1)) by simp
qed
ultimately show ?case by blast
next
case Seq thus ?case by blast
next
case (IfTrue b s c1 s’ ¢2)
have sec b - c1 sec b - c¢2 using (0 - IF b THEN c1 ELSE c2) by auto
obtain t’ where t”: (c1,t) = t's'=1t' (<)
using IfTrue. IH[OF anti-mono[OF (sec b F cI)] (s =t (< 1))] by blast
show ?Zcase
proof cases
assume sec b < [
hence s = ¢ (< sec b) using (s = t (< 1)) by auto
hence bval b t using (bval b s) by (simp add: bval_eq_if eq_le)
thus ?thesis by (metis t' big_step.IfTrue)
next
assume — sec b < |
hence 0: sec b # 0 by arith
have 1: sec b - IF b THEN c1 ELSE c2
by (rule sec_type.intros)(simp-all add: (sec b = c1) (sec b F ¢2))
from confinement[OF big_step. IfTrue|OF IfTrue(1,2)] 1] (= sec b < D)
have s = s’ (< 1) by auto
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moreover
from termi_if-non0[OF 1 0, of t] obtain ¢’ where
(IF b THEN c1 ELSE c2,t) = t' ..
moreover
from confinement[OF this 1] (= sec b < D
have t = t' (< 1) by auto
ultimately
show ?case using (s = ¢ (< 1)) by auto
qed
next
case (IfFalse b s c2 s’ c1)
have sec b - c1 sec b - c¢2 using (0 - [F b THEN c1 ELSE ¢c2) by auto
obtain ¢’ where t”: (¢2,t) = t's'=t' (<)
using [fFalse. IH[OF anti_mono[OF (sec b I ¢2)] (s =t (< I))] by blast
show “case
proof cases
assume sec b < |
hence s = ¢ (< sec b) using (s = t (< 1)) by auto
hence — bval b t using (— bval b s) by (simp add: bval_eq_if_eq_le)
thus ?thesis by (metis t’ big_step.IfFalse)
next
assume — sec b < [
hence 0: sec b # 0 by arith
have 1: sec b+ IF b THEN c1 ELSE c2
by (rule sec_type.intros)(simp_all add: (sec b = c1) (sec b = ¢2))
from confinement[OF big_step.IfFalse[OF IfFalse(1,2)] 1] <= sec b < D
have s = s’ (< 1) by auto
moreover
from termi_if-non0[OF 1 0, of t] obtain t’ where
(IF b THEN c1 ELSE c2,t) = t' ..
moreover
from confinement[OF this 1] (= sec b < D
have t =t/ (< 1) by auto
ultimately
show ?case using (s = ¢ (< 1)) by auto
qed
next
case (WhileFalse b s ¢)
hence [simp]: sec b = 0 by auto
have s = t (< sec b) using (s = ¢ (< 1)) by auto
hence — bval b t using (= bval b s) by (metis bval_eq_if_eq_le le_refl)
with WhileFalse.prems(2) show ?case by auto
next
case (WhileTrue b s ¢ s" s’
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let Yw = WHILE b DO ¢
from (0 - 2w have [simp]: sec b = 0 by auto
have 0 + ¢ using (0 - WHILE b DO ¢ by auto
from WhileTrue.IH (1)[OF this (s =t (< )]
obtain t"” where (c,t) = t" and s"" = t"" (<l) by blast
from WhileTrue.IH(2)[OF (0 & %w) this(2)]
obtain t’ where (?w,t") = t"and s’ = t’ (<l) by blast
from (bval b s) have bval b t
using bval_eq_if-eq_le[OF (s = t (<I))] by auto
show ?case
using big_step. While True|OF <bval b ) (c,t) = t") «(Pw,t”) = t1]
by (metis s' = t' (< 1))
qged

9.6 The Standard Termination-Sensitive System

The predicate [ - ¢ is nicely intuitive and executable. The standard formu-
lation, however, is slightly different, replacing the maximum computation
by an antimonotonicity rule. We introduce the standard system now and
show the equivalence with our formulation.

inductive sec_type’ :: nat = com = bool ((_/ F" _) [0,0] 50) where
Skip":
|+ SKIP |
Assign”:
[ sec x> sec a; secx > 1] = IFH z:=a
Seq”:
IF ¢ = I+ co = IF ci5;¢0 |
If "
[secb <1l I+'cy; IF ¢g] = IF' IFb THEN ¢y ELSE ¢y |
While:
[secb=10;, OF' ¢] = 0F WHILE b DO ¢ |
anti_mono:
[IF ¢ U'<1]= U'F ¢

lemma sec_type_sec_type':
IlFe=1Fc¢
apply (induction rule: sec_type.induct)
apply (metis Skip”)
apply (metis Assign’)
apply (metis Seq’)
apply (metis maz.commute maz.absorb_iff2 nat_le_linear If " anti_mono’)
by (metis While’)
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lemma sec_type’_sec_type:
IF'e=IlFc¢

apply (induction rule: sec_type’.induct)

apply (metis Skip)

apply (metis Assign)

apply (metis Seq)

apply (metis maz.absorb2 If)

apply (metis While)

by (metis anti-mono)

corollary sec_type_eq: | - c «— I F'¢
by (metis sec_type’_sec_type sec_type_sec_type’)

end

10 Definite Initialization Analysis

theory Vars imports Com
begin

10.1 The Variables in an Expression

We need to collect the variables in both arithmetic and boolean expressions.
For a change we do not introduce two functions, e.g. avars and bvars, but
we overload the name wvars via a type class, a device that originated with
Haskell:

class vars =
fixes vars :: 'a = vname set

This defines a type class “vars” with a single function of (coincidentally)
the same name. Then we define two separated instances of the class, one for
aexp and one for bexp:

instantiation aexp :: vars
begin

fun vars_aexp :: aexp = vname set where
vars (N n) = {} |

vars (V z) = {z} |

vars (Plus a1 a2) = vars a1 U vars as

instance ..

end
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value vars (Plus (V "z") (V "y"))

instantiation bexp :: vars
begin

fun vars_bexp :: bexp = vname set where
vars (Bec v) = {} |

vars (Not b) = vars b |

vars (And by bg) = vars by U vars by |
vars (Less a1 a2) = vars a; U vars ag

instance ..
end
value vars (Less (Plus (V "2") (V "y")) (V "z'))

abbreviation

eg-on :: ('a = 'b) = ('a = 'b) = 'a set = bool
((-=/ -/ on _) [50,0,50] 50) where
f=gommX=VazeX fo=gz

lemma aval_eq_if-eq_on_vars[simp]:
81 = S9 on vars a —> aval a s1 = aval a s
apply (induction a)
apply simp_all
done

lemma bval_eq_if_eq_on_vars:
$1 = S9 on vars b = bval b s1 = bval b s
proof (induction b)
case (Less al a2)
hence aval al s1 = aval al s2 and aval a2 s1 = aval a2 s by simp_all
thus ?case by simp
qed simp_all

fun lvars :: com = vname set where

lvars SKIP = {} |

lars (z::=e) = {x} |

lvars (c1;;¢2) = lvars ¢1 U lars c2 |

lvars (IF b THEN c1 ELSE c2) = lvars c1 U lvars c2 |
lvars (WHILE b DO ¢) = lvars c
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fun rvars :: com = vname set where

rvars SKIP = {} |

rvars (z::=e) = vars e |

rvars (cl;;¢2) = rvars ¢l U rvars c2 |

rvars (IF'b THEN c1 ELSE ¢2) = vars b U rvars c¢1 U rvars c2 |
rvars (WHILE b DO ¢) = vars b U rvars ¢

instantiation com :: vars
begin

definition vars_com ¢ = lvars ¢ U rvars ¢
instance ..
end
lemma vars_com_simps[simp]:
vars SKIP = {}
vars (z:=e) = {z} U vars e
vars (cl;;¢2) = vars ¢l U vars c2
vars (IF b THEN c1 ELSE ¢2) = vars b U vars c1 U vars c2
vars (WHILE b DO ¢) = vars b U vars ¢

by (auto simp: vars_com_def)

lemma finite_avars[simp]: finite(vars(a::aexp))
by (induction a) simp_all

lemma finite_bvars[simp]: finite(vars(b::bexp))
by (induction b) simp_all

lemma finite_lvars[simp]: finite(lvars(c))
by (induction ¢) simp_all

lemma finite_rvars[simp]: finite(rvars(c))
by (induction ¢) simp_all

lemma finite_cvars[simp]: finite(vars(c::com))
by (simp add: vars_com_def)

end

theory Def_Init_Exp
imports Vars

69



begin

10.2 Initialization-Sensitive Expressions Evaluation

type_synonym state = vname = val option

fun aval :: aexp = state = wval option where
aval (N i) s = Some i |
aval (Vz)s=su|
aval (Plus a1 a2) s =
(case (aval ay s, aval ay s) of
(Some i1,Some ia) = Some(ii+iz) | - = None)

fun bval :: bexp = state = bool option where
bval (Bc v) s = Some v |
bval (Not b) s = (case bval b s of None = None | Some bv = Some(— bv))
|
bval (And by bs) s = (case (bval by s, bval by s) of
(Some bvy, Some bvg) = Some(bvy & bva) | - = None) |
bval (Less a1 az) s = (case (aval ay s, aval az s) of
(Some i1, Some iz) = Some(i; < i2) | - = None)

lemma aval_Some: vars a C dom s => 3 1. aval a s = Some 1
by (induct a) auto

lemma bval_Some: vars b C dom s = 3 bv. bval b s = Some bv
by (induct b) (auto dest!: aval_Some)

end

theory Def Init
imports Vars Com
begin

10.3 Definite Initialization Analysis

inductive D :: vname set = com = wvname set = bool where
Skip: D A SKIP A |
Assign: vars a C A = D A (z == a) (insert x A) |
Seq: [[D A1 C1 AQ; D AQ Cc2 A3 ]] — D A1 (Cl;; CQ) A3 |
If: Jvars b C A; DAcy Ay; DAcy Ay ] =
D A (IF b THEN ¢y ELSE c¢3) (A1 Int A9) |
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While: [ vars b C A; DAcA'] = D A (WHILE b DO ¢) A

inductive_cases [elim!]:

D A SKIP A’

D A (z = a) A’
A (cl;;e2) A
A (IF b THEN c1 ELSE c2) A’
A (WHILE b DO ¢) A’

lemma D_incr:
DAcA'=— ACA
by (induct rule: D.induct) auto

end

theory Def Init_Big
imports Def Init_FExp Def Init
begin

10.4 Initialization-Sensitive Big Step Semantics

inductive
big_step :: (com X state option) = state option = bool (infix = 55)
where
None: (¢,None) = None |
Skip: (SKIP,s) = s |
AssignNone: aval a s = None = (z ::= a, Some s) = None |
Assign: aval a s = Some i = (x ::= a, Some s) = Some(s(z := Some 1))
|

Seq:  (c1,81) = s2 = (c2,82) = s3 = (c13;¢2,51) = s3 |

IfNone: bval b s = None = (IF b THEN ¢y ELSE cy,Some s) = None |
IfTrue: [ bval b s = Some True; (ci,Some s) = s’ ] =

(IF b THEN ¢y ELSE cy,Some s) = s’ |
IfFalse: | bval b s = Some False; (ca,Some s) = s' | =

(IF b THEN ¢y ELSE cy,Some s) = s’ |

WhileNone: bval b s = None = (WHILE b DO c¢,Some s) = None |
WhileFalse: bval b s = Some False = (WHILE b DO c¢,Some s) = Some
5 |
While True:

[ bval b s = Some True; (c,Some s) = ss (WHILE b DO ¢,s’) = s"]
e
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(WHILE b DO c¢,Some s) = s”

lemmas big_step_induct = big_step.induct|split_format(complete)]

10.5 Soundness wrt Big Steps

Note the special form of the induction because one of the arguments of the
inductive predicate is not a variable but the term Some s:

theorem Sound:
[ (¢,Somes) = s, DAcA;, AC doms]|
= 3 t. s’ = Somet N A" C dom t
proof (induction ¢ Some s s’ arbitrary: s A A’ rule:big_step_induct)
case AssignNone thus ?case
by auto (metis aval_Some option.simps(3) subset_trans)
next
case Seq thus “case by auto metis
next
case IfTrue thus ?case by auto blast
next
case IfFalse thus ?case by auto blast
next
case IfNone thus ?case
by auto (metis bval_Some option.simps(3) order_trans)
next
case WhileNone thus ?case
by auto (metis bval_Some option.simps(3) order_trans)
next
case (WhileTrue b s ¢ s’ s")
from (D A (WHILE b DO ¢) A" obtain A’ where D A ¢ A’ by blast
then obtain ¢’ where s’ = Some t' A C dom ¢’
by (metis D_incr WhileTrue(3,7) subset_trans)
from WhileTrue(5)[OF this(1) WhileTrue(6) this(2)] show ?Zcase .
qed auto

corollary sound: [ D (dom s) ¢ A%; (¢,Some s) = s’ ] = s’ # None
by (metis Sound not_Some_eq subset_refl)

end

theory Def Init_Small
imports Star Def Init_Exp Def Init
begin
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10.6 Initialization-Sensitive Small Step Semantics

inductive

small_step :: (com X state) = (com x state) = bool (infix — 55)
where
Assign: aval a s = Some i = (z := a, s) — (SKIP, s(z := Some 1)) |

Seql: (SKIP;;c,s) — (c,s) |
Seq2:  (c1,8) = (e1',s") = (c13;302,8) — (c1%35¢2,8") |

IfTrue: bval b s = Some True = (IF b THEN c¢; ELSE ca,s) — (c1,8) |
IfFalse: bval b s = Some False => (IF b THEN c¢1 ELSE ca,s) — (c2,s) |

While:  (WHILE b DO ¢,s) — (IF b THEN ¢;; WHILE b DO ¢ ELSE
SKIP,s)

lemmas small_step_induct = small_step.induct[split_format(complete)]

abbreviation small_steps :: com * state = com * state = bool (infix —x
55)
where © —x y == star small_step z y

10.7 Soundness wrt Small Steps

theorem progress:
D (dom s) ¢ A’ = ¢ # SKIP — EX cs'. (¢,8) — cs’
proof (induction ¢ arbitrary: s A”)
case Assign thus ?case by auto (metis aval_Some small_step.Assign)
next
case (If b c1 c2)
then obtain bv where bval b s = Some bv by (auto dest!:bval_Some)
then show Zcase
by (cases bv)(auto intro: small_step.If True small_step.IfFalse)
qed (fastforce intro: small_step.intros)+

lemma D-mono: DAcM = ACA'=—= EXM . DA cM' & M <=
M/
proof (induction c arbitrary: A A" M)

case Seq thus ?case by auto (metis D.intros(3))
next

case (If b cl c2)

then obtain M1 M2 where vars b C A D A c1 M1 D A c2 M2 M =
M1 n M2

by auto
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with If.IH (A C A) obtain M1’ M2’
where D A’ ¢1 M1' D A’ ¢c2 M2'and M1 C M1’ M2 C M2' by metis
hence D A’ (IF b THEN c1 ELSE ¢2) (M1'n M2') and M C M1’ N
M2’
using wars b C A (A C AN (M = M1 N M2) by(fastforce intro:
D.intros)+
thus ?case by metis
next
case While thus ?case by auto (metis D.intros(5) subset_trans)
qed (auto intro: D.intros)

theorem D_preservation:

(¢,8) = (¢';s") = D (dom s) ¢ A= EX A’. D (dom s') ¢’ A’ & A <=
A/
proof (induction arbitrary: A rule: small_step_induct)

case (While b ¢ s)

then obtain A’ where vars b C dom s A = dom s D (dom s) ¢ A’ by
blast

moreover

then obtain A” where D A’ ¢ A" by (metis D_incr D_mono)

ultimately have D (dom s) (IF b THEN c¢;; WHILE b DO ¢ ELSE
SKIP) (dom s)

by (metis D.If[OF wars b C dom s D.Seq[OF (D (dom s) ¢ A

D.While[OF _ <D A’ ¢ A]] D.Skip] D_incr Int_absorbl subset_trans)

thus ?case by (metis D_incr (A = dom s))
next

case Seq2 thus ?case by auto (metis D-mono D.intros(3))
qed (auto intro: D.intros)

theorem D_sound:

(c,s) =% (¢';s") = D (dom s) ¢ A’

= (Jes”. (¢}s") — ¢s”) vV ¢/ = SKIP
apply (induction arbitrary: A’ rule:star_induct)
apply (metis progress)
by (metis D_preservation)

end

11 Constant Folding

theory Sem_Equiv
imports Big_Step
begin
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11.1 Semantic Equivalence up to a Condition

type_synonym assn = state = bool

definition

equiv_up_to :: assn = com = com = bool (- |= -~ _[50,0,10] 50)
where

(PEc~c)=(ss.  Ps— (¢,8) = s +— (c)s) = )

definition

bequiv_up_to :: assn = bexp = bexp = bool (- = - <~> _[50,0,10] 50)
where

(PEb<~>b)=(Vs. Ps—> bvalbs = bval b s)

lemma equiv_up_to_True:

(A True) Ec~c)=(c~ ¢
by (simp add: equiv_def equiv_up_to_def)

lemma equiv_up_to_weaken:
PEc¢c~c = (Ns. PPs= Ps)= P'E=c~c
by (simp add: equiv_up_to_def)

lemma equiv_up_tol:
(ANss" Ps=(c,s)=s'=(c,s)=s)= PEc~c
by (unfold equiv_up_to_def) blast

lemma equiv_up_toD1:
PeEc~c = (¢,8)=>s'" = Ps= (c/,s) = s’
by (unfold equiv_up_to_def) blast

lemma equiv_up_toD2:
PEc~cd = (c,s)=s = Ps= (c,s)= s’
by (unfold equiv_up_to_def) blast

lemma equiv_up_to_refl [simp, intro!]:
PEc~c
by (auto simp: equiv_up_to_def)

lemma equiv_up_to_sym:
(PEc~e)=(PEc~c

by (auto simp: equiv_up_to_def)

lemma equiv_up_to_trans:
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PEc~cd=PEcd~c"=PlEc~c"
by (auto simp: equiv_up_to_def)

lemma bequiv_up_to_refl [simp, intro!]:
PlEb<~>1b
by (auto simp: bequiv_up_to_def)

lemma bequiv_up_to_sym:
(PEbL<~>b)=(PEDb<~>0D)
by (auto simp: bequiv_up_to_def)

lemma bequiv_up_to_trans:
PEb<~>b=PEbI<~>b'=PEb<~>D"
by (auto simp: bequiv_up_to_def)

lemma bequiv_up_to_subst:
PEb<~>b = Ps= bvalbs =bval b’ s
by (simp add: bequiv_up_to_def)

lemma equiv_up_to_seq:
PEc~rd=QQEFd~d =
(As s’ (¢c,s) = s'=—= Ps = Qs =
P = (e d) ~ (e d))

by (clarsimp simp: equiv_up_to_def) blast

lemma equiv_up_to_while_lemma_weak:
shows (d,s) = s’ =
PEbL<~>b =
PEc~d=
(As s’ (¢, 8) = 8" = Ps = bvalbs = P s') =
Ps—=
d = WHILE b DO ¢ =
(WHILE b' DO ¢’; s) = s’
proof (induction rule: big_step_induct)
case (WhileTrue b s1 ¢ s2 s3)
hence IH: P s2 — (WHILE b' DO ¢’, s2) = s3 by auto
from WhileTrue.prems
have P = b <~> b’ by simp
with (bval b s1) (P s1)
have bval b’ s1 by (simp add: bequiv_up_to_def)
moreover
from WhileTrue.prems
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have P | ¢ ~ ¢’ by simp
with <bval b s1) (P s1) (¢, s1) = s2)
have (¢’ s1) = s2 by (simp add: equiv_up_to_def)
moreover
from While True.prems
have As s’ (¢,s) = s’ = P s = bval b s = P s’ by simp
with (P s1) (bval b s1) (¢, s1) = s2)
have P s2 by simp
hence (WHILE b" DO ¢, s2) = s3 by (rule IH)
ultimately
show ?case by blast
next
case WhileFalse
thus ?case by (auto simp: bequiv_up_to_def)
qed (fastforce simp: equiv_up_to_def bequiv_up_to_def )+

lemma equiv_up_to_while_weak:
assumes b: P = b <~> b’
assumes c¢: P = ¢ ~ ¢’
assumes I: \s s’ (¢, s) = s'= Ps = bvalbs = P s’
shows P = WHILE b DO ¢ ~ WHILE b’ DO ¢’
proof —
from b have b": P = b’ <~> b by (simp add: bequiv_up_to_sym)

from ¢ b have ¢": P = ¢’ ~ ¢ by (simp add: equiv_up_to_sym)

from I
have I \s s’ (¢, s) = s' = P s = bval b’ s = P s’
by (auto dest!: equiv_up_toD1 [OF c'] simp: bequiv_up_to_subst [OF b))

note equiv_up_to_while_lemma_weak [OF _ b ]
equiv_up_to_while_lemma_weak [OF _ b’ ¢]
thus ?thesis using I I’ by (auto intro!: equiv_up_tol)
qed

lemma equiv_up_to_if weak:
PEb<~>b=PFc~c=PEd~d =
P E IFb THEN ¢ ELSE d ~ IF b’ THEN ¢' ELSE d’
by (auto simp: bequiv_up_to_def equiv_up_to_def)

lemma equiv_up_to_if-True [intro!]:

(As. Ps = bval b s) = P |= IF b THEN c1 ELSE ¢2 ~ cl
by (auto simp: equiv_up_to_def)

77



lemma equiv_up_to_if False [intro!]:
(As. Ps = = bval bs) = P |= IF b THEN c1 ELSE c2 ~ ¢2
by (auto simp: equiv_up_to_def)

lemma equiv_up_to_while_False [intro!]:
(As. Ps = = bval bs) = P = WHILE b DO ¢ ~ SKIP
by (auto simp: equiv_up_to_def)

lemma while_never: (¢, s) = v = ¢ # WHILE (Bc True) DO ¢’
by (induct rule: big_step_induct) auto

lemma equiv_up_to_while_True [intro!,simp]:
P &= WHILE Bc True DO ¢ ~ WHILE Be True DO SKIP
unfolding equiv_up_to_def
by (blast dest: while_never)

end
theory Fold imports Sem_FEquiv Vars begin

11.2 Simple folding of arithmetic expressions

type_synonym
tab = vname = wval option

fun afold :: aexp = tab = aerp where

afold (Nn) - = Nn |

afold (V z) t = (case t © of None = V x| Some k = N k) |

afold (Plus el e2) t = (case (afold el t, afold e2 t) of
(Nn1, Nn2) = N(ni+n2) | (el’,e2’) = Plus e1’ e2’)

definition approz t s «— (ALL ¢ k. t x = Some k — sz = k)

theorem aval_afold[simp]:
assumes approxr t s
shows aval (afold a t) s = aval a s
using assms
by (induct a) (auto simp: approx_def split: aexp.split option.split)

theorem aval_afold_N:

assumes approxr t s

shows afold a t = Nn = aval a s = n
by (metis assms aval.simps(1) aval_afold)
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definition
merge t1 t2 = (Am. if t1 m = t2 m then t1 m else None)

primrec defs :: com = tab = tab where
defs SKIP t =t |
defs (x == a) t =
(case afold a t of Nk = t(z — k) | - = t(z:=None)) |
defs (c1;;¢2) t = (defs c2 o defs c¢1) t |
defs (IF b THEN c1 ELSE c2) t = merge (defs c1 t) (defs c2t) |
defs (WHILE b DO ¢) t =t |* (—lvars c)

primrec fold where

fold SKIP _ = SKIP |

fold (z ::= a) t = (z == (afold a t)) |

fold (c13;¢2) t = (fold cl t;; fold c2 (defs c1t)) |

fold (IF b THEN c1 ELSE ¢2) t = IF b THEN fold c1 t ELSE fold c2 t |
fold (WHILE b DO ¢) t = WHILE b DO fold ¢ (t | (—lvars c))

lemma approx_merge:
approx t1 s V approx t2 s = approx (merge t1 t2) s
by (fastforce simp: merge_def approz_def)

lemma approz_map_le:
approx t2 s = t1 C,, t2 = approx t1 s
by (clarsimp simp: approzx_def map_le_def dom_def)

lemma restrict_map_le [intro!, simp]: ¢t |*S C,, t
by (clarsimp simp: restrict_map_def map_le_def )

lemma merge_restrict:
assumes t1 |‘S =1t |‘S
assumes t2 |‘S =+t |‘S
shows merge t1 2 |°S =1t |*S
proof —
from assms
have Vz. (t1 [*S)z=(t|°9) z
and Vz. (t2 |*S) z = (¢t |*S) = by auto
thus ?thesis
by (auto simp: merge_def restrict-map_def
split: if_splits)
qged

lemma defs_restrict:
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defs ct |* (— ars ¢) =t |* (— lvars c)
proof (induction c arbitrary: t)
case (Seq cl ¢2)
hence defs c1t |* (— ars c1) =t |* (— lars c1)
by simp
hence defs c1 t |* (— ars c1) |* (—lvars c¢2) =
t|° (= ars c1) |* (—lvars c2) by simp
moreover
from Seq
have defs c2 (defs c1t) | (— lvars c2) =
defs c1t | (— lvars c2)
by simp
hence defs c2 (defs c1t) | (— lvars c2) |¢ (— lars c¢1) =
defs c1 t |* (— lars ¢2) |* (— lvars c1)
by simp
ultimately
show ?Zcase by (clarsimp simp: Int_commute)
next
case (If b c1 c2)
hence defs c1t | (— lars c1) =t |* (— lvars c¢1) by simp
hence defs c1t |¢ (— ars c1) |* (—lvars c2) =
t | (= lars c1) | (—lvars c2) by simp
moreover
from If
have defs c2t |* (— lvars c2) =t | (— lars c¢2) by simp
hence defs c2t |* (— ars ¢2) | (—lvars c¢1) =
t|° (= ars ¢2) | (—lvars c1) by simp
ultimately
show ?case by (auto simp: Int_commute intro: merge_restrict)
qed (auto split: aexp.split)

lemma big_step_pres_approx:
(¢,8) = s’ = approx t s = approx (defs ct) s’
proof (induction arbitrary: t rule: big_step_induct)
case Skip thus ?case by simp
next
case Assign
thus Zcase
by (clarsimp simp: aval_afold_N approz_def split: aexp.split)
next
case (Seq cl s1 s2 c2 s3)
have approz (defs c1 t) s2 by (rule Seq.IH(1)[OF Seq.prems))
hence approz (defs c2 (defs c1 t)) s3 by (rule Seq.IH(2))
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thus ?case by simp
next

case (IfTrue b s c1 s')

hence approz (defs c1 t) s’ by simp

thus ?case by (simp add: approz_merge)
next

case (IfFalse b s c2 s’)

hence approz (defs c2 t) s’ by simp

thus ?case by (simp add: approz_merge)
next

case WhileFulse

thus ?case by (simp add: approz_def restrict_map_def)

next
case (WhileTrue b s1 ¢ s2 s3)
hence approx (defs ¢ t) s2 by simp
with WhileTrue

have approz (defs c t |* (—lvars c)) s3 by simp

thus ?case by (simp add: defs_restrict)
qed

lemma big_step_pres_approzr_restrict:

(¢,8) = s' = approx (t |* (—lvars ¢)) s = approx (t |* (—lvars c)) s

proof (induction arbitrary: t rule: big_step_induct)

case Assign

thus ?case by (clarsimp simp: approx_def)

next
case (Seq cl s1 s2 c2 s3)
hence approz (t | (—lvars c2) |* (—lvars
by (simp add: Int_commute)
hence approz (t | (—lvars c2) |* (—lvars
by (rule Seq)
hence approz (t |* (—lvars c1) |* (—lvars
by (simp add: Int_commute)
hence approz (t | (—lvars c1) |* (—lvars
by (rule Seq)
thus “case by simp
next
case (IfTrue b s c1 s’ ¢2)
hence approz (t | (—lvars ¢2) |* (—lvars
by (simp add: Int_commute)
hence approz (t | (—lvars ¢2) |* (—lvars
by (rule IfTrue)
thus ?case by (simp add: Int_commute)
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next
case (IfFalse b s ¢2 s’ c1)
hence approz (t | (—lvars c1) |* (—lvars c2)) s
by simp
hence approz (t | (—lvars c1) | (—lvars c2)) s’
by (rule IfFalse)
thus ?case by simp
qed auto

declare assign_simp [simp]

lemma approz_eq:
approx t = ¢ ~ fold c t
proof (induction c arbitrary: t)
case SKIP show ?case by simp
next
case Assign
show ?case by (simp add: equiv_up_to_def)
next
case Seq
thus ?case by (auto introl: equiv_up_to_seq big_step_pres_approz)
next
case If
thus ?case by (auto introl: equiv_up_to_if weak)
next
case (While b c)
hence approz (t | (— lars ¢)) E
WHILE b DO ¢ ~ WHILE b DO fold ¢ (t |* (— lvars c))
by (auto intro: equiv_up_to_while_weak big_step_pres_approx_restrict)
thus ?case
by (auto intro: equiv_up_to_weaken approx_map_le)
ged

lemma approz_empty [simp]:
approx empty = (A_. True)
by (auto simp: approz_def)

theorem constant_folding_equiv:
fold ¢ empty ~ ¢
using approz_eq [of empty c]
by (simp add: equiv_up_to_True sim_sym)
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end

12 Live Variable Analysis

theory Live imports Vars Big_Step
begin

12.1 Liveness Analysis

fun L :: com = vname set = vname set where
L SKIP X = X |
L(x::—a)X:varsaU(Xf{x}H

L (c13;¢0) X =L ey (L ey X) |
L (IF b THEN ¢y ELSE ¢c9) X =wvarsb U L ¢y X UL co X |
L (WHILE b DO ¢) X =wvarsbU X UL c¢X

value show (L (//y// V 1 //,7 // 1 o Plus (V //y//) (V //Z/g) {//x//})
value show (L (WHILE Less (V "z') (V "z'")y DO "y" .= V "2y {""z""})

fun kill :: com = vname set where

kill SKIP = {} |

kill (x == a) = {z} |

kill (c13; co) = kill ¢1 U Kill co |

kill (IF b THEN c1 ELSE c9) = kill ¢1 N kill co |
kill (WHILE b DO ¢) = {}

fun gen :: com = wvname set where

gen SKIP = {} |

gen (z = a) = vars a |

gen (c13; c2) = gen ¢ U (gen ca — kill ¢1) |

gen (IF b THEN ¢y ELSE c3) = vars b U gen ¢1 U gen ¢y |
gen (WHILE b DO ¢) = vars b U gen c

lemma L_gen_kill: L ¢ X = gen ¢ U (X — kill ¢)
by (induct ¢ arbitrary:X) auto

lemma L_While_pfp: L ¢ (L (WHILE b DO ¢) X) C L (WHILE b DO ¢)
X
by (auto simp add:L_gen_kill)

lemma L_While_lpfp:
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varsb UX ULc¢P CP = L(WHILEbDOc¢) X CP
by (simp add: L_gen_kill)

lemma L_While_vars: vars b C L (WHILE b DO ¢) X
by auto

lemma L_While-X: X C L (WHILE b DO c¢) X
by auto

Disable L WHILE equation and reason only with L, WHILE constraints
declare L.simps(5)[simp del]

12.2 Correctness

theorem L_correct:
(c,$) = s’ = s=tonLcX =
3t (et)=t'&s'=t on X
proof (induction arbitrary: X t rule: big_step_induct)
case Skip then show ?case by auto
next
case Assign then show ?case
by (auto simp: ball_Un)
next
case (Seq ¢l s1 s2 c2s3 X t1)
from Seq.IH(1) Seq.prems obtain t2 where
t12: (c1, t1) = t2 and s2t2: s2 =t2 on L c2 X
by simp blast
from Seq.IH (2)[OF s2t2] obtain t3 where
t23: (c2, t2) = t3 and s3t3: s3 = t3 on X
by auto
show Zcase using t12 t23 s3t3 by auto
next
case (IfTrue b s c1 s’ c2)
hence s =t onvarsb s =t on L c1 X by auto
from bval_eq if-eq_on_vars[OF this(1)] IfTrue(1) have bval b t by simp
from IfTrue.IH[OF (s = t on L c1 X)] obtain t’ where
(c1,t) = t's'"=1t"on X by auto
thus ?case using (bval b t) by auto
next
case (IfFalse b s ¢2 s’ c1)
hence s =t onvars b s =t on L c2 X by auto
from bval_eq_if-eq_on_vars|OF this(1)] IfFalse(1) have ~bval b t by simp
from IfFalse. IH[OF (s = t on L ¢2 X)] obtain ¢’ where
(c2,t) = t's"=t"on X by auto
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thus ?case using (Ybval b t) by auto
next
case (WhileFalse b s ¢)
hence ~ bval b t
by (metis L-While_vars bval-eq-if-eq-on_vars set-mp)
thus ?Zcase by(metis WhileFalse.prems L_While_X big_step. WhileFalse
set_mp)
next
case (WhileTrue b s1 ¢ s2 s3 X t1)
let w = WHILE b DO ¢
from (bval b s1) WhileTrue.prems have bval b t1
by (metis L_While_vars bval_eq_if_eq_on_vars set_mp)
have s1 = t1 on L ¢ (L %w X) using L_While_pfp WhileTrue.prems
by (blast)
from WhileTrue.IH(1)[OF this] obtain t2 where
(¢, t1) = t2s2 = t2 on L ?w X by auto
from WhileTrue.IH(2)[OF this(2)] obtain t3 where (%w,t2) = t3 s3
=t3on X

by auto
with <bval b t1) (¢, t1) = t2) show Zcase by auto
qged

12.3 Program Optimization
Burying assignments to dead variables:

fun bury :: com = vname set = com where

bury SKIP X = SKIP |

bury (z = a) X = (if v € X then z == a else SKIP) |

bury (c13; c2) X = (bury 1 (L c2 X);; bury ca X) |

bury (IF b THEN ¢y ELSE c9) X = IF b THEN bury ¢; X ELSE bury cy
X

bury (WHILE b DO ¢) X = WHILE b DO bury ¢ (L (WHILE b DO ¢) X)

We could prove the analogous lemma to L_correct, and the proof would
be very similar. However, we phrase it as a semantics preservation property:

theorem bury_correct:
(c,s) > s’ = s=tonlLcX =
It (buryc Xjt) = t'& s"=t"on X
proof (induction arbitrary: X t rule: big_step_induct)
case Skip then show ?case by auto
next
case Assign then show ?Zcase
by (auto simp: ball_Un)
next

85



case (Seq cl s1 s2 c2 s3 X t1)
from Seq.IH (1) Seq.prems obtain t2 where
t12: (bury ¢l (L c2 X), t1) = t2 and s2t2: s2 = t2on L ¢2 X
by simp blast
from Seq.IH(2)[OF s2t2] obtain t3 where
t23: (bury c2 X, t2) = t3 and s3t3: s3 = t3 on X
by auto
show ?case using t12 t23 s3t3 by auto
next
case (IfTrue b s c1 s’ ¢2)
hence s = tonvars b s =t on L c1 X by auto
from bval_eq if-eq_on_vars|OF this(1)] IfTrue(1) have bval b t by simp
from IfTrue.IH[OF (s = t on L c¢1 X)] obtain t’ where
(bury ¢l X, t) = t' s" =t on X by auto
thus ?case using (bval b © by auto
next
case (IfFalse b s ¢2 s’ c1)
hence s = t on vars b s = t on L c2 X by auto
from bval_eq_if-eq_on_vars|OF this(1)] IfFalse(1) have ~bval b t by simp
from IfFalse.IH[OF (s = t on L ¢2 X)] obtain ¢’ where
(bury c2 X, t) = t' s"=t" on X by auto
thus ?case using (~bval b t) by auto
next
case (WhileFalse b s ¢)
hence ™~ bval b t by (metis L_While_vars bval_eq_if_eq_on_vars set_mp)
thus Zcase
by simp (metis L-While_X WhileFalse.prems big_step. WhileFalse set-mp)
next
case (WhileTrue b s1 ¢ s2 s3 X t1)
let 7w = WHILE b DO c
from (bval b s1) WhileTrue.prems have bval b t1
by (metis L_While_vars bval_eq_if_eq_on_vars set_mp)
have s1 = t1 on L ¢ (L %w X)
using L_While_pfp WhileTrue.prems by blast
from WhileTrue.IH(1)[OF this] obtain t2 where
(bury ¢ (L 2w X), t1) = t2 s2 = t2 on L ?w X by auto
from WhileTrue.IH(2)[OF this(2)] obtain t3
where (bury w X ,t2) = t3s3 = t3 on X
by auto
with (bval b t1) «((bury ¢ (L %w X), t1) = t2) show Zcase by auto
qed
corollary final_bury_correct: (c¢,s) = s’ = (bury ¢ UNIV ;s) = s’
using bury_correct[of ¢ s s UNIV]
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by (auto simp: fun_eq_iff [symmetric])
Now the opposite direction.

lemma SKIP_bury[simp]:
SKIP = bury ¢ X «— ¢=SKIP | (EXza.c=zu=a & = ¢ X)
by (cases ¢) auto

lemma Assign_bury[simp|: z::=a = bury ¢ X +— c=zu=a & z : X
by (cases ¢) auto

lemma Seq_bury[simp]: bcy;;bece = bury ¢ X <—
(EX c1 co. ¢ = ci3500 & beg = bury co X & bey = bury c1 (L ca2 X))
by (cases ¢) auto

lemma If bury[simp]: IF b THEN bcl ELSE bc2 = bury ¢ X «—
(EX ¢l ¢2. ¢ = IF b THEN c1 ELSE ¢2 &
bel = bury ¢l X & be2 = bury c2 X)
by (cases ¢) auto

lemma While_bury[simp]: WHILE b DO be' = bury ¢ X +—
(EX ¢'. ¢ = WHILE b DO ¢’ & be’ = bury ¢/ (L (WHILE b DO ¢') X))

by (cases ¢) auto

theorem bury_correct2:
(bury c X,8) = 8’ = s=tonlLcX =
Jtl(et)=t'&s'=t"on X
proof (induction bury ¢ X s s’ arbitrary: ¢ X t rule: big_step_induct)
case Skip then show ?case by auto
next
case Assign then show ?Zcase
by (auto simp: ball_Un)
next
case (Seq bcl s1 s2 bc2 s3 ¢ X t1)
then obtain cI ¢2 where c: ¢ = c1;;¢c2
and bc2: be2 = bury c¢2 X and bel: bel = bury ¢l (L ¢2 X) by auto
note [H = Seq.hyps(2,4)
from [H(1)[OF bcl, of t1] Seq.prems c obtain t2 where
t12: (c1, t1) = t2 and s2t2: s2 = t2 on L c2 X by auto
from IH(2)[OF bc2 s2t2] obtain t3 where
t23: (c2, t2) = t3 and s3t3: s3 = t3 on X
by auto
show Zcase using c t12 t23 s3t3 by auto
next
case (IfTrue b s bel s’ be2)
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then obtain c1 ¢2 where ¢: ¢ = IF b THEN c1 ELSE c2
and bcl: bel = bury c1 X and bc2: bc2 = bury c2 X by auto
have s = t on vars b s = t on L c1 X using IfTrue.prems ¢ by auto
from bval_eq_if-eq_on_vars[OF this(1)] IfTrue(1) have bval b t by simp
note IH = IfTrue.hyps(3)
from IH[OF bcl (s = t on L c¢1 X)] obtain ¢’ where
(c1,t) = t's"=t" on X by auto
thus ?case using c (bval b t) by auto
next
case (IfFalse b s bc2 s’ bel)
then obtain c! ¢2 where ¢: ¢ = IF b THEN c1 ELSE c2
and bcl: bel = bury ¢l X and bc2: be2 = bury c2 X by auto
have s = t on vars b s = t on L ¢2 X using IfFalse.prems ¢ by auto
from bval_eq_if-eq_on_vars[OF this(1)] IfFalse(1) have ~bval b t by simp
note IH = IfFalse.hyps(3)
from IH[OF bc2 (s = t on L ¢2 X)] obtain ¢’ where
(c2,t) = t' s’ =t' on X by auto
thus ?case using ¢ “bval b t) by auto
next
case (WhileFalse b s c)
hence ™~ bval b ¢
by auto (metis L-While_vars bval_eq_if-eq_on_vars set_rev_mp)
thus ?case using WhileFalse
by auto (metis L_-While_X big_step. WhileFalse set_mp)
next
case (WhileTrue b s1 be’ s2 s3 w X t1)
then obtain ¢’ where w: w = WHILE b DO ¢’
and bc” be’ = bury ¢/ (L (WHILE b DO ¢') X) by auto
from (bval b s1) WhileTrue.prems w have bval b t1
by auto (metis L_While_vars bval_eq_if_eq_on_vars set_mp)
note IH = WhileTrue.hyps(3,5)
have s1 = tl on L ¢’ (L w X)
using L_While_pfp WhileTrue.prems w by blast
with IH(1)[OF bc’, of t1] w obtain t2 where
(¢/, t1) = t2 s2 = t2 on L w X by auto
from IH(2)[OF WhileTrue.hyps(6), of t2] w this(2) obtain 3
where (w,12) = t3 s3 = t3 on X
by auto
with (bval b t1) (¢’ t1) = t2) w show Zcase by auto
qed
corollary final_bury_correct2: (bury ¢ UNIV s) = s’ = (¢,s) = s’
using bury_correct2[of ¢ UNIV]
by (auto simp: fun_eq_iff [symmetric))
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corollary bury_sim: bury ¢ UNIV ~ ¢
by (metis final_bury_correct final_bury_correct2)

end

theory Live_True
imports ~~/src/HOL/ Library / While_Combinator Vars Big_Step
begin

12.4 True Liveness Analysis

fun L :: com = wvname set = vname set where

L SKIP X = X |

L(z:=a) X = (ifz € X then vars a U (X — {z}) else X) |
L(ci55¢0) X =Ley (Leg X) |
L (IF b THEN ¢y ELSE ¢3) X =wvarsbU L ¢y X UL ¢y X |
L (WHILE b DO ¢) X =Ifp(A\Y.varsbU X ULcY)

lemma L_mono: mono (L c)
proof—
{fix XYhave X CY = LcXCLcY
proof (induction ¢ arbitrary: X Y)
case (While b ¢)
show Zcase
proof (simp, rule lfp-mono)
fix Z show vars bU X UL c¢cZ CwvarsbU Y UL cZ
using While by auto
qed
next
case If thus ?case by(auto simp: subset_iff)
qed auto
} thus ?thesis by(rule monol)
qed

lemma mono_union_L:
mono (AY. X ULcY)
by (metis (no_types) L_mono mono_def order_eq_iff set_eq_subset sup_mono)

lemma L_While_unfold:
L (WHILE b DO ¢) X =wvars bU X U L ¢ (L (WHILE b DO ¢) X)
by (metis lfp_unfold|OF mono_union_L| L.simps(5))
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lemma L_While_pfp: L ¢ (L (WHILE b DO ¢) X) C L (WHILE b DO c)
X
using L_While_unfold by blast

lemma L_While_vars: vars b C L (WHILE b DO ¢) X
using L_While_unfold by blast

lemma L _While X: X C L (WHILE b DO ¢) X
using L_While_unfold by blast

Disable . WHILFE equation and reason only with . WHILFE constraints:
declare L.simps(5)[simp del]

12.5 Correctness

theorem L_correct:
(c,s) => s’ = s=tonlLcX =
Jtl(et) =t'&s'=t"on X
proof (induction arbitrary: X t rule: big_step_induct)
case Skip then show ?case by auto
next
case Assign then show ?Zcase
by (auto simp: ball_Un)
next
case (Seq cl s1 s2 c2 s3 X t1)
from Seq.IH (1) Seq.prems obtain t2 where
t12: (c1, t1) = t2 and s2t2: s2 =t2on L c2 X
by simp blast
from Seq.IH(2)[OF s2t2] obtain t3 where
t23: (c2, t2) = t3 and s3t3: s3 = t3 on X
by auto
show ?case using t12 t23 s3t3 by auto
next
case (IfTrue b s c1 s’ ¢2)
hence s =t onvars b and s = t on L c1 X by auto
from bval_eq if-eq_on_vars|OF this(1)] IfTrue(1) have bval b t by simp
from IfTrue. IH[OF (s = t on L ¢l X)| obtain t’ where
(c1,t) = t's"=1t"on X by auto
thus ?case using (bval b © by auto
next
case (IfFalse b s ¢2 s’ c1)
hence s = t on vars b s = t on L c2 X by auto
from buval_eq_if-eq_on_vars|OF this(1)] IfFalse(1) have ~bval b t by simp
from IfFalse.IH[OF (s = t on L ¢2 X)] obtain ¢’ where
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(c2,t) = t's"=t"on X by auto
thus ?case using (~bval b t) by auto
next
case (WhileFalse b s c)
hence ~ bval b t
by (metis L-While_vars bval_eq_if-eq_on_vars set_mp)
thus ?case using WhileFalse.prems L-While_X [of X b c] by auto
next
case (WhileTrue b s1 ¢ s2 s3 X t1)
let 2w = WHILE b DO ¢
from (bval b s1) WhileTrue.prems have bval b t1
by (metis L_While_vars bval_eq_if_eq_on_vars set_mp)
have s1 = t1 on L ¢ (L %w X) using L_While_pfp WhileTrue.prems
by (blast)
from WhileTrue.IH(1)[OF this] obtain t2 where
(¢, t1) = t2s2 = t2 on L ?w X by auto
from WhileTrue.IH(2)[OF this(2)] obtain t3 where (%w,t2) = t3 s3
=t3on X

by auto
with <bval b t1) (¢, t1) = t2) show ?case by auto
qed

12.6 Executability

lemma L_subset_vars: L ¢ X C rvars ¢ U X
proof (induction ¢ arbitrary: X)
case (While b c)
have [fp(AY. vars b U X UL ¢ Y) C vars b U rvars ¢ U X
using While.IH [of vars b U rvars ¢ U X]|
by (auto intro!: Ifp_lowerbound)
thus Zcase by (simp add: L.simps(5))
qed auto

Make L executable by replacing Ifp with the while combinator from the-
ory While_Combinator. The while combinator obeys the recursion equation

while b ¢ s = (if b s then while b ¢ (¢ s) else s)

and is thus executable.

lemma L_While: fixes b ¢ X
assumes finite X defines f == AY.varsb U X UL c Y
shows L (WHILE b DO ¢) X = while A\Y. fY #Y) f{} (is - = ?r)
proof —
let 2V = wvars b U rvars ¢ U X
have ifp f = ¢r
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proof (rule lfp_while[where C = ?V])

show mono f by(simp add: f-def mono_union_L)
next

fix Y show Y C 2V = fY C 2V

unfolding f.def using L_subset_vars|[of c| by blast

next

show finite ?V using (finite X) by simp
qed
thus ?thesis by (simp add: f-def L.simps(5))

qged

lemma L_While_let: finite X = L (WHILE b DO ¢) X =
(let f =(AY.varsbUX ULcY)
in while AY. fY #£Y) fA{})

by (simp add: L_While)

lemma L_While_set: L (WHILE b DO c) (set zs) =
(let f =(AY.varsb Usetazs UL cY)
in while AY. fY #Y) f{})

by (rule L-While_let, simp)

Replace the equation for L (WHILE ...) by the executable L_While_set:
lemmas [code] = L.simps(1—4) L-While_set

Sorry, this syntax is odd.

A test:

lemma (let b = Less (N 0) (V "y"); ¢ ="y" ==V "g'l; "a" =V 27
7:71 L (WHILE b DO C) {/ly//}) — {”SC//, l/y/l’ HZ”
by eval

12.7 Limiting the number of iterations
The final parameter is the default value:

fun dter :: (‘a = 'a) = nat = 'a = 'a = 'a where
iter fOpd=d |
iter f (Suc n) pd = (if fp = p then p else iter fn (f p) d)
A version of L with a bounded number of iterations (here: 2) in the
WHILE case:

fun Lb :: com = wvname set = vname set where

Lb SKIP X = X |

Lb (x :=a) X = (ifr € X then X — {z} U vars a else X) |

Lb (Cl;; 62) X = (Lb c1 © Lb 62) X |

Lb (IF b THEN ¢y ELSE ¢3) X = vars b U Lb ¢y X U Lb co X |
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Lb (WHILE b DO ¢) X = iter (AA. vars b U X U Lb ¢ A) 2 {} (vars b U
rvars ¢ U X)

Lb (and iter) is not monotone!

lemma let w = WHILE Bc False DO ("z" ::= V "y"; 2" ==V "z
'L’Il - (Lb w {//Z//} g Lb w {//y//7//z//})
by eval

lemma Ifp_subset_iter:
[ mono f; "X. fX Cf'X;ifpf CD]=1Ifpf Citerf'nAD
proof (induction n arbitrary: A)
case 0 thus ?case by simp
next
case Suc thus Zcase by simp (metis lfp_lowerbound)
qed

lemma LcX CLbcX
proof (induction ¢ arbitrary: X)
case (While b ¢)
let f = XA, varsb U X UL c A
let 2fb = AA. varsb U X U Lbc A
show ?case
proof (simp add: L.simps(5), rule lfp_subset_iter[OF mono_union_L])
show !!X. 2f X C ?2fb X using While.IH by blast
show Ifp ?f C wvars b U rvars ¢ U X
by (metis (full_types) L.simps(5) L_subset_vars rvars.simps(5))
qed
next
case Seq thus ?Zcase by simp (metis (full_types) L-mono monoD sub-
set_trans)
qed auto

end

13 Hoare Logic

theory Hoare imports Big_Step begin

13.1 Hoare Logic for Partial Correctness

type_synonym assn = state = bool

definition
hoare_valid :: assn = com = assn = bool (= {(1-)}/ (2)/ {(1-)} 50) where
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E{P}c{Q}=(Vst. PsA(cs) =t — Q1)

abbreviation state_subst :: state = aexp = vname = state
(-[-"/-] [1000,0,0] 999)

where s[a/z] == s(z := aval a s)

inductive
flLloare it assn = com = assn = bool (F ({(1-)}/ (1)) {(12)}) 50)
Skip: F {P} SKIP {P} |

Assign: = {As. P(sla/z])} z::=a {P} |

Seq: [ {P} c1 {Q}; F{Q} ca {R}]
= F {P} ci5;e2 {R} |

If: [F{As. Ps A bval b s} c1 {Q}; F{As. Ps A= bval b s} ca {Q} ]
— I {P} IF b THEN ¢ ELSE ¢» {Q} |

While: = {Xs. P s A bval b s} ¢ {P} =
F{P} WHILE b DO ¢ {\s. P s A = bval b s} |

conseq: [Vs. P's — Ps; F{P} c{Q}; Vs. Qs — Q's]
= F{P} c{Q%}

lemmas [simp] = hoare.Skip hoare.Assign hoare.Seq If
lemmas [intro!] = hoare.Skip hoare.Assign hoare.Seq hoare.If

lemma strengthen_pre:
[Vs.P's — Ps; F{P} c{Q}] =+ {P'} ¢ {Q}
by (blast intro: conseq)

lemma weaken_post:
[FA{P} c{Q}; Vs. Qs — Q's] = F{P}c{Q}
by (blast intro: conseq)

The assignment and While rule are awkward to use in actual proofs
because their pre and postcondition are of a very special form and the actual
goal would have to match this form exactly. Therefore we derive two variants
with arbitrary pre and postconditions.
lemma Assign”: Vs. P s — Q(sla/z]) = F {P} z == a {Q}
by (simp add: strengthen_pre[OF _ Assign))
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lemma While”:

assumes - {As. P s A bval b s} ¢ {P} and Vs. Ps A = bvalbs — Qs
shows + {P} WHILE b DO ¢ {Q}

by (rule weaken_post|OF While[OF assms(1)] assms(2)])

end

theory Hoare_Examples imports Hoare begin
Summing up the first z natural numbers in variable y.

fun sum :: int = int where
sum i = (if i < 0 then 0 else sum (i — 1) + 1)

lemma sum_simps[simp]:
0 <i= sumi=sum (i —1)+1
1 < 0= sumi=0

by (simp_all)

declare sum.simps|simp del]

abbreviation wsum ==
WHILE Less (N 0) (V "z"")
DO ("y" ::= Plus (V "y""y (V "z"");;
"g! = Plus (V "z") (N —1))

13.1.1 Proof by Operational Semantics
The behaviour of the loop is proved by induction:

lemma while_sum:
(wsum, s) = t =t "y" = s "y" + sum(s "z"
apply (induction wsum s t rule: big_step_induct)

apply (auto)
done

We were lucky that the proof was automatic, except for the induction.
In general, such proofs will not be so easy. The automation is partly due to
the right inversion rules that we set up as automatic elimination rules that
decompose big-step premises.

Now we prefix the loop with the necessary initialization:

lemma sum_via_bigstep:

assumes (''y" = N 0;; wsum, s) = t
shows t "y" = sum (s ""z")
proof —
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from assms have (wsum,s("y":=0)) = t by auto
from while_sum[OF this| show ?thesis by simp
qed

13.1.2 Proof by Hoare Logic

Note that we deal with sequences of commands from right to left, pulling
back the postcondition towards the precondition.

lemma - {Xs. s "z” = n} "y" = N 0;; wsum {As. s "y” = sum n}
apply (rule Seq)
prefer 2
apply (rule While' [where P = Xs. (s ""y” = sum n — sum(s ""z""))])
apply (rule Seq)
prefer 2
apply (rule Assign)
apply (rule Assign’)
apply simp
apply (simp)
apply(rule Assign’)
apply simp
done

The proof is intentionally an apply skript because it merely composes
the rules of Hoare logic. Of course, in a few places side conditions have to
be proved. But since those proofs are 1-liners, a structured proof is overkill.
In fact, we shall learn later that the application of the Hoare rules can be
automated completely and all that is left for the user is to provide the loop
invariants and prove the side-conditions.

end

theory VCG imports Hoare begin

13.2 Verification Conditions

Annotated commands: commands where loops are annotated with invari-
ants.

datatype acom =
Askip (SKIP) |
Aassign vname aexp  ((- == _) [1000, 61] 61) |
Aseq acom acom (/) - [60, 61] 60) |
Aif bexp acom acom  ((IF -/ THEN _/ ELSE ) [0, 0, 61] 61) |
Awhile assn bexp acom (({-}/ WHILE _/ DO _) [0, 0, 61] 61)
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notation com.SKIP (SKIP)
Strip annotations:

fun strip :: acom = com where

strip SKIP = SKIP |

strip (z == a) = (z == a) |

strip (C13; C2) = (strip Cu; strip C2) |

strip (IF b THEN Cy ELSE C3) = (IF b THEN strip Cy ELSE strip C3) |
strip ({-} WHILE b DO C) = (WHILE b DO strip C)

Weakest precondition from annotated commands:

fun pre :: acom = assn = assn where
pre SKIP @ = Q@ |
pre (z == a) Q@ = (As. Q(s(z := aval a s))) |
pre (C1;; C2) Q = pre C1 (pre C2 Q) |
pre (IF b THEN Cy ELSE C3) Q =
(As. if bval b s then pre C1 Q s else pre Cy @ s) |
pre ({I} WHILE b DO C) @Q =1

Verification condition:

fun vc :: acom = assn = bool where
ve SKIP @ = True |
ve (x == a) Q@ = True |
ve (C1y; C2) Q = (ve Cy (pre Co2 Q) A ve Cy Q) |
ve (IF b THEN Cy ELSE C3) Q@ = (ve C1 Q AN ve Co Q) |
ve ({I} WHILE b DO C) Q =

(Vs. (IsANbvalbs — pre C'Is) N

(IsAN=bvalbs— Qs)) A
ve C' 1)

Soundness:

lemma vc_sound: ve C Q =+ {pre C Q} strip C {Q}
proof (induction C arbitrary: Q)
case (Awhile I'b C)
show ?Zcase
proof (simp, rule While')
from (vc (Awhile I'b C') @
have vc: ve C I and 1Q:Vs. I s A = bval b s — () s and
pre: ¥s. I s A\ bval b s — pre C' I s by simp_all
have - {pre C I} strip C {I} by (rule Awhile.IH[OF vc])
with pre show = {As. I's A bval b s} strip C {I}
by (rule strengthen_pre)
show Vs. I s A =bval b s — @ s by(rule IQ)
qed
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qed (auto intro: hoare.conseq)

corollary vc_sound’:
[veCQ;Vs. Ps— pre CQs]| =+ {P} strip C {Q}

by (metis strengthen_pre vc_sound)
Completeness:

lemma pre_mono:

Vs.Ps — P's= pre CPs—=— pre CP's
proof (induction C arbitrary: P P’ s)

case Aseq thus ?case by simp metis
qed simp_all

lemma vc_mono:

Vs.Ps — P's= vcCP = vcCP'
proof (induction C arbitrary: P P’)

case Aseq thus ?case by simp (metis pre_-mono)
qed simp_all

lemma vc_complete:
F{P}c{Q} = 3C.strip C =cANvcCQAN(Vs. Ps— pre CQ s)
(is.=3C. 2GPcQQC)
proof (induction rule: hoare.induct)
case Skip
show ?case (is 3C. ?C C)
proof show ?C' Askip by simp qed
next
case (Assign P a x)
show Zcase (is 3C. ?C C)
proof show ?C(Aassign = a) by simp qed
next
case (Seq P c1 Q c2 R)
from Seq.IH obtain C1 where ihl: ?G P c1  C1 by blast
from Seq.IH obtain C2 where th2: ?G () c2 R C2 by blast
show Zcase (is 3C. ?C C)
proof
show ?C(Aseq C1 C2)
using ih1 ih2 by (fastforce elim!: pre_mono vc_mono)
qed
next
case (If P b cl Q c2)
from If.IH obtain CI where ihl: ?G (As. P s A bval b s) c1 Q C1
by blast
from If.IH obtain C2 where ih2: ?G (As. P s A —bval b s) c2 Q C2
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by blast
show Zcase (is 3C. 7C C)
proof
show ?C(Aif b C1 C2) using ihl ih2 by simp
qed
next
case (While P b ¢)
from While.IH obtain C' where ih: ?G (As. P s A bval b s) ¢ P C by
blast
show Zcase (is 3C. ?C C)
proof show ?C(Awhile P b C') using ih by simp qed
next
case conseq thus ?case by(fast elim!: pre_mono vc_mono)
qed

end

theory Hoare_Sound_Complete imports Hoare begin

13.3 Soundness

lemma hoare_sound: - {P}c{Q} = = {P}c{Q}
proof (induction rule: hoare.induct)
case (While P b ¢)
{fix st
have (WHILE b DO ¢,s) ==t = Ps = Pt A - bval bt
proof (induction WHILE b DO c s t rule: big_step_induct)
case WhileFualse thus ?case by blast
next
case WhileTrue thus ?case
using While.IH unfolding hoare_valid_def by blast
qged
}
thus “case unfolding hoare_valid_def by blast
qed (auto simp: hoare_valid_def)

13.4 Weakest Precondition

definition wp :: com = assn = assn where
wpc @ = (As. Vt. (¢,s) =t — Q1)

lemma wp_SKIP[simp]: wp SKIP Q = Q
by (rule ext) (auto simp: wp_def)
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lemma wp_Ass[simp]: wp (z::=a) Q@ = (As. Q(s[a/z]))
by (rule ext) (auto simp: wp_def)

lemma wp_Seq[simp: wp (cr3ic2) Q@ = wp e (wp c2 Q)
by (rule ext) (auto simp: wp_def)

lemma wp_If [simp]:

wp (IF b THEN c¢; ELSE ¢3) Q =

(As. if bval b s then wp ¢1 @ s else wp ca @ )
by (rule ext) (auto simp: wp_def)

lemma wp_While_If:

wp (WHILE b DO ¢) Q s =

wp (IF b THEN c;; WHILE b DO ¢ ELSE SKIP) Q s
unfolding wp_def by (metis unfold_-while)

lemma wp_While_True[simp]: bval b s =
wp (WHILE b DO ¢) Q@ s = wp (¢;; WHILE b DO ¢) Q s
by (simp add: wp_While_If)

lemma wp_While_False[simp]: = bval b s = wp (WHILE b DO ¢) Q s =

Qs
by (simp add: wp_While_If)

13.5 Completeness

lemma wp_is_pre: = {wp ¢ Q} ¢ {Q}
proof (induction ¢ arbitrary: Q)
case If thus ?case by(auto intro: conseq)
next
case (While b ¢)
let 2w = WHILE b DO ¢
show F {wp 2w Q} %w {Q}
proof (rule While')
show F {As. wp 2w Q s A bval b s} ¢ {wp 2w Q}
proof (rule strengthen_pre|OF _ While.IH|)
show Vs. wp 2w Q s A bval b s — wp ¢ (wp ?w Q) s by auto
qed
show Vs. wp 2w Q s A = bval b s — @ s by auto
qed
qed auto

lemma hoare_complete: assumes = {P}c{Q} shows F {P}c{Q}
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proof(rule strengthen_pre)
show Vs. P s — wp ¢ @ s using assms
by (auto simp: hoare_valid_def wp_def)

show + {wp ¢ Q} ¢ {Q} by(rule wp_is_pre)
qed

corollary hoare_sound_complete: = {P}c{Q} +— = {P}c{Q}
by (metis hoare_complete hoare_sound)

end

theory Hoare_Total imports Hoare_Sound_Complete Hoare_Examples be-
gin

13.6 Hoare Logic for Total Correctness

Note that this definition of total validity =; only works if execution is de-
terministic (which it is in our case).

definition hoare_tvalid :: assn = com = assn = bool

(Fe {(19)}/ ()/ {(1)} 50) where
= {P}e{Q} «— (Vs. Ps — (3t (c,5) =t A Q1))

Provability of Hoare triples in the proof system for total correctness is
written F; {P}c{Q} and defined inductively. The rules for -, differ from
those for - only in the one place where nontermination can arise: the While-
rule.

inductive
hoaret :: assn = com = assn = bool (F+ ({(12)}/ (0)/ {(12)}) 50)

where

Skip: +, {P} SKIP {P} |

Assign: ¢ {As. P(s[a/z])} zu=a {P} |

Seq: [ by {P1} c1 {P2}; e {P2} c2 {P3} | = F¢ {P1} casie2 {Ps} |

If: [ Fe {Xs. Ps A bval b s} c1 {Q}; e {As. P s A = bval b s} ca {Q} ]
— F, {P} IF b THEN ¢ ELSE ¢3 {Q} |

While:
(An:nat.
Fe {As. Ps Abvalbs AN Tsn} c{rs. Ps A (In'<n. Tsn')})
=k {As. Ps A (3n. Tsn)} WHILE b DO ¢ {\s. P s A =bval b s} |

101



conseq: [Vs. P's — P s; b {P}c{Q};Vs. Qs — Q's | =
AP} e{ Q7
The While-rule is like the one for partial correctness but it requires ad-
ditionally that with every execution of the loop body some measure relation

T :: state = nat = bool decreases. The following functional version is more
intuitive:

lemma While_fun:
[ An:nat. by {As. Ps Abvalbs An=fs}c{As. PsAfs<n}]
=t {P} WHILE b DO ¢ {Xs. P s A\ —bval b s}
by (rule While [where T=As n. n = f s, simplified])

Building in the consequence rule:

lemma strengthen_pre:
[Vs. P's — Ps; b {P} c{Q} ] = {P} ¢ {Q}
by (metis conseq)

lemma weaken_post:

[Fe {P} c{Q}; Vs. Qs — Q's] = F {P} c{Q}
by (metis conseq)

lemma Assign”: Vs. P s — Q(sla/z]) = {P} z == a {Q}
by (simp add: strengthen_pre[OF _ Assign])

lemma While_fun’:

assumes An:nat. Fy {As. Ps ANbvalbs An=fs} c{\s. PsAfs<n}
and Vs. Ps A= bvalbs — @ s

shows +, {P} WHILE b DO ¢ {Q}

by (blast intro: assms(1) weaken_post|OF While_fun assms(2)])

Our standard example:

lemma H; {As. s "z" =i} "y == N 0;; wsum {As. s ""y" = sum i}
apply (rule Seq)
prefer 2
apply (rule While_fun’ [where P = Xs. (s "y = sum i — sum(s "z"))
and f = As. nat(s "z")])
apply (rule Seq)
prefer 2
apply (rule Assign)
apply (rule Assign’)
apply simp
apply (simp)
apply(rule Assign’)
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apply simp
done

The soundness theorem:

theorem hoaret_sound: F; {P}c{Q} = | {P}c{Q}
proof (unfold hoare_tvalid_def , induction rule: hoaret.induct)
case (While P b T ¢)
{

fix sn
have [ Ps; Tsn ]| = 3t. (WHILEbDO ¢,s) =t ANPtAN—bvalbt
proof (induction n arbitrary: s rule: less_induct)
case (less n)
thus “case by (metis While.IH WhileFalse WhileTrue)
qed
}
thus “case by auto
next
case If thus ?case by auto blast
qed fastforce+

The completeness proof proceeds along the same lines as the one for
partial correctness. First we have to strengthen our notion of weakest pre-
condition to take termination into account:

definition wpt :: com = assn = assn (wp;) where
wpr ¢ @ = (As. 3t. (¢,5) =t N Q1)

lemma [simp]: wpy SKIP Q = Q
by (auto introl: ext simp: wpt_def)

lemma [simp]: wp; (z =€) Q@ = (As. Q(s(z := aval e s)))
by (auto introl: ext simp: wpt_def)

lemma [simp]: wp; (c135¢2) @ = wpy c1 (wpr c2 Q)
unfolding wpt_def

apply (rule ext)

apply auto

done

lemma [simp]:

wpy (IF b THEN ¢y ELSE ¢3) Q = (As. wpy (if bval b s then ¢y else c2) Q
5)

apply (unfold wpt_def)

apply (rule ext)

apply auto
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done

Now we define the number of iterations WHILE b DO c¢ needs to ter-
minate when started in state s. Because this is a truly partial function, we
define it as an (inductive) relation first:

inductive Its :: bexp = com = state = nat = bool where
Its 0: = bval b s = Its b ¢ s 0 |
Its_Suc: [ bval b s; (c,s) = s’y Itsbcs'n] = Its b ¢ s (Suc n)

The relation is in fact a function:

lemma Its_fun: Its b ¢ sn = Its b ¢ s n' = n=n'
proof (induction arbitrary: n' rule:Its.induct)
case Its_0 thus Zcase by(metis Its.cases)
next
case Its_Suc thus Zcase by(metis Its.cases big_step_determ,)
ged

For all terminating loops, Its yields a result:

lemma WHILE Its: (WHILE b DO ¢,s) = t = 3n. Itsbcsn
proof (induction WHILE b DO ¢ s t rule: big_step_induct)
case WhileFalse thus ?case by (metis Its_0)
next
case WhileTrue thus Zcase by (metis Its_Suc)
ged

lemma wpt_is_pre: by {wp; ¢ Q} ¢ {Q}
proof (induction ¢ arbitrary: Q)
case SKIP show ?case by (auto intro:hoaret.Skip)
next
case Assign show ?case by (auto intro:hoaret.Assign)
next
case Seq thus ?case by (auto intro:hoaret.Seq)
next
case If thus ?case by (auto intro:hoaret.If hoaret.conseq)
next
case (While b c)
let w = WHILE b DO ¢
let 7T = Its b c
have Vs. wp; fw Qs — wp, 2w Q s A (In. Its b ¢ s n)
unfolding wpt_def by (metis WHILE_Its)
moreover
{ fix n
let 2R = Xs". wpy 2w Q s’ A (In'<n. 2T s’ n’)
{ fix st assume bval b s and ?T s n and (?w, s) = t and Q t

104



from (bval b s) and (?w, s) = ¢ obtain s’ where
(¢,s) = s’ (Pw,s’) = t by auto
from (%w, s") = t obtain n’ where ?T s’ n’
by (blast dest: WHILE_Its)
with (bval b s) and (¢, s) = s’ have ?T s (Suc n’) by (rule Its_Suc)
with «(?T s n) have n = Suc n’ by (rule Its_fun)
with (¢,s) = s) and (?w,s’) = © and (Q © and (?T s’ n'
have wp; ¢ ?R s by (auto simp: wpt_def)
}
hence Vs. wp; ?w Q s AN bval b s N 2T sn — wp; ¢ ?R s
unfolding wpt_def by auto

note strengthen_pre[OF this While.IH]
} note hoaret. While| OF this]
moreover have Vs. wp; fw Q s A = bval b s — @Q s
by (auto simp add:wpt_def)
ultimately show ?Zcase by (rule conseq)
qed

In the While-case, Its provides the obvious termination argument.
The actual completeness theorem follows directly, in the same manner
as for partial correctness:

theorem hoaret_complete: =y {P}c{Q} = F, {P}c{Q}
apply (rule strengthen_pre[OF _ wpt_is_pre])

apply (auto simp: hoare_tvalid_def wpt_def)

done

corollary hoaret_sound_complete: by {P}c{Q} +— ¢ {P}c{Q}
by (metis hoaret_sound hoaret_complete)

end

14 Abstract Interpretation

theory Complete_Lattice
imports Main
begin

locale Complete_Lattice =

fixes L :: 'a::order set and Gib :: 'a set = 'a

assumes Glb_lower: A C L= ac€ A= GlbA<a
and Glb_greatest: b : L —= VacA. b < a=— b < Glb A
and Glb_in.: ACL— GlbA:L

begin
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definition Ifp :: (Ya = ’a) = 'a where
Ifpf=Glb{a:L fa<a}

lemma index_lfp: Ifp f : L
by (auto simp: lfp_def intro: Glb_in_L)

lemma Ifp_lowerbound:
[a:L; fa<a]l=1Ilfpf<a
by (auto simp add: Ifp_def intro: Glb_lower)

lemma Ifp_greatest:
la:L; Nu.Ju:Lifu<u]=a<u]=a<lpf
by (auto simp add: Ifp_def intro: Glb_greatest)

lemma Ifp_unfold: assumes Az. fz : L+— = : L
and mono: mono f shows Ifp f = f (ifp f)
proof—
note assms(1)[simp] index_lfp[simp]
have 1: f (fp f) < Up f
apply (rule lfp_greatest)
apply simp
by (blast intro: lfp_lowerbound monoD[OF mono| order_trans)
have Ify f <  (fp f)
by (fastforce intro: 1 monoD[OF mono] Ifp_lowerbound)
with 1 show ?thesis by(blast intro: order_antisym)
qed

end

end

theory ACom
imports Com
begin

14.1 Annotated Commands

datatype 'a acom =
SKIP 'a (SKIP {.} 61) |
Assign vname aexp 'a (== _/{}) [1000, 61, 0] 61) |
Seq ("a acom) (‘a acom) (3//- 160, 61] 60) |

If bexp 'a ("a acom) 'a (‘a acom) 'a
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(UF ./ THEN ({-}/ -)/ ELSE ({-}/ )//{-}) [0, 0,0, 61,0, 0] 61) |
While 'a bexp 'a ('a acom) 'a

(({-}//WHILE _//DO ({-}//)//{-}) 10,0, 0, 61, 0] 61)

notation com.SKIP (SKIP)
fun strip :: 'a acom = com where
strip (SKIP {P}) = SKIP |
strip (x == e {P}) =z == e |
strip (C1;;C2) = strip Cy;; strip Cq |
strip (IF b THEN {P1} Cy ELSE {P5} Cs {P}) =
IF b THEN strip Cy ELSE strip Cs |
strip ({1} WHILE b DO {P} C {Q}) = WHILE b DO strip C

fun asize :: com = nat where

asize SKIP = 1 |

asize (x == e) = 1 |

asize (C1;;Cq) = asize C1 + asize Cy |

asize (IF b THEN Cy ELSE C3) = asize C'1 + asize Cy + 3 |
asize (WHILE b DO C) = asize C + 3

definition shift :: (nat = 'a) = nat = nat = 'a where
shift fn = (Ap. f(p+n))

fun annotate :: (nat = 'a) = com = 'a acom where
annotate f SKIP = SKIP {f 0} |
annotate f (z w=e) =z = e {f 0} |
annotate f (c1;;c2) = annotate f c1;; annotate (shift f (asize c1)) co |
annotate f (IF b THEN ¢1 ELSE cq) =
IF b THEN {f 0} annotate (shift f 1) c1
ELSE {f(asize c1 + 1)} annotate (shift f (asize c1 + 2)) c2
{f(asize c¢1 + asize ca + 2)} |
annotate f (WHILE b DO ¢) =
{f0} WHILE b DO {f 1} annotate (shift f 2) ¢ {f(asize ¢ + 2)}

fun annos :: 'a acom = 'a list where
annos (SKIP {P}) = [P] |
annos (z == e {P}) = [P] |
annos (C1;;C2) = annos C1 Q annos Cy |
annos (IF b THEN {P1} C1 ELSE {P3} C3 {Q}) =
P # annos C1 @Q Py # annos Cy Q [Q)] |
annos ({I} WHILE b DO {P} C {Q}) =1 # P # annos C Q [Q)]
definition anno :: 'a acom = nat = 'a where
anno Cp = annos C' ! p
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definition post :: ‘a acom ='a where

post C = last(annos C)

fun map_acom :: (Ya = 'b) = 'a acom = 'b acom where

map-acom f (SKIP {P}) = SKIP {f P} |

map-acom f (x == e {P}) =z == e {f P} |

map_acom f (C1;;C2) = map_acom f C1;; map_acom f Cy |

map-acom f (IF b THEN {P1} Cy ELSE {P2} C2 {Q}) =
IF b THEN {f P1} map_acom f C1 ELSE {f P2} map_acom f Cs
{fQ}|

map_acom f ({I} WHILE b DO {P} C {Q}) =
{f1} WHILE b DO {f P} map_acom f C {f Q}

lemma annos_ne: annos C # []
by (induction C) auto

lemma strip_annotate[simp]: strip(annotate f ¢) = ¢
by (induction ¢ arbitrary: f) auto

lemma length_annos_annotate[simp]: length (annos (annotate f ¢)) = asize
c
by (induction ¢ arbitrary: f) auto

lemma size_annos: size(annos C) = asize(strip C)
by (induction C')(auto)

lemma size_annos_same: strip C1 = strip C2 = size(annos C1) = size(annos
02)

apply (induct C2 arbitrary: C1)

apply(case_tac C1, simp_all)+

done

lemmas size_annos_same2 = eqTruel [OF size_annos_same]

lemma anno_annotate[simpl: p < asize ¢ = anno (annotate fc) p = fp

apply (induction ¢ arbitrary: f p)

apply (auto simp: anno_def nth_append nth_Cons numeral_eq_Suc shift_def
split: nat.split)

apply (metis add_Suc_right add_diff-inverse add.commute)

apply (rule_tac f=f in arg_cong)

apply arith

apply (metis less_Suc_eq)

done

lemma eq_acom_iff_strip_annos:
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Cl = C2 +— strip C1 = strip C2 N annos C1 = annos C2
apply (induction C1 arbitrary: C2)
apply(case_tac C2, auto simp: size_annos_same2)+
done

lemma eq_acom_iff strip_anno:
C1=C2 +— strip C1 = strip C2 N (V¥ p<size(annos C1). anno C1 p =
anno C2 p)
by (auto simp add: eq_acom_iff_strip_annos anno_def
list_eq_iff -nth_eq size_annos_sameZ2)

lemma post_map_acom[simp]: post(map_acom f C) = f(post C)
by (induction C) (auto simp: post_def last_append annos_ne)

lemma strip_map_acom|[simp]: strip (map_acom f C') = strip C
by (induction C) auto

lemma anno_map_acom: p < size(annos C) = anno (map-acom f C) p
= f(anno C p)

apply (induction C arbitrary: p)

apply(auto simp: anno_def nth_append nth_Cons’ size_annos)

done

lemma strip_eq SKIP:
strip C = SKIP «+— (EX P. C = SKIP {P})
by (cases C) simp_all

lemma strip_eq_Assign:
strip C = zu=e <— (EX P. C = z:=e {P})
by (cases C) simp_all

lemma strip_eq_Seq:

strip C = cl;;¢2 «— (EX C1 C2. C = C1;;C2 & strip C1 = ¢l & strip
C2 = c2)
by (cases C) simp_all

lemma strip_eq_If:

strip C = IF b THEN c1 ELSE ¢2 +—

(EX P1 P2 C1 C2 Q. C = IF b THEN {P1} C1 ELSE {P2} C2 {Q} &
strip C1 = c1 & strip C2 = ¢2)
by (cases C') simp_all

lemma strip_eq_ While:
strip C = WHILE b DO cl +—
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(EXIP C1 Q. C = {I} WHILE b DO {P} C1 {Q} & strip C1 = ¢I)
by (cases C) simp_all

lemma [simp]: shift (Ap. a) n = (Ap. a)
by (simp add:shift_def)

lemma set_annos_anno[simp|: set (annos (annotate (Ap. a) c)) = {a}
by (induction ¢) simp_all

lemma post_in_annos: post C € set(annos C)
by (auto simp: post_def annos_ne)

lemma post_anno_asize: post C = anno C (size(annos C') — 1)
by (simp add: post_def last_conv_nth[OF annos_ne] anno_def)

end

theory Collecting

imports Complete_Lattice Big_Step ACom
~~ /src/ Tools | Permanent_Interpretation

begin

14.2 The generic Step function

notation
sup (infixl Ll 65) and
inf (infixl 1 70) and
bot (L) and
top (T)

context
fixes f :: vname = aexp = 'a = 'a::sup
fixes g :: bexp = 'a = 'a
begin
fun Step :: 'a = 'a acom = 'a acom where
Step S (SKIP {Q}) = (SKIP {S}) |
Step S (z == e {Q}) =
zu=¢e{freS}|
Step S (C1;; C2) = Step S C1;; Step (post C1) C2 |
Step S (IF b THEN {P1} C1 ELSE {P2} 02 {Q}) =
IF b THEN {g b S} Step P1 C1 ELSE {g (Not b) S} Step P2 C2
{post C1 U post C2} |
Step S ({I} WHILE b DO {P} C {Q}) =
{S U post C} WHILE b DO {g b I} Step P C {g (Notb) I}
end
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lemma strip_Step[simp]|: strip(Step f g S C) = strip C
by (induct C arbitrary: S) auto

14.3 Collecting Semantics of Commands
14.3.1 Annotated commands as a complete lattice

instantiation acom :: (order) order
begin

definition less_eq_acom :: ('a::order)acom = 'a acom = bool where
C1 < C2 <— strip C1 = strip C2 A (Y p<size(annos C1). anno C1 p <
anno C2 p)

definition less_acom :: 'a acom = 'a acom = bool where
lesscacomzy = (z <y A -y <x)

instance
proof

case goall show ?case by(simp add: less_.acom_def)
next

case goal2 thus ?case by (auto simp: less_eq-acom_def)
next

case goal3 thus Zcase by(fastforce simp: less_eq_acom_def size_annos)
next

case goal thus Zcase

by (fastforce simp: le_antisym less_eq_acom_def size_annos
eq_acom_iff_strip_anno)

qed

end

lemma less_eq_acom_annos:
C1 < C2 +— strip C1 = strip C2 A list_all2 (op <) (annos C1) (annos
C2)

by (auto simp add: less_eq_acom_def anno_def list_all2_conv_all_nth size_annos_sameZ2)

lemma SKIP le[simp]: SKIP {S} < ¢ «— (35" ¢ = SKIP {S"} N § <
S’)

by (cases ¢) (auto simp:less_eq-acom_def anno_def)

lemma Assign_le[simp]: x mi=e {S} < c+— (3S . c=zu2=e{S}TAS
< S
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by (cases ¢) (auto simp:less_eq_acom_def anno_def)

lemma Seq_le[simp]: C1;;C2 < C «+— (3C1' C2". C = C1%;C2" N C1 <
C1' N C2 < C2))

apply (cases C)

apply (auto simp: less_eq_acom_annos list_all2_append size_annos_same2)
done

lemma If le[simp]|: IF b THEN {p1} C1 ELSE {p2} C2 {S} < C +—
(3p1'p2' C1’' C2'S'. C =1F b THEN {p1'} C1' ELSE {p2'} C2'{S'}
VAN
pl < pl'Ap2<p2'’ANC1<CI'ANC2<C2'NS <8
apply (cases C)
apply (auto simp: less_eq_acom_annos list_all2_append size_annos_same2)
done

lemma While_le[simp]: {I} WHILE b DO {p} C {P} < W «—

3I'p" C'"P. W ={I'Yy WHILE b DO {p’} C'"{P} AN C < C'Ap<
p’ NI <I'"ANP <P
apply (cases W)
apply (auto simp: less_eq_acom_annos list_all2_append size_annos_same2)
done

lemma mono_post: C < C' = post C < post C'

using annos_ne[of C'

by (auto simp: post_def less_eq_acom_def last_conv_nth|OF annos_-ne| anno_def
dest: size_annos_same)

definition Inf.acom :: com = 'a::complete_lattice acom set = 'a acom
where
Inf-acom ¢ M = annotate (Ap. INF C:M. anno C p) ¢

permanent_interpretation

Complete_Lattice {C'. strip C = ¢} Inf.acom ¢ for ¢
proof

case goall thus ?case

by (auto simp: Inf-acom_def less_eq_acom_def size_annos intro: INF_lower)
next

case goal2 thus ?Zcase

by (auto simp: Inf-acom_def less_eq-acom_def size_annos intro: INF_greatest)
next

case goal3 thus ?case by (auto simp: Inf-acom_def)
qged
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14.3.2 Collecting semantics

definition step = Step (Az e S. {s(z := aval e s) |s. s : S}) (Ab S. {s:S.
bval b s})

definition CS :: com = state set acom where
CS ¢ = lfp ¢ (step UNIV)

lemma mono2_Step: fixes C1 C2 :: 'a::semilattice_sup acom
assumes !lz e §1 52. 51 < 52 — fzxeS1 < fzxeS2
"o 8152.81 <82 = gbS1 <gbsS2
shows (1 < (2 = 51 < §2 = Step fg S1 C1 < Step fg 52 C2
proof (induction S1 C1 arbitrary: C2 S2 rule: Step.induct)
case I thus ?case by(auto)

next

case 2 thus ?case by (auto simp: assms(1))
next

case 3 thus ?case by(auto simp: mono_post)
next

case / thus ?Zcase
by (auto simp: subset_iff assms(2))
(metis mono_post le_supll le_supI2)+
next
case 5 thus ?case
by (auto simp: subset_iff assms(2))
(metis mono_post le_supll le_supI2)+
qed

lemma mono2_step: C1 < C2 — S1 C S2 — step S1 C1 < step 52 C2
unfolding step_def by(rule mono2_Step) auto

lemma mono_step: mono (step S)
by (blast intro: monol mono2_step)

lemma strip_step: strip(step S C) = strip C
by (induction C arbitrary: S) (auto simp: step_def )

lemma [fp_cs_unfold: Ifp c (step S) = step S (Ifp ¢ (step S))
apply (rule lfp_unfold[OF _ mono_step])

apply (simp add: strip_step)

done

lemma CS_unfold: CS ¢ = step UNIV (CS c)
by (metis CS_def Ifp_cs_unfold)
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lemma strip_CS[simp]: strip(CS ¢) = ¢
by (simp add: CS_def indez_lfp[simplified])

14.3.3 Relation to big-step semantics

lemma asize_nz: asize(c::com) # 0
by (metis length_0_conv length_annos_annotate annos_ne)

lemma post_Inf acom:
VCeM. strip C = ¢ = post (Infoacom ¢ M) = () (post * M)
apply (subgoal_tac ¥ CeM. size(annos C) = asize c)
apply (simp add: post_anno_asize Inf-acom_def asize_nz neq0_conv[symmetric])
apply (simp add: size_annos)
done

lemma post_lfp: post(ifp ¢ f) = (N{post C|C. strip C = c AN fC < C})
by (auto simp add: lfp_def post_Inf-acom)

lemma big_step_post_step:
[(c,s)=1t; stripC=c; s€8; step SC < C]=tE¢€ postC
proof (induction arbitrary: C S rule: big_step_induct)
case Skip thus ?case by(auto simp: strip_eq SKIP step_def post_def)
next
case Assign thus ?case
by (fastforce simp: strip_eq_Assign step_def post_def)
next
case Seq thus ?case
by (fastforce simp: strip_eq_Seq step_def post_def last_append annos-ne)
next
case [fTrue thus Zcase apply(auto simp: strip_eq_If step_def post_def)
by (metis (lifting,full_types) mem_Collect_eq set_mp)
next
case IfFalse thus ?case apply(auto simp: strip_eq_If step_def post_def)
by (metis (lifting,full_types) mem_Collect_eq set_mp)
next
case (WhileTrue b s1 ¢’ s2 s3)
from WhileTrue.prems(1) obtain I P C' @ where C = {I} WHILE b
DO {P} C'{Q} strip C' = ¢’
by (auto simp: strip_eq-While)
from WhileTrue.prems(3) «C =
have step P C' < C' {s € I. bvalbs} <P S <1 step (post C') C <
C
by (auto simp: step_def post_def)
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have step {s € I. bval b s} C' < C’
by (rule order_trans|OF mono2_step|OF order_refl {s € I. bval b s} <
P)] (step P C" < C"])
have s1: {s:I. bval b s} using (s1 € S (S C D) (bval b s1) by auto
note s2_in_post-C'' = WhileTrue.IH(1)[OF «strip C' = ¢’ this (step {s
€ I.bval b s} C'< Ch]
from WhileTrue.IH (2)[OF WhileTrue.prems(1) s2_in_post_C'' (step (post

cy C < O]
show fcase .
next

case (WhileFalse b s1 ¢') thus Zcase
by (force simp: strip_eq_While step_def post_def)
qged

lemma big_step_lfp: [ (¢,s) = t; s € S| =t € post(ifp ¢ (step S))
by (auto simp add: post_lfp intro: big_step_post_step)

lemma big_step_CS: (¢,s) = t = t : post(CS c)
by (simp add: CS_def big_step_lfp)

end

theory Collecting1
imports Collecting
begin

14.4 A small step semantics on annotated commands

The idea: the state is propagated through the annotated command as an
annotation {s}, all other annotations are {}. It is easy to show that this
semantics approximates the collecting semantics.

lemma step_preserves_le:
[ step Scs =cs; S"C S;e8'" <es] =
step S’ es' < cs

by (metis mono2_step)

lemma steps_empty_preserves_le: assumes step S c¢s = cs
shows cs’ < cs = (step {} ""n) cs’ < cs
proof (induction n arbitrary: cs’)
case 0 thus ?case by simp
next
case (Suc n) thus ?case
using Suc.IH[OF step_preserves_le[OF assms empty_subset] Suc.prems]]
by (simp add:funpow_swap1)
qged
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definition steps :: state = com = nat = state set acom where
steps s ¢ n = ((step {}) ""n) (step {s} (annotate (Ap. {}) ¢))

lemma steps_approx_fix_step: assumes step S c¢s = ¢s and s:5
shows steps s (strip cs) n < cs
proof—
let ?bot = annotate (Ap. {}) (strip cs)
have ?bot < cs by(induction cs) auto
from step_preserves_le[OF assms(1)- this, of {s}] (s:5)
have 1: step {s} ?bot < cs by simp
from steps_empty_preserves_le[OF assms(1) 1]
show ?thesis by(simp add: steps_def)
qged

theorem steps_approx_CS: steps s cn < CS ¢
by (metis CS_unfold UNIV_I steps_approx_fix_step strip_CS)

end

theory Collecting_Ezamples
imports Collecting Vars
begin

14.5 Pretty printing state sets

Tweak code generation to work with sets of non-equality types:

declare insert_code|code del] union_coset_filter|code del]
lemma insert_code [code|: insert x (set xs) = set (x#xs)
by simp

Compensate for the fact that sets may now have duplicates:
definition compact :: 'a set = 'a set where

compact X = X

lemma [code|: compact(set xs) = set(remdups xs)
by (simp add: compact_def)
definition vars_.acom = compact o vars o strip

In order to display commands annotated with state sets, states must
be translated into a printable format as sets of variable-state pairs, for the
variables in the command:

definition show_acom :: state set acom = (vnamexval)set set acom where
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show_acom C' =
annotate (Ap. (As. (Az. (z, s z)) ¢ (vars_acom C)) ‘ anno C p) (strip C)

14.6 Examples

definition ¢0 = WHILE Less (V "z") (N 3)
DO "z ::= Plus (V "z") (N 2)
definition C0 : state set acom where C0 = annotate (%p. {}) c0

Collecting semantics:

value show_acom (((step {<>}) "" 1) C0)
value show_acom (((step {<>}) " 2) C0)
value show_acom (((step {<>}) " 3) C0)
value show_acom (((step {<>}) " 4) C0)
value show_acom (((step {<>}) " 5) C0)
value show_acom (((step {<>}) "~ 6) C0)
value show_acom (((step {<>}) “" 7) C0O)
value show_acom (((step {<>}) " 8) C0)
Small-step semantics:
value show_acom (((step {}) "~ 0) (step {<>} C0))
value show_acom (((step {}) """ 1) (step {<>} C0))
value show_acom (((step {}) "~ 2) (step {<>} C0))
value show_acom (((step {}) " 3) (step {<>} C0))
value show_acom (((step {}) "~ 4) (step {<>} C0))
value show_acom (((step {}) " 5) (step {<>} C0))
value show_acom (((step {}) "~ 6) (step {<>} C0))
value show_acom (((step {}) “~ 7) (step {<>} C0))
value show_acom (((step {}) "~ 8) (step {<>} C0))

end

theory Abs_Int_Tests
imports Com

begin

14.7 Test Programs

For constant propagation:
Straight line code:

definition testi_const =

"y = N 7

"z = Plus (V "y") (N 2);;
"y" = Plus (V "z'") (N 0)

Conditional:
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definition test2_const =
IF Less (N 41) (V "z'"y THEN "z" := N 5 ELSE "z" := N &

Conditional, test is relevant:

definition test3_const =
// 12} e N42
IF Less (N 41) (V "z'"y THEN "z" := N 5 ELSE "z" := N 6

While:

definition test/_const =
"g!"::= N 0;; WHILE Bc True DO "z" ::= N 0

While, test is relevant:

definition test5_const =
"g! ::= N 0;; WHILE Less (V "z'") (N 1) DO "z" ::= N 1

Iteration is needed:

definition test6_const =
"g" = N 0;; "y" = N 0;; "z" := N 2;;
WHILE Less (V "z'") (N 1) DO ("z" ==V "y, "y" ==V ""2")

For intervals:

definition test1_ivl =

"y = N 7

IF Less (V "z (V "y"

THEN "y" = Plus (V "y") (V "2")
ELSE "z ” = Plus (V "z (V "y"

definition test2_ivl =
WHILE Less (V "z'") (N 100)
DO "z" ::= Plus (V "z") (N 1)

definition test3_ivl =

/l 12 = N 0”

WHILE Less (V "z') (N 100)
DO "z ::= Plus (V "z") (N 1)

definition test/_ivl =

// 12 e N 0” // . N 0”

WHILE Less (V ”x’ﬁ (N 11)

DO ("z" ::= Plus (V "z") (N 1);; ""y"" ::= Plus (V' "y"") (N 1))

definition tests_ivl =

11 //:,_NO // . NO
WHILE Less ( V ”x”) N 100)
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DO ("y" =V "z’ "z = Plus (V "z") (N 1))

definition test6_ivl =
"g'" = N 03
WHILE Less (N —1) (V "z") DO "z" ::= Plus (V "z"") (N 1)

end

theory Abs_Int_init

imports ~~/src/HOL/ Library / While_Combinator
~~ [src/HOL/ Library / Extended
Vars Collecting Abs_Int_Tests

begin

hide_const (open) top bot dom — to avoid qualified names

end

theory Abs_Int0
imports Abs_Int_init
begin

14.8 Orderings

The basic type classes order, semilattice_sup and order_top are defined in
Main, more precisely in theories Orderings and Lattices. If you view this
theory with jedit, just click on the names to get there.

class semilattice_sup_top = semilattice_sup + order_top

instance fun :: (type, semilattice_sup_top) semilattice_sup_top ..

instantiation option :: (order)order
begin

fun less_eq_option where

Some x < Some y = (z < y) |

None < y = True |

Some _ < None = Fualse

definition less_option where x < (y::’a option) = (zx < y AN =y < x)

lemma le_None[simp]: (z < None) = (z = None)
by (cases z) simp_all
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lemma Some_le[simp]: (Some x < u) = (Fy. u = Some y A z < y)
by (cases u) auto

instance proof
case goall show ?case by(rule less_option_def)
next
case goal2 show ?case by(cases z, simp_all)
next
case goal3 thus Zcase by(cases z, simp, cases y, simp, cases x, auto)
next
case goal/ thus Zcase by(cases y, simp, cases z, auto)
qged

end

instantiation option :: (sup)sup
begin

fun sup_option where

Some x LI Some y = Some(z U y) |
None Uy =y |

z U None = x

lemma sup_None2[simp]: x LI None = x
by (cases x) simp_all

instance ..
end

instantiation option :: (semilattice_sup_top)semilattice_sup_top
begin

definition top_option where T = Some T

instance proof
case goal/ show ?case by(cases a, simp_all add: top_option_def)
next
case goall thus ?case by(cases z, simp, cases y, simp_all)
next
case goal2 thus ?case by(cases y, simp, cases z, simp_all)
next
case goal3 thus ?case by(cases z, simp, cases y, simp, cases z, simp_all)
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qed
end

lemma [simp|: (Some z < Some y) = (z < y)
by (auto simp: less_le)

instantiation option :: (order)order_bot
begin

definition bot_option :: 'a option where
1 = None

instance
proof

case goall thus Zcase by (auto simp: bot_option_def)
qged

end

definition bot :: com = 'a option acom where
bot ¢ = annotate (Ap. None) c

lemma bot_least: strip C = ¢ = bot ¢ < C
by (auto simp: bot_def less_eq_acom_def )

lemma strip_bot[simp]: strip(bot ¢) = ¢
by (simp add: bot_def)

14.8.1 Pre-fixpoint iteration

definition pfp :: (("a::order) = 'a) = 'a = 'a option where
pfp f = while_option (A\z. = fz < zx) f

lemma pfp_pfp: assumes pfp f 20 = Some = shows fz < z
using while_option_stop[OF assms|[simplified pfp_def]] by simp

lemma while_least:

fixes ¢ :: 'a::order

assumes VeelLVyel. e <y — fe < fyandVz.z € L — fzx € L
andVzelL b<zandbe Land fg<gand g€ L

and while_option P f b = Some p

shows p < ¢
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using while_option_rule[OF _ assms(7)[unfolded pfp_def],
where P = %z. 2 € L A z < ¢]
by (metis assms(1—6) order_trans)

lemma pfp_bot_least:

assumes Vze{C. strip C = c}NVye{C. strip C =c}. e <y — fz <fy

and VC. C € {C. strip C = ¢} — fC € {C. strip C = ¢}

and f C’' < C' strip C' = ¢ pfp [ (bot ¢) = Some C

shows C < ('

by (rule while_least| OF assms(1,2) _ _ assms(3) _ assms(5)[unfolded pfp_def]])
(simp_all add: assms(4) bot_least)

lemma pfp_inv:
pfp fz = Somey = (A\z. Pz — P(fz)) = Px = Py
unfolding pfp_def by (metis (lifting) while_option_rule)

lemma strip_pfp:

assumes A\z. g(fz) = g x and pfp f 20 = Some x shows g x = g z0
using pfp_inv[OF assms(2), where P = %z. g x = ¢ z0] assms(1) by
stmp

14.9 Abstract Interpretation

definition v_fun :: (‘a = b set) = (‘c = 'a) = (‘¢ = 'b)set where
vy fun vy F ={f.Vz. fz € y(Fx)}

fun v_option :: (‘a = 'b set) = 'a option = 'b set where
v-option v None = {} |
~v-option v (Some a) = v a

The interface for abstract values:

locale Val_semilattice =
fixes v :: ‘av::semilattice_sup_top = wval set
assumes mono_gamma: ¢ < b= v a <~ b
and gamma_Top[simp]: v T = UNIV
fixes num’ :: val = 'av
and plus’ :: 'av = 'av = 'av
assumes gamma_num’ i € y(num’ 7)
and gamma_plus”: il € v al = i2 € v a2 = i1+i2 € y(plus’ al a2)

type_synonym ‘av st = (vname = 'av)

The for-clause (here and elsewhere) only serves the purpose of fixing the
name of the type parameter ‘av which would otherwise be renamed to ’a.

locale Abs_Int_fun = Val_semilattice where vy=+y
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for ~ :: 'av::semilattice_sup_top = wval set
begin

fun aval’ :: aexp = 'av st = 'av where

aval’ (N i) S = num’ i |

aval’ (V) S =Sz |

aval” (Plus al a2) S = plus’ (aval’ a1 S) (aval’ a2 S)

definition asem z e S = (case S of None = None | Some S = Some(S(z
:= aval’ € 9)))

definition step’ = Step asem (Ab S. S)

lemma strip_step’[simp]: strip(step’ S C) = strip C
by (simp add: step’_def)

definition Al :: com = 'av st option acom option where
Al ¢ = pfp (step’ T) (bot ¢)

abbreviation v, :: ‘av st = state set

where v, == v_fun y

abbreviation 7, :: ‘av st option = state set
where v, == y_option s

abbreviation v, :: ‘av st option acom = state set acom
where v, == map_acom 7,

lemma gamma_s_Top[simp]: vs T = UNIV
by (simp add: top_fun_def ~_fun_def)

lemma gamma_o_Top[simp]: v, T = UNIV
by (simp add: top_option_def)

lemma mono_gamma_s: f1 < f2 = ~v5 f1 C v5 f2
by (auto simp: le_fun_def ~y_fun_def dest: mono_gamma)

lemma mono-gamma-o:
S1 < 852 = v, 81 C~, 52

by (induction S1 S2 rule: less_eq_option.induct)(simp_all add: mono_gamma_s)

lemma mono_gamma_c: C1 < C2 = v, C1 < v, C2
by (simp add: less_eq-acom_def mono_gamma_o size_annos anno-map_acom
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size_annos_same|of C1 C2])
Correctness:

lemma aval’_correct: s : v4 S = aval a s : y(aval’ a S)
by (induct a) (auto simp: gamma_num’ gamma_plus’ v_fun_def)

lemma in_gamma_update: [ s : vs S; i :7 a | = s(z := 1) : y5(S(z :=

a))
by (simp add: v_fun_def)

lemma gamma_Step_subcomm::

assumes !z e S. flze (7, 5) Ty (f2xeS) "6 S. g1 b (v S) C 7
(926 S)

shows Step f1 g1 (7o 5) (ve C) < e (Step f2 g2 S C)
by (induction C arbitrary: S) (auto simp: mono_gamma-o assms)

lemma step_step”: step (Vo S) (7e C) < 7. (step’ S C)
unfolding step_def step’_def
by (rule gamma_Step_subcomm,)
(auto simp: aval’_correct in_gamma_update asem_def split: option.splits)

lemma Al correct: AI ¢ = Some C = CS ¢ <, C
proof (simp add: CS_def AL def)
assume 1: pfp (step’ T) (bot ¢) = Some C
have pfp” step’ T C < C by(rule pfp_pfp[OF 1])
have 2: step (7o T) (7 C) < v, C — transfer the pfp’
proof (rule order_trans)
show step (7o T) (7e C) < v (step’ T C) by(rule step_step’)
show ... < 7. C by (metis mono_gamma_c[OF pfp))
qed
have 3: strip (y. C) = ¢ by(simp add: strip_pfp[OF _ 1] step’_def)
have Ifp ¢ (step (7o T)) < 7. C
by (rule lfp_lowerbound[simplified, where f=step (v, T), OF 3 2])
thus Ifp ¢ (step UNIV) < 5. C by simp
qed

end

14.9.1 Monotonicity

locale Abs_Int_fun_mono = Abs_Int_fun +
assumes mono_plus” al < bl = a2 < b2 = plus’ al a2 < plus’ b1 b2
begin
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lemma mono_avals S < §' = aval’ e S < aval’ e S’
by (induction e)(auto simp: le_fun_def mono_plus’)

lemma mono_update: a < o' = S < §' = S(z := a) < S'(z := a)
by (simp add: le_fun_def)

lemma mono_step” S1 < §2 — C1 < C2 = step’ S1 C1 < step’ S2
c2
unfolding step’_def
by (rule mono2_Step)
(auto simp: mono_update mono_aval’ asem_def split: option.split)

lemma mono_step’_top: C < C' = step’ T C < step’ T C'
by (metis mono_step’ order_refl)

lemma Al least_pfp: assumes Al ¢ = Some C step’ T C' < C' strip C' =

c

shows C < ('

by (rule pfp_bot_least|OF _ _ assms(2,3) assms(1)[unfolded Al def]])
(simp_all add: mono_step’_top)

end

instantiation acom :: (type) vars
begin

definition vars_acom = vars o strip
instance ..

end

lemma finite_Cvars: finite(vars(C::'a acom))
by (simp add: vars_acom_def)

14.9.2 Termination

lemma pfp_termination:

fixes z0 :: 'a::order and m :: 'a = nat

assumes mono: Nz y. lo = Iy =z < y= fax < fy
and m: A\zy. e —=Ily=—=2x<y=—mz>my

and I: Az y. Iz = I(fz) and I 20 and 20 < f z0
shows Jz. pfp f 20 = Some x
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proof(simp add: pfp_def, rule wf while_option_Some|where P = %x. I z
& < fz])
show wf {(y,z). ({z ANz <fzx)AN-fz<z)ANy=fzx}
by (rule wf-subset]| OF wf-measure[of m]]) (auto simp: m I)
next
show I 20 A z0 < f 20 using (I z0) (x0 < f z0) by blast
next
fix z assume Iz Az < fa thus I(fz) A fao < f(fz)
by (blast intro: I mono)
qged

lemma le_iff le_annos: C1 < C2 +—
strip C1 = strip C2 N (¥ i<size(annos C1). annos C1 ! i < annos C2 !
i)

by (simp add: less_eq-acom_def anno_def )

locale Measurel_fun =
fixes m :: ‘av::top = nat
fixes h :: nat

assumes h: mz < h
begin

definition m_s :: ‘av st = wvname set = nat (ms) where
msSX=( ze€X. m(Sz))

lemma m_s_h: finite X = m_s S X < h % card X
by (simp add: m_s_def) (metis mult.commute of-nat_id setsum_bounded|OF

h])

fun m_o :: 'av st option = vname set = nat (m,) where
m-o (Some §) X = m_s S X |
m_o None X = h * card X + 1

lemma m_o_h: finite X = m_o opt X < (hxcard X + 1)
by (cases opt)(auto simp add: m_s_h le_Sucl dest: m_s_h)

definition m_c :: ‘av st option acom = nat (m.) where
m-c C = listsum (map (Aa. m_o a (vars C)) (annos C))

Upper complexity bound:

lemma m_c_h: m_c C < size(annos C) x (h * card(vars C) + 1)
proof—
let ?X = vars C let ?n = card ?X let %a = size(annos C)
have m_c C = (3. i<%a. m_o (annos C' ! i) ?X)
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by (simp add: m_c_def listsum_setsum_nth atLeastOLessThan)
also have ... < (Y i<%. hx ?n + 1)
apply (rule setsum_mono) using m_o_h[OF finite_Cvars] by simp

also have ... = ?a x (h x ?n + 1) by simp
finally show ?thesis .

qged

end

locale Measure_fun = Measurel_fun where m=m
for m :: 'av::semilattice_sup_top = nat +

assumes m2: x <y = mz > my

begin

The predicates top_on_ty a X that follow describe that any abstract state
in a maps all variables in X to T. This is an important invariant for the
termination proof where we argue that only the finitely many variables in
the program change. That the others do not change follows because they
remain T.

fun top_on_st :: 'av st = vname set = bool (top’_ons) where
top_on_st S X = (VzeX. Sz =T)

fun top_on_opt :: 'av st option = vname set = bool (top’_on,) where
top_on_opt (Some S) X = top_on_st S X |
top_on_opt None X = True

definition top_on_acom :: 'av st option acom = vname set = bool (top’_on..)
where
top_on_acom C X = (Va € set(annos C). top_on_opt a X)

lemma top_on_top: top_on_opt T X
by (auto simp: top_option_def)

lemma top_on_bot: top_on_acom (bot c) X
by (auto simp add: top_on_acom_def bot_def )

lemma top_on_post: top_on_acom C X = top_on_opt (post C) X
by (simp add: top-on_acom_def post_in_annos)

lemma top_on_acom_simps:
top_on_acom (SKIP {Q}) X = top_on_opt @ X
top_on_acom (z == e {Q}) X = top_on_opt Q@ X
top_on_acom (C1;;C2) X = (top_on_acom C1 X A top_on_acom C2 X)
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top_on_acom (IF b THEN {P1} C1 ELSE {P2} C2 {Q}) X =

(top_on_opt P1 X A top_on_acom C1 X A top_on_opt P2 X A top_on_acom
C2 X A top_on_opt Q X)

top_on_acom ({I} WHILE b DO {P} C {Q}) X =

(top_on_opt I X A top-on_acom C X A top_on_opt P X A top_on_opt Q
X)
by (auto simp add: top-on_acom_def)

lemma top_on_sup:
top_on_opt 01 X = top_on_opt 02 X = top_on_opt (o1 U 02) X
apply (induction o1 02 rule: sup_option.induct)

apply (auto)
done

lemma top_on_Step: fixes C :: 'av st option acom
assumes !lz e S. [top_on_opt S X; x ¢ X; vars e C —X] = top_on_opt
(fzeS) X

o S. top_on_opt S X = vars b C —X = top_on_opt (g b S) X
shows [ vars C C —X; top_on_opt S X; top_on_acom C X | = top_on_acom
(StepfgSC) X
proof (induction C arbitrary: S)
qed (auto simp: top-on_acom_simps vars-acom_def top_on_post top_on_sup
assms)

lemma mi:z <y= mzxz>my
by (auto simp: le_less m2)

lemma m_s2_rep: assumes finite(X) and S1 = S2 on —X and Vz. S1 z
< 82z and S1 # S2
shows (3> zeX. m (S2z)) < (X zeX. m (51 x))
proof—
from assms(3) have 1: VzeX. m(S1 x) > m(S2 x) by (simp add: m1)
from assms(2,3,4) have EX z:X. S1 z < S2z
by (simp add: fun_eq_iff) (metis Compl_iff le_neq_trans)
hence 2: 3z€X. m(S1 z) > m(S2 z) by (metis m2)
from setsum_strict_mono_ex1[OF (finite X) 1 2]
show (3 zeX. m (S212)) < (> zeX. m (S z)) .
qed

lemma m_s2: finite(X) = S1 = S2 on —X = 51 < 82 = m.s S1 X
> m.s S2 X

apply (auto simp add: less_fun_def m_s_def)

apply (simp add: m_s2_rep le_fun_def)

done
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lemma m_o02: finite X = top_on_opt 0ol (—X) = top_on_opt 02 (—X)
_—

0l <02 = mool X >moo2X
proof (induction o1 02 rule: less_eq-option.induct)

case [ thus ?case by (auto simp: m_s2 less_option_def)
next

case 2 thus ?case by(auto simp: less_option_def le_imp_less_Suc m_s_h)
next

case 3 thus ?case by (auto simp: less_option_def)
ged

lemma m_ol: finite X = top_on_opt 0ol (—X) = top_on_opt 02 (—X)
_—

0l <02 — m_.ool X > m.o 02X
by (auto simp: le_less m_02)

lemma m_c2: top_on_acom C1 (—wvars C1) = top_on_acom C2 (—wvars
C2) =
C1 <02 = mcCl >mcC2
proof (auto simp add: le_iff-le_annos size_annos_samelof C1 C2] vars_acom_def
less_acom_def)
let X = vars(strip C2)
assume top: top_on_acom C1 (— wars(strip C2)) top_on_acom C2 (—
vars(strip C2))
and strip_eq: strip C1 = strip C2
and 0: Vi<size(annos C2). annos C1 ! i < annos C2 ! i
hence 1: Vi<size(annos C2). m_o (annos C1 ! i) ?X > m_o (annos C2
li) 2X
apply (auto simp: all_set_conv_all_nth vars_acom_def top_on_acom_def)
by (metis (lifting, no_types) finite_cvars m_ol size_annos_sameZ2)
fix ¢ assume i: i < size(annos C2) — annos C2 ! i < annos C1 ! i
have topol: top_on_opt (annos C1 ! i) (— ?2X)
using i(1) top(1) by(simp add: top_on_acom_def size_annos_same[OF
strip_eq|)
have topo2: top_on_opt (annos C2 ! i) (— ?2X)
using (1) top(2) by(simp add: top_on_acom_def size_annos_same[OF
strip_eq))
from 7 have m_o (annos C1 ! i) ?X > m_o (annos C2 ! i) ?X (is 7P 1)
by (metis 0 less_option_def m_02[OF finite_cvars topol] topo2)
hence 2: 3i < size(annos C2). ?P i using (i < size(annos C2)) by blast
have (Y i<size(annos C2). m_o (annos C2 ! i) ?X)
< (Y i<size(annos C2). m_o (annos C1 ! i) ?X)
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apply (rule setsum_strict_mono_exl) using 1 2 by (auto)
thus ?thesis
by (simp add: m_c_def vars_acom_def strip_eq listsum_setsum_nth atLeastOLess Than
size_annos_same[OF strip_eq])
qed

end

locale Abs_Int_fun_measure =
Abs_Int_fun_mono where v=v + Measure_fun where m=m
for ~ :: 'av::semilattice_sup_top = val set and m :: '‘av = nat
begin

lemma top_on_step”: top_on_acom C (—vars C) = top_on_acom (step’ T
C) (—wvars C)
unfolding step’_def
by (rule top_on_Step)
(auto simp add: top_option_def asem_def split: option.splits)

lemma Al Some_measure: 3 C. Al ¢ = Some C

unfolding Al def

apply (rule pfp_termination[where I = \C. top_on_acom C (— wvars C)
and m=m_c|)

apply(simp_all add: m_c2 mono_step’_top bot_least top_on_bot)

using top_on_step’ apply (auto simp add: vars_acom_def)

done

end

Problem: not executable because of the comparison of abstract states,
i.e. functions, in the pre-fixpoint computation.

end

theory Abs_State
imports Abs_Int0
begin

type_synonym ’a st_rep = (vname x 'a) list

fun fun_rep :: (‘a::top) st_rep = vname = 'a where
fun_rep [| = (Az. T) |

fun_rep ((xz,a)#ps) = (fun_rep ps) (x := a)
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lemma fun_rep_map_of[code]: — original def is too slow
fun_rep ps = (%x. case map_of ps  of None = T | Some a = a)
by (induction ps rule: fun_rep.induct) auto

definition eq_st :: ('a::top) st_rep = 'a st_rep = bool where
eq-st S1 S2 = (fun_rep S1 = fun_rep S2)

hide_type st — hide previous def to avoid long names

quotient_type ‘a st = (‘a::top) st_rep | eq_st
morphisms rep_st St
by (metis eq_st_def equivpl refipl sympl transpl)

lift_definition update :: (‘a::top) st = vname = 'a = 'a st
is A\ps = a. (z,a)#ps
by (auto simp: eq_st_def)

lift_definition fun :: (‘a::top) st = vname = 'a is fun_rep
by (simp add: eq_st_def)

definition show_st :: vname set = ('a::top) st = (vname = 'a)set where
show_st X S = (A\z. (z, fun S z)) ‘X

definition show_acom C = map_acom (map_option (show_st (vars(strip
) C

definition show_acom_opt = map_option show_acom

lemma fun_update[simp]: fun (update S z y) = (fun S)(z:=y)
by transfer auto

definition ~y_st :: ((‘a::top) = b set) = 'a st = (vname = 'b) set where
vysty F={f.Va. fz € y(fun Fz)}

instantiation st :: (order_top) order
begin

definition less_eq_st_rep :: 'a st_rep = 'a st_rep = bool where
less_eq_st_rep psl ps2 =
((Vz € set(map fst ps1) U set(map fst ps2). fun_rep psl z < fun_rep ps2

z))

lemma less_eq_st_rep_iff:
less_eq_st_rep 1 r2 = (Vz. fun_rep r1 x < fun_rep 72 x)
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apply (auto simp: less_eq_st_rep_def fun_rep_map_of split: option.split)
apply (metis Un_iff map_of-eq_None_iff option.distinct(1))

apply (metis Un_iff map_of_eq_None_iff option.distinct(1))

done

corollary less_eq_st_rep_iff_fun:
less_eq_st_rep r1 r2 = (fun_rep r1 < fun_rep r2)
by (metis less_eq_st_rep_iff le_fun_def)

lift_definition less_eq_st :: 'a st = 'a st = bool is less_eq_st_rep
by (auto simp add: eq_st_def less_eq_st_rep_iff)

definition less_st where F < (G:'a st) = (F < G AN—- G < F)

instance
proof
case goall show ?case by (rule less_st_def)
next
case goal2 show ?case by transfer (auto simp: less_eq_st_rep_def)
next
case goal3 thus ?Zcase
by transfer (metis less_eq_st_rep_iff order_trans)
next
case goal thus Zcase
by transfer (metis less_eq_st_rep_iff eq_st_def fun_eq_iff antisym)
qged

end

lemma le_stiff: (F < G) = Vz. fun Fz < fun G x)
by transfer (rule less_eq_st_rep_iff)

fun map2_st_rep :: ('a::top = 'a = 'a) = 'a st_rep = 'a st_rep = 'a st_rep
where
map2-st_rep f [] ps2 = map (%(z,y). (z, f T y)) ps2 |
map2_st_rep [ ((z,y)#psl) ps2 =
(let y2 = fun_rep ps2 x
in (z,fyy2) # map2-st_rep f psl ps2)

lemma fun_rep-map2-rep[simpl: f T T =T =

fun_rep (map2_st_rep f ps1 ps2) = (Az. f (fun_rep psl z) (fun_rep ps2 x))
apply (induction f psl ps2 rule: map2_st_rep.induct)
apply (simp add: fun_rep_map_of map_of-map fun_eq_iff split: option.split)
apply (fastforce simp: fun_rep-map_of fun_eq_iff split:option.splits)
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done

instantiation st :: (semilattice_sup_top) semilattice_sup_top
begin

lift_definition sup_st :: 'a st = 'a st = 'a st is map2_st_rep (op L)
by (simp add: eq_st_def)

lift_definition top_st :: ‘a st is [] .

instance
proof

case goall show ?case by transfer (simp add:less_eq_st_rep_iff)
next

case goal2 show ?case by transfer (simp add:less_eq_st_rep_iff)
next

case goal3 thus ?case by transfer (simp add:less_eq_st_rep_iff)
next

case goal4 show ?case

by transfer (simp add:less_eq-st_rep_iff fun_rep-map_of )

qed

end

lemma fun_top: fun T = (Az. T)
by transfer simp

lemma mono_update]simp]:
al < a2 = S1 < 52 = update S1 = al < update S2 z a2
by transfer (auto simp add: less_eq_st_rep_def)

lemma mono_fun: S1 < S2 = fun S1 z < fun S2 x
by transfer (simp add: less_eq_st_rep_iff )

locale Gamma_semilattice = Val_semilattice where =+
for ~ :: 'av::semilattice_sup_top = wval set

begin

abbreviation v, :: ‘av st = state set
where v, == vy_st v

abbreviation 7, :: ‘av st option = state set
where v, == y_option v,
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abbreviation 7. :: ‘av st option acom = state set acom
where v, == map_acom 7,

lemma gamma_s_top[simpl: vs T = UNIV
by (auto simp: ~y_st_def fun_top)

lemma gamma-o_Top|simp]: v, T = UNIV
by (simp add: top_option_def)

lemma mono_gamma.s: f < g = vs f Cvs g
by (simp add:y_st_def le_st_iff subset_iff ) (metis mono_gamma subsetD)

lemma mono_gamma_o:
S1 <82 = v, 51 C v, 52
by (induction S1 S2 rule: less_eq_option.induct)(simp_all add: mono_gamma_s)

lemma mono_gamma_c: C1 < C2 = v, C1 < v, C2
by (simp add: less_eq-acom_def mono_gamma_o size_annos anno-map-acom
size_annos_same|of C1 C2])

lemma in_gamma_option_iff:
T :y_option v u +— (Fu’. u = Some u' ANz : T u’)
by (cases u) auto

end

end

theory Abs_Inti
imports Abs_State
begin

14.10 Computable Abstract Interpretation

Abstract interpretation over type st instead of functions.

context Gamma_semilattice
begin

fun aval’ :: aexp = 'av st = 'av where

aval’ (N i) S = num’ i |

aval’ (V) S = fun S z |

aval’ (Plus al a2) S = plus’ (aval’ a1 S) (aval’ a2 S)
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lemma aval’_correct: s : vs S = aval a s : y(aval’ a S)
by (induction a) (auto simp: gamma_num’ gamma_plus’ vy_st_def)

lemma gamma_Step_subcomm: fixes C1 C2 :: 'a::semilattice_sup acom
assumes !z e S. flze (7, 5) C v, (f2xe )
Mo S. g1 b (70 5) C v (926 5)
shows Step f1 g1 (v, 5) (e C) < e (Step f2 g2 S O)
proof (induction C arbitrary: S)
qed (auto simp: assms introl: mono_gamma_o sup-gel sup_ge2)

lemma in_gamma_update: [ s : vs S; i :7v a ] = s(z := 1) : vs(update S
T a)
by (simp add: ~v_st_def)

end

locale Abs_Int = Gamma_semilattice where y=-y
for ~ :: 'av::semilattice_sup_top = wval set
begin

definition step’ = Step
(Ax e S. case S of None = None | Some S = Some(update S z (aval’ e

S)))
(Ab S. 8)

definition Al :: com = 'av st option acom option where
AT ¢ = pfp (step’ T) (bot ¢)

lemma strip_step’[simp]: strip(step” S C) = strip C
by (simp add: step’_def)

Correctness:

lemma step_step” step (v, S) (Ve C) < v (step’ S C)
unfolding step_def step’_def
by (rule gamma_Step_subcomm)
(auto simp: intro!: aval’_correct in_gamma_update split: option.splits)

lemma Al correct: Al ¢ = Some C = CS ¢ < . C
proof (simp add: CS_def AL def)

assume 1: pfp (step’ T) (bot ¢) = Some C

have pfp” step’ T C < C by(rule pfp_pfp[OF 1])

have 2: step (7, T) (7. C) < 7. C — transfer the pfp’
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proof (rule order_trans)
show step (7o T) (7 C) < . (step’ T C) by(rule step_step’)
show ... < 7. C by (metis mono_gamma_c[OF pfp))
qed
have 3: strip (y. C) = ¢ by(simp add: strip_pfp[OF _ 1] step’_def)
have Ifp ¢ (step (7o T)) < 7. C
by (rule lfp_lowerbound|[simplified, where f=step (v, T), OF 3 2])
thus ifp ¢ (step UNIV) < ~. C by simp
ged

end

14.10.1 Monotonicity

locale Abs_Int_-mono = Abs_Int +
assumes mono_plus” al < bl = a2 < b2 = plus’ al a2 < plus’ b1 b2
begin

lemma mono_aval”s 81 < 52 = aval’ e S1 < aval’ e §2
by (induction e) (auto simp: mono_plus’ mono_fun)

theorem mono_step” S1 < 2 = C1 < 02 = step’ S1 C1 < step’ S2
Cc2

unfolding step’_def

by (rule mono2_Step) (auto simp: mono_aval’ split: option.split)

lemma mono_step’_top: C < C' = step’ T C < step’ T C'
by (metis mono_step’ order_refl)

lemma Al least_pfp: assumes Al ¢ = Some C step’ T C' < C' strip C' =

c

shows C < ('

by (rule pfp_bot_least[OF _ _ assms(2,3) assms(1)[unfolded Al def]])
(simp_all add: mono_step’_top)

end

14.10.2 Termination

locale Measurel =

fixes m :: 'av::order_top = nat
fixes h :: nat

assumes h: mxz < h

begin
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definition m_s :: ‘av st = vname set = nat (ms) where
msSX = zeX. m(fun Sx))

lemma m_s_h: finite X = m_s S X < h % card X
by (simp add: m_s_def) (metis mult.commute of-nat_id setsum_bounded[OF

h])

definition m_o :: ‘av st option = vname set = nat (m,) where
m_o opt X = (case opt of None = h x card X + 1 | Some S = m_s S X)

lemma m_o_h: finite X = m_o opt X < (hxcard X + 1)
by (auto simp add: m_o_def m_s_h le_Sucl split: option.split dest:m_s_h)

definition m_c :: ‘av st option acom = nat (m.) where
m-c C = listsum (map (Aa. m_o a (vars C)) (annos C))

Upper complexity bound:

lemma m_c_h: m_c C < size(annos C) x (h * card(vars C) + 1)
proof—
let X = vars C let ?n = card ?X let %a = size(annos C)
have m_c C = (3. i<%a. m_o (annos C' ! i) ?X)
by (simp add: m_c_def listsum_setsum_nth atLeastOLessThan)
also have ... < (3 i<%a. h *« 9n + 1)
apply(rule setsum_mono) using m_o_h[OF finite_Cvars] by simp

also have ... = ?a * (h x ?n + 1) by simp
finally show ?thesis .

ged

end

fun top_on_st :: ‘a::order_top st = vname set = bool (top’_ons) where
top_on_st S X = (VzeX. fun Sz =T)

fun top_on_opt :: 'a::order_top st option = wvname set = bool (top’_on,)
where

top_on_opt (Some S) X = top_on_st S X |

top_on_opt None X = True

definition top_on_acom :: 'a::order_top st option acom = vname set = bool
(top’_on.) where

top_on_acom C X = (Y a € set(annos C). top_on_opt a X)

lemma top_on_top: top_on_opt (T::_ st option) X
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by (auto simp: top_option_def fun_top)

lemma top_on_bot: top_on_acom (bot ¢) X
by (auto simp add: top_on_acom_def bot_def )

lemma top_on_post: top_on_acom C X = top_on_opt (post C) X
by (simp add: top-on_acom_def post_in_annos)

lemma top_on_acom_simps:
top_on_acom (SKIP {Q}) X = top_on_opt @ X
top_on_acom (z == e {Q}) X = top_on_opt Q@ X
top_on_acom (C1;;C2) X = (top_on_acom C1 X A top_on_acom C2 X)
top-on_acom (IF b THEN {P1} C1 ELSE {P2} C2 {Q}) X =
(top_on_opt P1 X A top_on_acom C1 X A top_on_opt P2 X A top_on_acom
C2 X A top-on_opt Q X)
top_on_acom ({I} WHILE b DO {P} C {Q}) X =
(top_on_opt I X A top_on_acom C X A top_on_opt P X A top_on_opt Q
X)
by (auto simp add: top_on_acom_def)

lemma top_on_sup:
top_on_opt 01 X = top_on_opt 02 X = top_on_opt (ol U 02 :: _ st
option) X
apply (induction o1 02 rule: sup_option.induct)
apply (auto)
by transfer simp

lemma top_on_Step: fixes C :: (‘a::semilattice_sup_top)st option acom
assumes !lz e S. [top_on_opt S X; x ¢ X; vars e C —X] = top_on_opt
(fzeS) X

b S. top_on_opt S X = vars b C —X = top_on_opt (g b S) X
shows [ vars C C —X; top_on_opt S X; top_on_acom C X | = top_on_acom
(StepfgSC) X
proof (induction C arbitrary: S)
qed (auto simp: top_on_acom_simps vars_acom_def top_on_post top_on_sup
assms

)

locale Measure = Measurel +
assumes m2: z < Yy = mz > my
begin

lemma mi: 2 <y= max>my
by (auto simp: le_less m2)
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lemma m_s2_rep: assumes finite(X) and S1 = S2 on —X and Vz. S1 z
< 82z and S1 # S2
shows (> zeX. m (S2z)) < (X zeX. m (S1 z))
proof—
from assms(3) have 1: VzeX. m(S1 z) > m(S2 z) by (simp add: m1)
from assms(2,3,4) have EX ©:X. S1 z < S2z
by (simp add: fun_eq_iff) (metis Compl_iff le_neq_trans)
hence 2: 3z€X. m(S1 z) > m(S2 z) by (metis m2)
from setsum_strict-mono_ex1[OF (finite X) 1 2]
show (> zeX. m (S272)) < (3 zeX. m (S1z)) .
qed

lemma m_s2: finite(X) = fun S1 = fun S2 on —X
= 51 <92 = msS1 X >msS2X

apply (auto simp add: less_st_def m_s_def)

apply (transfer fixing: m)

apply (simp add: less_eq_st_rep_iff eq_st_def m_s2_rep)

done

lemma m_02: finite X = top_on_opt ol (—X) = top_on_opt 02 (—X)
_—
0l <02 = mool X >moo2X
proof (induction o1 02 rule: less_eq_option.induct)
case I thus ?case by (auto simp: m_o_def m_s2 less_option_def)
next
case 2 thus ?case by(auto simp: m_o_def less_option_def le_imp_less_Suc
m_s_h)
next
case 3 thus ?case by (auto simp: less_option_def)
ged

lemma m_ol: finite X = top_on_opt ol (—X) = top_on_opt 02 (—X)
.

0l <02 — m_.ool X > m.o 02X
by (auto simp: le_less m_02)

lemma m_c2: top_on_acom C1 (—wvars C1) = top_on_acom C2 (—wvars
C2) =

C1 <02 = mcCl>mcC2
proof (auto simp add: le_iff-le_annos size_annos_samelof C1 C2] vars_acom_def
less_acom_def)

let ?X = vars(strip C2)
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assume top: top_on_acom C1 (— wvars(strip C2)) top_on_acom C2 (—
vars(strip C2))
and strip_eq: strip C1 = strip C2
and 0: Vi<size(annos C2). annos C1 ! i < annos C2 ! i
hence 1: Vi<size(annos C2). m_o (annos C1 ! i) ?X > m_o (annos C2
li) 2X
apply (auto simp: all_set_conv_all_nth vars_acom_def top_on_acom_def)
by (metis finite_cvars m_ol size_annos_same2)
fix ¢ assume i: i < size(annos C2) — annos C2 ! i < annos C1 ! i
have topol: top_on_opt (annos C1 ! i) (— 2X)
using i(1) top(1) by(simp add: top_on_acom_def size_annos_same[OF
strip_eq))
have topo2: top_on_opt (annos C2 ! i) (— 2X)
using (1) top(2) by(simp add: top_on_acom_def size_annos_same[OF
strip_eq))
from 7 have m_o (annos C1! i) ?X > m_o (annos C2 ! i) ?X (is 7P 1)
by (metis 0 less_option_def m_02[OF finite_cvars topol] topo2)
hence 2: 3i < size(annos C2). ?P i using (i < size(annos C2)) by blast
have (3" i<size(annos C2). m_o (annos C2 ! i) ¢X)
< (Y i<size(annos C2). m_o (annos C1!13) ?X)
apply (rule setsum_strict_mono_ex1) using 1 2 by (auto)
thus “thesis
by (simp add: m_c_def vars_acom_def strip_eq listsum_setsum_nth atLeastOLess Than
size_annos_same|[OF strip_eq))
qed

end

locale Abs_Int_measure =
Abs_Int_mono where y=v + Measure where m=m
for ~ :: ‘av::semilattice_sup_top = val set and m :: 'av = nat
begin
lemma top_on_step”: | top-on_acom C (—vars C) | = top-on_acom (step’
T C) (—vars C)
unfolding step’_def
by (rule top_on_Step)
(auto simp add: top_option_def fun_top split: option.splits)

lemma Al Some_measure: 3 C. Al ¢ = Some C

unfolding Al def

apply(rule pfp_termination|where I = \C. top_on_acom C (— wvars C)
and m=m_c|)
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apply(simp_all add: m_c2 mono_step’_top bot_least top_on_bot)
using top_on_step’ apply (auto simp add: vars_acom_def)
done

end

end

theory Abs_Int1_parity
imports Abs_Int1
begin

14.11 Parity Analysis
datatype parity = Even | Odd | Either
Instantiation of class order with type parity:

instantiation parity :: order
begin

First the definition of the interface function <. Note that the header
of the definition must refer to the ascii name op < of the constants as
less_eq_parity and the definition is named less_eq_parity_def. Inside the defi-
nition the symbolic names can be used.

definition less_eq_parity where
x <y = (y = Either V x=y)

We also need <, which is defined canonically:

definition less_parity where
r<y=(z<yA-y< (z:parity))

(The type annotation is necessary to fix the type of the polymorphic predi-
cates.)

Now the instance proof, i.e. the proof that the definition fulfills the ax-
ioms (assumptions) of the class. The initial proof-step generates the neces-
sary proof obligations.

instance
proof

fix z::parity show = < x by(auto simp: less_eq_parity_def)
next

fix x y z :: parity assume z < yy < z thus z < 2

by (auto simp: less_eq_parity_def)

next

fix x y :: parity assume z < yy < z thusz =y
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by (auto simp: less_eq_parity_def)
next
fix zy :: parity show (z < y) = (z < y A =y < z) by(rule less_parity_def)
qged

end
Instantiation of class semilattice_sup_top with type parity:

instantiation parity :: semilattice_sup_top
begin

definition sup_parity where
z Uy = (if z = y then z else Either)

definition top_parity where
T = Fither

Now the instance proof. This time we take a lazy shortcut: we do not
write out the proof obligations but use the goali primitive to refer to the
assumptions of subgoal i and case? to refer to the conclusion of subgoal i.
The class axioms are presented in the same order as in the class definition.
Warning: this is brittle!

instance
proof

case goall show ?case by(auto simp: less_eq_parity_def sup_parity_def)
next

case goal2 show ?Zcase by(auto simp: less_eq_parity_def sup_parity_def)
next

case goal3 thus Zcase by(auto simp: less_eq_parity_def sup_parity_def)
next

case goalj show ?Zcase by(auto simp: less_eq_parity_def top_parity_def )
qed

end

Now we define the functions used for instantiating the abstract inter-
pretation locales. Note that the Isabelle terminology is interpretation, not
instantiation of locales, but we use instantiation to avoid confusion with
abstract interpretation.

fun ~_parity :: parity = val set where
v-parity Even = {i. i mod 2 = 0} |
v-parity Odd = {i. i mod 2 = 1} |
v_parity Either = UNIV
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fun num_parity :: val = parity where
num_parity i = (if i mod 2 = 0 then Even else Odd)

fun plus_parity :: parity = parity = parity where
plus_parity Even Even = Even |

plus_parity Odd Odd = Even |

plus_parity Even Odd = Odd |

plus_parity Odd Even = Odd |

plus_parity Either y = Fither |

plus_parity ¢ Either = Fither

First we instantiate the abstract value interface and prove that the func-
tions on type parity have all the necessary properties:

permanent_interpretation Val_semilattice
where v = y_parity and num’ = num_parity and plus’ = plus_parity
proof

of the locale axioms

fix a b :: parity
assume a < b thus v_parity a C vy_parity b
by (auto simp: less_eq_parity_def)
next

The rest in the lazy, implicit way

case goal2 show ?case by(auto simp: top_parity_def)
next

case goal3 show ?case by auto
next

Warning: this subproof refers to the names a7 and a2 from the statement
of the axiom.

case goal/ thus ?case
by (induction al a2 rule: plus_parity.induct) (auto simp add:mod_add_eq)
qed

Instantiating the abstract interpretation locale requires no more proofs
(they happened in the instatiation above) but delivers the instantiated ab-
stract interpreter which we call Al parity:

permanent_interpretation Abs_Int
where v = y_parity and num’ = num_parity and plus’ = plus_parity
defining aval_parity = aval’ and step_parity = step’ and Al parity = Al

14.11.1 Tests

definition test1_parity =
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"g! = N 13
WHILE Less (V "z'") (N 100) DO "z" ::= Plus (V "z"") (N 2)
value show_acom (the(AlLparity testl_parity))

definition test2_parity =
"g! = N 13
WHILE Less (V "z'") (N 100) DO "z" ::= Plus (V "z"") (N 3)

definition steps ¢ i = ((step-parity T) “" 1) (bot c)

value show_acom
value show_acom
value show_acom
value show_acom
value show_acom
value show_acom
value show_acom
value show_acom

steps test2_parity 0)
steps test2_parity 1)
steps test2_parity 2)
steps test2_parity 3)
steps test2_parity 4)
steps test2_parity 5)
steps test2_parity 6)
the( AL parity test2_parity))

N N N N N N /N

14.11.2 Termination

permanent_interpretation Abs_Int_mono
where v = y_parity and num’ = num_parity and plus’ = plus_parity
proof
case goall thus ?case
by (induction al a2 rule: plus_parity.induct)
(auto simp add:less_eq_parity_def)
qged

definition m_parity :: parity = nat where
m-parity x = (if © = Either then 0 else 1)

permanent_interpretation Abs_Int_measure
where v = y_parity and num’ = num_parity and plus’ = plus_parity
and m = m_parity and h = 1
proof

case goall thus ?case by(auto simp add: m_parity_def less_eq_parity_def )
next

case goal2 thus ?case by(auto simp add: m_parity_def less_eq_parity_def
less_parity_def)
qged

thm AI Some_measure
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end

theory Abs_Inti_const
imports Abs_Intl
begin

14.12 Constant Propagation
datatype const = Const val | Any

fun y_const where
v-const (Const i) = {i} |
v-const (Any) = UNIV

fun plus_const where
plus_const (Const i) (Const j) = Const(i+j) |
plus_const - _ = Any

lemma plus_const_cases: plus_const al a2 =
(case (al,a2) of (Const i, Constj) = Const(i+j) | - = Any)
by (auto split: prod.split const.split)

instantiation const :: semilattice_sup_top
begin

fun less_eq_const where © < y = (y = Any | z=y)
definition z < (y::const) = (z <y & =y < 1)

fun sup_const where z Ul y = (if z=y then z else Any)
definition T = Any

instance
proof
case goall thus Zcase by (rule less_const_def)
next
case goal2 show ?case by (cases ) simp_all
next
case goal3 thus Zcase by(cases z, cases y, cases z, simp_all)
next
case goal/ thus Zcase by(cases z, cases y, simp_all, cases y, simp_all)
next
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case goal6 thus Zcase by(cases z, cases y, simp_all)
next
case goal5 thus Zcase by(cases y, cases x, simp_all)
next
case goal7 thus Zcase by(cases z, cases y, cases z, simp_all)
next
case goal8 thus Zcase by(simp add: top_const_def)
qged

end

permanent_interpretation Val_semilattice
where v = v_const and num’ = Const and plus’ = plus_const
proof
case goall thus ?case
by (cases a, cases b, simp, simp, cases b, simp, simp)
next
case goal2 show ?case by(simp add: top_const_def)
next
case goal3 show ?case by simp
next
case goal/ thus ?case
by (auto simp: plus_const_cases split: const.split)
qed

permanent_interpretation Abs_Int
where v = y_const and num’ = Const and plus’ = plus_const
defining Al const = AI and step_const = step’ and aval’_const = aval’

14.12.1 Tests

definition steps ¢ i = (step_const T "~ i) (bot c)

value show_acom (steps test1_const 0)
value show_acom (steps test1_const 1)
value show_acom (steps test1_const 2)
value show_acom (steps test1_const 3)
value show_acom (the( Al const test1_const))

value show_acom (the( Al const test2_const))
value show_acom (the( Al const test3_const))
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value show_acom
value show_acom
value show_acom
value show_acom
value show_acom
value show_acom

steps test4_const 0)
steps test4_const 1)
steps test4_const 2)
steps test4_const 3)
steps test4_const 4)
the( AL const test4_const))

N N N N N

value show_acom
value show_acom

(steps testh_const 0)

(steps testd_const 1)
value show_acom (steps test5_const 2)
value show_acom (steps test5_const 3)
value show_acom (steps test5_const 4)
value show_acom (steps test5_const 5)
value show_acom (steps test5_const 6)
value show_acom (the( Al const test5_const))
value show_acom (steps test6_const 0)
value show_acom (steps test6_const 1)
value show_acom (steps test6_const 2)
value show_acom (steps test6_const 3)
value show_acom (steps test6_const /)
value show_acom (steps testb_const 5)
value show_acom (steps test6_const 6)
value show_acom (steps test6_const 7)
value show_acom (steps test6_const 8)
value show_acom (steps test6_const 9)
value show_acom (steps test6_const 10)
value show_acom (steps test6_const 11)
value show_acom (steps test6_const 12)
value show_acom (steps test6_const 13)

(

value show_acom (the(Al const test6_const))

Monotonicity:

permanent_interpretation Abs_Int_mono
where v = y_const and num’ = Const and plus’ = plus_const
proof
case goall thus ?case
by (auto simp: plus_const_cases split: const.split)
ged

Termination:

definition m_const :: const = nat where
m_const ¢ = (if v = Any then 0 else 1)
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permanent_interpretation Abs_Int_measure
where v = y_const and num’ = Const and plus’ = plus_const
and m = m_const and h = 1
proof
case goall thus Zcase by(auto simp: m_const_def split: const.splits)
next
case goal2 thus ?case by(auto simp: m_const-def less_const_def split:
const.splits)
ged

thm Al Some_measure

end

theory Abs_Int2
imports Abs_Intl
begin

instantiation prod :: (order,order) order
begin

definition less_eq_prod p1 p2 = (fst p1 < fst p2 A snd p1 < snd p2)
definition less_prod p1 p2 = (p1 < p2 A = p2 < (pl::'ax'd))

instance
proof
case goall show ?case by(rule less_prod_def)
next
case goal2 show ?case by(simp add: less_eq_prod_def)
next
case goal3 thus ?case unfolding less_eq_prod_def by (metis order_trans)
next
case goal thus ?case by(simp add: less_eq_prod_def)(metis eq_iff surjec-
tive_pairing)
qed

end

14.13 Backward Analysis of Expressions

subclass (in bounded_lattice) semilattice_sup_top ..

locale Val lattice_gamma = Gamma_semilattice where v =
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for v :: 'av::bounded_lattice = wval set +
assumes inter_gamma_subset_gamma_inf:
val Ny a2 C vy(al M a2)
and gamma_bot[simp]: v L = {}
begin

lemma in_gamma_inf: z : v al = z :7v a2 = z : y(al M a2)
by (metis Intl inter_gamma_subset_gamma_inf set_mp)

lemma gamma_inf: v(al M a2) =y al N~y a2
by (rule equalityl [OF _ inter_gamma_subset_gamma_inf])
(metis inf_lel inf le2 le_inf iff mono_gamma)

end

locale Val_inv = Val_lattice_gamma where v = ~
for v :: ‘av::bounded_lattice = wval set +
fixes test_-num’ :: val = 'av = bool
and inv_plus’ :: 'av = 'av = 'av = 'av * av
and inv_less’ :: bool = 'av = 'av = 'av x 'av
assumes test_num'’: test_num’ i a = (i : v a)
and inv_plus” inv_plus’ a al a2 = (a1’,a2)) =
il :yal = i2:7v a2 = il+i2 :vya= il : v a1’ Ni2 : v a’
and inv_less”: inv_less’ (i1 <i2) al a2 = (a1',a2’) =
il :yal = i2:va2 = il : v a1’ Ni2 v ay’

locale Abs_Int_inv = Val_inv where v = ~
for v :: 'av::bounded_lattice = wval set
begin

lemma in_gamma_sup_Upl:
$:9 S1V §:79, 82 = s:7,(51 U S2)
by (metis (hide_lams, no_types) sup_gel sup_ge2 mono_gamma-o subsetD)

fun aval” :: aexp = 'av st option = 'av where
aval” e None = L |

aval” e (Some S) = aval’ e S

lemma aval”_correct: s : v, S = aval a s : y(aval” a S)
by (cases S)(auto simp add: aval’_correct split: option.splits)
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14.13.1 Backward analysis

fun inv_aval’ :: aexp = 'av = 'av st option = 'av st option where
inv_aval’ (N n) a S = (if test.num’ n a then S else None) |
inv_aval’ (V z) a S = (case S of None = None | Some S =

let ' = fun Sz M ain

if a’ = L then None else Some(update S z a')) |
inv_aval’ (Plus el e2) a S =

(let (al,a2) = inv_plus’ a (aval” e1 S) (aval” e2 S)

in inv_aval’ el al (inv_aval’ e2 a2 S))

The test for bot in the V-case is important: bot indicates that a variable
has no possible values, i.e. that the current program point is unreachable.
But then the abstract state should collapse to None. Put differently, we
maintain the invariant that in an abstract state of the form Some s, all
variables are mapped to non-bot values. Otherwise the (pointwise) sup of
two abstract states, one of which contains bot values, may produce too large

a result, thus making the analysis less precise.

fun inv_bval’ :: bexp = bool = 'av st option = 'av st option where
inv_bval’ (Bc v) res S = (if v=res then S else None) |
inv_bval’ (Not b) res S = inv_bval’ b (— res) S |
inv_bval’ (And b1 b2) res S =
(if res then inv_bval’ b1 True (inv_bval’ b2 True S)
else inv_bval’ b1 False S U inv_bval’ b2 False S) |
inv_bval’ (Less el €2) res S =
(let (al,a2) = inv_less’ res (aval” el S) (aval” e2 S)
in inv_aval’ el al (inv_aval’ €2 a2 S))

lemma inv_aval’_correct: s : v, S = aval e s : v a = s : 7, (inv_aval’

eal)
proof (induction e arbitrary: a S)
case N thus ?case by simp (metis test_num’)
next
case (V 1)
obtain S’ where S = Some S’ and s : 75 S’ using (s : 7, S
by (auto simp: in_gamma_option_iff)
moreover hence s z : v (fun S’ z)
by (simp add: ~y_st_def)
moreover have s z : v a using V(2) by simp
ultimately show ?case

by (simp add: Let_def ~_st_def)

(metis mono_gamma emptyE in_gamma_inf gamma_bot subset_empty)

next
case (Plus el e2) thus ?Zcase
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using inv_plus’|OF _ aval"_correct aval”_correct]
by (auto split: prod.split)
qed

lemma inv_bval’_correct: s : v, S = bv = bval b s => s : Y,(inv_bval’ b
bv S)
proof (induction b arbitrary: S bv)
case Bc thus “case by simp
next
case (Not b) thus ?case by simp
next
case (And b1 b2) thus Zcase
by simp (metis And(1) And(2) in_gamma_sup_Upl)
next
case (Less el e2) thus ?case
apply hypsubst_thin
apply (auto split: prod.split)
apply (metis (lifting) inv_aval’_correct aval'_correct inv_less’)
done
ged

definition step’ = Step
(Ax e S. case S of None = None | Some S = Some(update S z (aval’ e

5)))
(Ab S. inv_bval’ b True S)

definition Al :: com = 'av st option acom option where
AT ¢ = pfp (step’ T) (bot ¢)

lemma strip_step’[simp]: strip(step’ S ¢) = strip c
by (simp add: step’_def)

lemma top_on_inv_aval”: | top_on_opt S X; wvars e C —X | = top_on_opt
(inv_aval” e a §) X
by (induction e arbitrary: a S) (auto simp: Let_def split: option.splits prod.split)

lemma top_on_inv_bval”: [top_on_opt S X; vars b C —X] = top_on_opt
(inv_bval’ b r S) X

by (induction b arbitrary: r S) (auto simp: top_on_inv_aval’ top_on_sup split:
prod.split)

lemma top_on_step”: top_on_acom C (— vars C') = top_on_acom (step’ T

C) (— wvars C)
unfolding step’_def
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by (rule top_on_Step)
(auto simp add: top_on_top top_on_inv_bval’ split: option.split)

14.13.2 Correctness

lemma step_step”: step (Vo S) (7 C) < 7. (step’ S C)
unfolding step_def step’_def
by (rule gamma_Step_subcomm)
(auto simp: introl: aval’_correct inv_bval’_correct in_gamma_update split:
option.splits)

lemma Al correct: Al ¢ = Some C = CS ¢ < v, C
proof (simp add: CS_def AL def)
assume 1: pfp (step’ T) (bot ¢) = Some C
have pfp” step’ T C < C by(rule pfp_pfp|OF 1])
have 2: step (7o T) (7 C) < v, C — transfer the pfp’
proof (rule order_trans)
show step (7o T) (7e C) < v (step’ T C) by(rule step_step’)
show ... < 4. C by (metis mono_gamma_c[OF pfp’])
qed
have 3: strip (v. C) = ¢ by(simp add: strip_pfp|OF _ 1] step’_def)
have Ifp ¢ (step (7o T)) < 7. C
by (rule Ifp_lowerbound[simplified, where f=step (v, T), OF 3 2])
thus Ifp ¢ (step UNIV) < 5. C by simp
qed

end

14.13.3 Monotonicity

locale Abs_Int_inv_mono = Abs_Int_inv +
assumes mono_plus” al < bl = a2 < b2 = plus’ al a2 < plus’ b1 b2
and mono_inv_plus’: al < bl = a2 < b2 = r <r' =
mv_plus’ r al a2 < inv_plus’ v’ b1 b2
and mono_inv_less” al < bl = a2 < b2 =
inv_less’ bv al a2 < inv_less’ bv b1 b2
begin

lemma mono_aval”:
S1 < 82 = aval’ e 81 < qual’ e S2

by (induction e) (auto simp: mono_plus’ mono_fun)

lemma mono_aval’"
S1 < 82 = aval” e S1 < aval” e 52
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apply(cases S1)

apply simp

apply(cases S2)

apply simp

by (simp add: mono_aval’)

lemma mono_inv_aval” r1 < r2 = 81 < 2 = nv_aval’ e 1 S1 <
inv_aval’ e r2 S2
apply (induction e arbitrary: r1 r2 S1 S2)
apply (auto simp: test_num’ Let_def inf-mono split: option.splits prod.splits)
apply (metis mono_gamma subsetD)
apply (metis le_bot inf-mono le_st_iff)
apply (metis inf-mono mono_update le_st_iff )
apply (metis mono_aval’ mono_inv_plus’[simplified less_eq_prod_def| fst_conv
snd_conv)
done

lemma mono_inv_bval”: S1 < §2 = inv_bval’ b bv S1 < inv_bval’ b bv S2
apply (induction b arbitrary: bv S1 S2)
apply (simp)
apply (simp)
apply simp
apply (metis order_trans[OF _ sup_gel| order_trans|OF _ sup_ge2])
apply (simp split: prod.splits)
apply (metis mono_aval” mono_inv_aval’ mono_inv_less'[simplified less_eq_prod_def|
fst_conv snd_conv)
done

theorem mono_step”: S1 < S2 — C1 < 02 = step’ S1 C1 < step’ S2
C2

unfolding step’_def
by (rule mono2_Step) (auto simp: mono_aval’ mono_inv_bval’ split: option.split)

lemma mono_step’_top: C1 < C2 = step’ T C1 < step’ T C2
by (metis mono_step’ order_refl)

end

end

theory Abs_Int2_ivl
imports Abs_Int2

begin
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14.14 Interval Analysis

type_synonym ecint = int extended
type_synonym eint2 = eint x eint

definition y_rep :: eint2 = int set where
v-rep p = (let (I,h) =pin {i. | < Fini A Fini < h})

definition eq il :: eint2 = eint2 = bool where
eqivl p1 p2 = (y_rep pl = ~y_rep p2)

lemma refl_eq_ivl[simp|: eq_ivl p p
by (auto simp: eq_ivl_def)

quotient_type ivl = eint2 / eqivl
by (rule equivpl)(auto simp: reflp_def symp_def transp_def eq_ivi_def)

abbreviation wl_abbr :: eint = eint = wl ([, -]) where
[l,h] == abs_iwl(l,h)

lift_definition v_iwvl :: il = int set is y_rep
by (simp add: eq_ivl_def)

lemma ~_ivl_nice: y_iwl[l,h] = {i. | < Fini A Fin i < h}
by transfer (simp add: y_rep_def)

lift_definition num_il :: int = wl is Ai. (Fin i, Fin i) .

lift_definition in_iwl :: int = wl = bool
is\i (Lh). Il < Fini A Fini<h
by (auto simp: eq_ivl_def ~y_rep_def)

lemma in_ivl_nice: in_iwl i [[,h] = (I < Fini A Fini < h)
by transfer simp

definition is_empty_rep :: eint2 = bool where
is_empty_rep p = (let (I,h) = p in [>h | [=Pinf & h=Pinf | I=Minf &
h=Minf)

lemma v_rep_cases: y_rep p = (case p of (Fin i,Fin j) => {i..j} | (Fin
i,Pinf) => {i..} |

(Minf ,Fin i) = {..i} | (Minf,Pinf) = UNIV | _ = {})
by (auto simp add: ~vy_rep_def split: prod.splits extended.splits)
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lift_definition is_empty_ivl :: ivl = bool is is_empty_rep

apply (auto simp: eq_ivl_def ~_rep_cases is_empty_rep_def )

apply (auto simp: not_less less_eq_extended_case split: extended.splits)
done

lemma eq_wl_iff: eq_ivl p1 p2 = (is_empty_rep p1 & is_empty_rep p2 | pl

= p2)

by (auto simp: eq_ivl_def is_empty_rep_def v_rep_cases Icc_eq_Icc split: prod.splits
extended.splits)

definition empty_rep :: eint2 where empty_rep = (Pinf,Minf)
lift_definition empty_ivl :: wl is empty_rep .

lemma is_empty_empty_rep[simp]: is_empty_rep empty_rep
by (auto simp add: is_empty_-rep_def empty_-rep_def)

lemma is_empty_rep_iff: is_empty_rep p = (y-rep p = {})
by (auto simp add: v_rep_cases is_empty_rep_def split: prod.splits extended.splits)

declare is_empty_rep_iff [ THEN iffD1, simp]

instantiation vl :: semilattice_sup_top
begin

definition le_rep :: eint2 = eint2 = bool where
le_rep p1 p2 = (let (I1,h1) = p1; (12,h2) = p2in
if is_empty_rep(l1,h1) then True else
if is_empty_rep(12,h2) then False else 11 > 12 & h1 < h2)

lemma le_iff subset: le_rep p1 p2 <— ~_rep pl C ~v_rep p2

apply rule

apply (auto simp: is_empty_rep_def le_rep_def ~_rep_def split: if splits prod.splits)[1]
apply(auto simp: is_empty_rep_def ~_rep_cases le_rep_def)

apply (auto simp: not_less split: extended.splits)

done

lift_definition less_eq_ivl :: vl = wl = bool is le_rep
by (auto simp: eq-ivl_def le_iff_subset)

definition less_ivl where il < i2 = (i1 < i2 N =2 < (il::50l))
lemma le_iwl_iff_subset: vl < w2 +— y_ivl vl C y_ivl iv2
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by transfer (rule le_iff subset)

definition sup_rep :: eint2 = eint2 = eint2 where
sup_rep pl p2 = (if is_.empty_rep p1 then p2 else if is_empty_rep p2 then pl
else let (11,h1) = p1; (I12,h2) = p2in (min 1 12, max h1 h2))

lift_definition sup_ivl :: wl = wl = vl is sup_rep
by (auto simp: eq_ivl_iff sup_rep_def)

lift_definition top_ivl :: wl is (Minf,Pinf) .

lemma is_empty_min_maz:

- is_empty_rep (11,h1) = — is_empty_rep (12, h2) = — is_empty_rep
(min 1112, maz h1 h2)
by (auto simp add: is_empty_rep_def maz_def min_def split: if_splits)

instance
proof

case goall show ?case by (rule less_ivl_def)
next

case goal2 show ?case by transfer (simp add: le_rep_def split: prod.splits)
next

case goal3 thus Zcase by transfer (auto simp: le_rep_def split: if_splits)
next

case goalj thus ?case by transfer (auto simp: le_rep_def eq_ivl_iff split:
if_splits)
next

case goal5 thus Zcase by transfer (auto simp add: le_rep_def sup_rep_def
is_empty_-min_mazx)
next

case goal6 thus ?case by transfer (auto simp add: le_rep_def sup_rep_def
is_empty_min_max)
next

case goal7 thus ?case by transfer (auto simp add: le_rep_def sup_rep_def)
next

case goal8 show ?case by transfer (simp add: le_rep_def is_empty_rep_def)
qged

end
Implement (naive) executable equality:

instantiation vl :: equal
begin
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definition equal_ivl where
equal_ivl i1 (i2:al) = (i1<i2 A i2 < il)

instance
proof

case goall show ?case by(simp add: equal_ivl_def eq_iff)
qed

end

lemma [simp]: fixes = :: 'a::linorder extended shows (- = < Pinf) = (z
= Pinf)

by (simp add: not_less)

lemma [simp]: fixes z :: 'a::linorder extended shows (- Minf < z) = (z
= Minf)

by (simp add: not_less)

instantiation vl :: bounded_lattice
begin

definition inf rep :: eint2 = eint2 = eint2 where
infrep p1 p2 = (let (11,h1) = p1; (12,h2) = p2 in (maz 1 12, min h1 h2))

lemma vy_inf-rep: y_rep(inf-rep p1 p2) = ~_rep p1 N y_rep p2
by (auto simp:inf rep_def ~y_rep_cases split: prod.splits extended.splits)

lift_definition inf vl :: wl = wl = wl is inf-rep
by (auto simp: y_inf-rep eq_ivl_def)

lemma v_inf: v_wl (vl M w2) = vy_iwl wl N y_ivl iv2
by transfer (rule ~_inf_rep)

definition | = empty_ivl

instance
proof

case goall thus ?case by (simp add: ~v_inf le_ivl_iff_subset)
next

case goal2 thus Zcase by (simp add: vy_inf le_ivl_iff_subset)
next

case goal3 thus Zcase by (simp add: vy_inf le_ivl_iff_subset)
next

case goalj show ?case

unfolding bot_ivl_def by transfer (auto simp: le_iff-subset)
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qed

end

lemma eq_ivl_empty: eq_ivl p empty_rep = is_empty_rep p
by (metis eq_ivl_iff is_empty_empty_rep)

lemma le_wl_nice: [I1,h1] < [I12,h2] +—
(if [l1,h1] = L then True else
if [12,h2] = L then False else [1 > 12 & h1 < h2)
unfolding bot_ivl_def by transfer (simp add: le_rep_def eq_ivl_empty)

lemma sup_ivl_nice: [I1,h1] U [I12,h2] =
(if [l1,h1] = L then [I2,h2] else
if [12,h2] = L then [l1,h1] else [min 11 12,mazx h1 h2])
unfolding bot_ivl_def by transfer (simp add: sup_rep_def eq_ivl_empty)

lemma inf_ivl_nice: [I1,h1] M [I12,h2] = [max I1 12,min h1 h2]
by transfer (simp add: inf-rep_def)

lemma top_ivl_nice: T = [—00,00]
by (simp add: top_ivl_def)

instantiation vl :: plus
begin

definition plus_rep :: eint2 = eint2 = eint2 where
plus_rep p1 p2 =
(if is—_empty_rep pl V is_empty-rep p2 then empty_rep else
let (11,h1) = p1; (12,h2) = p2in (11412, h1+h2))

lift_definition plus_ivl :: vl = wl = il is plus_rep
by (auto simp: plus_rep_def eq_ivl_iff)

instance ..
end

lemma plus_ivl_nice: [I1,h1] + [I2,h2] =
(if [l1,h1] = L Vv [I12,h2] = L then L else [I1+12 , h1+h2])
unfolding bot_ivl_def by transfer (auto simp: plus_rep_def eq-ivl_empty)

lemma uminus_eq_Minf[simp|: —z = Minf <— = = Pinf
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by (cases x) auto
lemma uminus_eq_Pinf[simp|: —x = Pinf +— = = Minf
by (cases x) auto

lemma uminus_le_Fin_iff: — x < Fin(—y) «— Finy < (x::'a::ordered_ab_group_add
extended)

by (cases x) auto

lemma Fin_uminus_le_iff: Fin(—y) < —z +— z < ((Fin y)::’a::ordered_ab_group_add
extended)

by (cases x) auto

instantiation wl :: uminus
begin

definition uminus_rep :: eint2 = eint2 where
uminus_rep p = (let (I,h) = p in (—=h, —1))

lemma y_uminus_rep: i : y_rep p = —i € y_rep(uminus-rep p)
by (auto simp: uminus_rep_def ~y_rep_def image_def uminus_le_Fin_iff Fin_uminus_le_iff
split: prod.split)

lift_definition uminus_ivl :: wl = wl is uminus_rep
by (auto simp: uminus_rep_def eq_ivl_def ~v_rep_cases)

(auto simp: Icc_eq-lcc split: extended.splits)

instance ..
end

lemma y_uminus: i : y_ivl iv = —i € y_wl(— w)
by transfer (rule ~v_uminus_rep)

lemma uminus_nice: —[l,h] = [—h,—I]
by transfer (simp add: uminus_rep_def)

instantiation wl :: minus
begin

definition minus_ivl :: wl = vl = vl where
(ivl:avl) — w2 = wl + —iw2

instance ..
end
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definition nv_plus_ivl :: wl = wl = wl = wilxivl where
inv_plus_il iv w1 w2 = (vl N (v — w2), w2 N (iv — wl))

definition above_rep :: eint2 = eint2 where
above_rep p = (if is_empty-rep p then empty_rep else let (I,h) = p in ({,00))

definition below_rep :: eint2 = eint2 where
below_rep p = (if is_empty_rep p then empty_rep else let (I,h) = p in (—o0,h))

lift_definition above :: wl = vl is above_rep
by (auto simp: above_rep_def eq_ivl_iff)

lift_definition below :: wl = vl is below_rep
by (auto simp: below_rep_def eq_ivl_iff )

lemma vy_abovel: i € v_ivl iv = i < j = j € ~y_iwvl(above v)
by transfer
(auto simp add: above_rep_def ~y_rep_cases is_empty_rep_def
split: extended.splits)

lemma v _belowl: i : y_ivl iv = j < i = j : y_ivl(below v)
by transfer
(auto simp add: below_rep_def ~y_rep_cases is_empty_rep_def
split: extended.splits)

definition inv_less_ivl :: bool = vl = wl = vl x ivl where
inv_less_ivl res vl w2 =
(if res
then (ivl M (below w2 — [1,1]),
w2 M (above w1 + [1,1]))
else (ivl M above w2, w2 N below ivl))

lemma above_nice: above[l,h] = (if [I,h] = L then L else [I,00])
unfolding bot_ivl_def by transfer (simp add: above_rep_def eq_ivl_empty)

lemma below_nice: below(l,h] = (if [I,h] = L then L else [—oo,h])
unfolding bot_ivl_def by transfer (simp add: below_rep_def eq_ivl_empty)

lemma add_mono_le_F'in:
[x1 < Finyl; 22 < Finy2] = z1 + 22 < Fin (y1 + (y2::'a::ordered_ab_group-add))
by (drule (1) add-mono) simp

lemma add_mono_Fin_le:
[Fin y1 < z1; Fin y2 < 22] = Fin(yl + y2::'a::ordered_ab_group_add)
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<zl + 22
by (drule (1) add-mono) simp

permanent_interpretation Val_semilattice
where v = ~v_wl and num’ = num_ivl and plus’ = op +
proof
case goall thus ?case by transfer (simp add: le_iff-subset)
next
case goal2 show ?case by transfer (simp add: ~v_rep_def)
next
case goal3 show ?case by transfer (simp add: ~v_rep_def)
next
case goal/ thus Zcase
apply transfer
apply (auto simp: ~y_rep_def plus_rep_def add_-mono_le_Fin add_-mono_Fin_le)
by (auto simp: empty_rep_def is_empty_rep_def )
qged

permanent_interpretation Val_lattice_.gamma
where v = y_iwl and num’ = num_ivl and plus’ = op +
defining aval_ivl = aval’
proof

case goall show ?case by (simp add: ~y_inf)
next

case goal2 show ?case unfolding bot_ivl_def by transfer simp
qed

permanent_interpretation Val_inv
where v = y_iwl and num’ = num_ivl and plus’ = op +
and test_num’ = in_ivl
and nv_plus’ = inv_plus_ivl and inv_less’ = inv_less_ivl
proof
case goall thus Zcase by transfer (auto simp: ~v_rep_def)
next
case goal2 thus ?case
unfolding inv_plus_ivl_def minus_ivl_def
apply (clarsimp simp add: v_inf)
using gamma_plus’[of i141i2 _ —il] gamma_plus’[of i1+i2 _ —i2]
by (simp add: ~_uminus)
next
case goal3 thus ?case
unfolding inv_less_ivi_def minus_ivi_def one_extended_def
apply (clarsimp simp add: v_inf split: if_splits)
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using gamma_plus'[of i14+1 _ —1] gamma_plus'[of i2 — 1 _ 1]
apply (simp add: ~_belowl [of i2] ~y_abovel[of i1]
uminus_ivl.abs_eq uminus_rep_def ~y_ivl_nice)
apply(simp add: ~_abovel|[of i2] y_belowI[of i1])
done
qged

permanent_interpretation Abs_Int_inv

where v = y_ivl and num’ = num_ivl and plus’ = op +
and test_num’ = in_ivl

and inv_plus’ = inv_plus_ivl and inv_less’ = inv_less_ivl
defining inv_aval_ivl = inv_aval’

and inv_bval_ivl = inv_bval’

and step_ivl = step’

and ALl = Al

and aval_ivl’ = aval”

Monotonicity:

lemma mono_plus_ivl: vl < w2 = w3 < w4 = wil+ivs < w2+ (iv4::ivl)
apply transfer

apply (auto simp: plus_rep_def le_iff_subset split: if splits)

by (auto simp: is_empty_rep_iff ~y_rep_cases split: extended.splits)

lemma mono_minus_ivl: vl < w2 = —ivl < —(w2::wl)

apply transfer

apply (auto simp: uminus_rep_def le_iff_subset split: if splits prod.split)
by (auto simp: ~y_rep_cases split: extended.splits)

lemma mono_above: w1 < w2 — above vl < above w2

apply transfer

apply(auto simp: above_rep_def le_iff_subset split: if_splits prod.split)
by (auto simp: is_empty_rep_iff v_rep_cases split: extended.splits)

lemma mono_below: vl < w2 —> below vl < below w2

apply transfer

apply (auto simp: below_rep_def le_iff-subset split: if_splits prod.split)
by (auto simp: is_empty_rep_iff v_rep_cases split: extended.splits)

permanent_interpretation Abs_Int_inv_mono

where v = y_ivl and num’ = num_ivl and plus’ = op +
and test_num’ = in_ivl

and inv_plus’ = inv_plus_ivl and inv_less’ = inv_less_ivl
proof
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case goall thus Zcase by (rule mono_plus_ivl)
next
case goal2 thus ?case
unfolding inv_plus_ivi_def minus_ivil_def less_eq_prod_def
by (auto simp: le_infl1 le_infI2 mono_plus_ivl mono-minus_ivl)
next
case goal3 thus ?case
unfolding less_eq_prod_def inv_less_ivl_def minus_ivi_def
by (auto simp: le_infl1 le_infl2 mono_plus_ivl mono_above mono_below)
qged

14.14.1 Tests

value show_acom_opt (ALivl test1_ivl)
Better than Al const:

value show_acom_opt (AlLivl test3_const)
value show_acom_opt (AL ivl test4_const)
value show_acom_opt (Al ivl test6_const)

definition steps ¢ i = (step_ivl T "~ i) (bot ¢)

value show_acom_opt (ALivl test2_ivl)
value show_acom (steps test2_ivl 0)
value show_acom (steps test2_ivl 1)
value show_acom (steps test2_ivl 2)
value show_acom (steps test2_ivl 3)

Fixed point reached in 2 steps. Not so if the start value of x is known:

value show_acom_opt (ALivl test3_ivl)
value show_acom (steps test3_ivl 0
value show_acom (steps testS_ivl 1
value show_acom (steps test3_ivl 2
value show_acom (steps test3_ivl 3
value show_acom (steps test3_ivl /
value show_acom (steps test3_ivl 5

A~ N N

)
)
)
)
)
)

Takes as many iterations as the actual execution. Would diverge if loop
did not terminate. Worse still, as the following example shows: even if the
actual execution terminates, the analysis may not. The value of y keeps
decreasing as the analysis is iterated, no matter how long:

value show_acom (steps tests_ivl 50)
Relationships between variables are NOT captured:

value show_acom_opt (ALivl test5_ivl)
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Again, the analysis would not terminate:

value show_acom (steps test6_ivl 50)

end

theory Abs_Int3
imports Abs_Int2_ivl
begin

14.15 Widening and Narrowing

class widen =
fixes widen :: 'a = 'a = 'a (infix V 65)

class narrow =
fixes narrow :: 'a = 'a = 'a (infix A 65)

class wn = widen + narrow + order +
assumes widenl: z <z V y

assumes widen?2: y <z V y

assumes narrowl: y <z =y <z Ay
assumes narrow2: y <z = x Ay <z
begin

lemma narrowid[simp): ¢ N © = x
by (metis eq_iff narrowl narrow?2)

end

lemma top_widen_top[simp]: TV T = (T:_::{wn,order_top})
by (metis eq_iff top_greatest widen?2)

instantiation wl :: wn
begin

definition widen_rep p1 p2 =
(if is—_empty_rep pl then p2 else if is_empty-rep p2 then pl else
let (I1,h1) = p1; (12,h2) = p2
in (if 12 < U1 then Minf else 1, if h1 < h2 then Pinf else h1))

lift_definition widen_ivl :: wl = wl = wl is widen_rep
by (auto simp: widen_rep_def eq_ivl_iff )
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definition narrow_rep pl1 p2 =
(if is—_empty_rep pl V is_empty-rep p2 then empty_rep else
let (I1,h1) = p1; (12,h2) = p2
in (if 11 = Minf then 12 else l1, if h1 = Pinf then h2 else h1))

lift_definition narrow_ivl :: ivl = wl = vl is narrow_rep
by (auto simp: narrow_rep_def eq_ivl_iff)

instance

proof

qed (transfer, auto simp: widen_rep_def narrow_rep_def le_iff_subset vy_rep_def
subset_eq is_empty_rep_def empty_rep_def eq_ivl_def split: if splits extended.splits)+

end

instantiation st :: ({order_top,wn})wn
begin

lift_definition widen_st :: 'a st = 'a st = 'a st is map2_st_rep (op V)
by (auto simp: eq_st_def)

lift_definition narrow_st :: 'a st = 'a st = 'a st is map2_st_rep (op A)
by (auto simp: eq_st_def)

instance
proof
case goall thus ?case
by transfer (simp add: less_eq_st_rep_iff widenl)
next
case goal2 thus ?case
by transfer (simp add: less_eq_st_rep_iff widen?2)
next
case goal3 thus ?case
by transfer (simp add: less_eq_st_rep_iff narrowl)
next
case goal/ thus ?case
by transfer (simp add: less_eq_st_rep_iff narrow?2)
qed

end
instantiation option :: (wn)wn
begin
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fun widen_option where

None V z = z |

z V None = z |

(Some z) V (Some y) = Some(z V y)

fun narrow_option where

None A\ x = None |

z /A None = None |

(Some z) A (Some y) = Some(x A y)

instance
proof
case goall thus ?case
by (induct = y rule: widen_option.induct)(simp_all add: widenl)
next
case goal2 thus ?Zcase
by (induct x y rule: widen_option.induct)(simp_all add: widen?2)
next
case goal3 thus ?case
by (induct x y rule: narrow_option.induct) (simp_all add: narrowl)
next
case goal/ thus ?case
by (induct z y rule: narrow_option.induct) (simp_all add: narrow2)
qed

end

definition map2_acom :: ('a = 'a = 'a) = 'a acom = 'a acom = 'a acom
where

map2_acom f C1 C2 = annotate (Ap. f (anno CI p) (anno C2 p)) (strip
C1)

instantiation acom :: (widen)widen

begin

definition widen_acom = map2_acom (op V)
instance ..

end

instantiation acom :: (narrow)narrow

begin

definition narrow_acom = map2_-acom (op )
instance ..
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end

lemma strip_map2_acom[simp]:
strip C1 = strip C2 = strip(map2-acom f C1 C2) = strip C1
by (simp add: map2-acom_def)

lemma strip_widen_acom|[simp]:
strip C1 = strip C2 = strip(C1 V C2) = strip C1
by (simp add: widen_acom_def)

lemma strip_narrow_acom[simp]:
strip C1 = strip C2 = strip(C1 AN C2) = strip C1
by (simp add: narrow_acom_def)

lemma narrowl_acom: C2 < C1 = C2 < C1 A (C2::'a::wn acom)
by (simp add: narrow_acom_def narrowl map2-acom_def less_eq_acom_def size_annos)

lemma narrow2_acom: C2 < C1 = C1 A (C2::'a::wn acom) < C1
by (simp add: narrow-acom_def narrow2 map2-acom_def less_eq_acom_def size_annos)

14.15.1 Pre-fixpoint computation

definition iter_widen :: (‘a = 'a) = 'a = ('a::{order,widen})option
where iter_widen f = while_option (A\z. = fz < z) (Az. 2z V fx)

definition iter_narrow :: (‘a = 'a) = 'a = (‘a::{order,narrow})option
where iter_narrow f = while_option (A\x. z A fz < z) (Az. 2 A fz)

definition pfp_wn :: (‘a::{order,widen,narrow} = 'a) = 'a = 'a option
where pfp_uwn fzr =
(case iter_widen f x of None = None | Some p = iter_narrow f p)

lemma iter_widen_pfp: iter_widen fz = Somep = fp < p
by (auto simp add: iter_widen_def dest: while_option_stop)

lemma iter_widen_inv:

assumes !lz. P2 = P(fz) a1 22. Pzl — P 22 — P(z1 V 22) and
Pz

and iter_widen f x = Some y shows P y

using while_option_rule[where P = P, OF _ assms(4 )[unfolded iter_widen_def]]
by (blast intro: assms(1—3))
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lemma strip_while: fixes f :: 'a acom = 'a acom

assumes V C. strip (f C) = strip C and while_option P f C = Some C'
shows strip C' = strip C

using while_option_rule[where P = \C". strip C' = strip C, OF _ assms(2)]
by (metis assms(1))

lemma strip_iter_widen: fixes f :: ‘a::{order,widen} acom = 'a acom
assumes V C. strip (f C) = strip C and iter_widen f C = Some C'
shows strip C' = strip C
proof—

have V C. strip(C 'V f C) = strip C

by (metis assms(1) strip-map2_acom widen_acom_def )

from strip_while[ OF this| assms(2) show ?thesis by (simp add: iter_widen_def')

qed

lemma iter_narrow_pfp:
assumes mono: lxl x2::_::wn acom. P xl = P 122 = z1 < 22 = f 1
< fz2
and Pinv: 1z. Pz = P(fz) !zl z2. P21 = P 22 = P(z1 A 22)
and P p0 and f p0 < p0 and iter_narrow f p0 = Some p
shows Pp A fp <p
proof—
let ?Q = %p. PpAfp<pAp<pl
{ fix p assume ?Q) p
note P = conjunctl [OF this] and 12 = conjunct2][OF this]
note 1 = conjunct! [OF 12] and 2 = conjunct2|OF 12]
let 7p'=p A fp
have ?Q ?p’
proof auto
show P ?p’ by (blast intro: P Pinv)
have f ?p’ < f p by(rule mono[OF (P (p A fp) P narrow2-acom|[OF
1)
also have ... < ?p’ by(rule narrowl_acom[OF 1])
finally show f ?p’ < ?p’.
have ?p’ < p by (rule narrow2_acom[OF 1))
also have p < p0 by(rule 2)
finally show ?p’ < p0 .
qed
}
thus “thesis
using while_option_rule[where P = 7Q), OF _ assms(6)[simplified iter_narrow_def|]
by (blast intro: assms(4,5) le_refl)
qged
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lemma pfp_wn_pfp:
assumes mono: xl z2::_::wn acom. P xl = P12 — z1 < 22 = fzl

< fa2
and Pinv: Pz 2. Px = P(fx)
Wzl 22. Pxl = P22 = P(x1 V 22)
el 22. Pzl = P22 = P(xl A 22)
and pfp-wn: pfp_wn fx = Some p shows Pp A fp <p
proof—
from pfp_wn obtain p0
where its: iter_widen fx = Some p0 iter_narrow f p0 = Some p
by (auto simp: pfp-wn_def split: option.splits)
have P p0 by (blast intro: iter_widen_inv[where P=P)] its(1) Pinv(1—38))
thus ?thesis
by — (assumption |
rule iter_narrow_pfp[where P=P] mono Pinv(2,4) iter_widen_pfp
its)+
qged

lemma strip_pfp_wn:

[V C. strip(f C') = strip C; pfp-wn f C = Some C']| = strip C' = strip
C
by (auto simp add: pfp-wn_def iter_narrow_def split: option.splits)

(metis (mono_tags) strip_iter_widen strip_narrow_acom strip_while)

locale Abs_Int_wn = Abs_Int_inv_mono where y=+y
for v :: ‘av::{wn,bounded_lattice} = wval set
begin

definition AL wn :: com = 'av st option acom option where
AlLwn ¢ = pfp-wn (step’ T) (bot ¢)

lemma Al wn_correct: AlLwn ¢ = Some C = CS ¢ < . C
proof(simp add: CS_def AI wn_def)
assume 1: pfp_wn (step’ T) (bot ¢) = Some C
have 2: strip C = ¢ N\ step’ T C < C
by (rule pfp_wn_pfp[where z=bot c|) (simp_all add: 1 mono_step’_top)
have pfp: step (vo T) (7e C) < 7e C
proof(rule order_trans)
show step (7o T) (7e C) < ¢ (step” T C)
by (rule step_step”)
show ... < . C
by (rule mono_gamma_c[OF conjunct2[OF 2]])
qed
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have 3: strip (7. C) = ¢ by(simp add: strip_pfp_wn|OF _ 1])
have Ifp ¢ (step (7o T)) < 7. C
by (rule lfp_lowerbound[simplified,where f=step (v, T), OF 3 pfp])
thus Ifp ¢ (step UNIV) < 5. C by simp
qed

end

permanent_interpretation Abs_Int_wn

where v = y_iwl and num’ = num_ivl and plus’ = op +
and test_num’ = in_ivl

and inv_plus’ = inv_plus_ivl and inv_less’ = inv_less_ivl
defining Al wn_ivl = Al wn

14.15.2 Tests

definition step_up_ivl n = (AC. C V step_ivl T C)""n)
definition step_down_ivl n = (AC. C A step_ivl T C)""n)

For test3_ivl, Al ivl needed as many iterations as the loop took to exe-
cute. In contrast, AIl_wn_ivl converges in a constant number of steps:

value show_acom (step_up_ivl 1 (bot test3_ivl))
value show_acom (step_up_ivl 2 (bot test3_ivl))
value show_acom (step_up_ivl 3 (bot test3_ivl))
value show_acom (step_up_ivl 4 (bot test3_ivl))
value show_acom (step_up_ivl 5 (bot test3_ivl))
value show_acom (step_up_ivl 6 (bot test3_ivl))
value show_acom (step_up_ivl 7 (bot test3_ivl))
value show_acom (step_up_ivl 8 (bot test3_ivl))

value show_acom (step_down_ivl 1 (step_up_ivl 8 (bot test3_ivl
value show_acom (step_down_ivl 2 (step_up_ivl 8 (bot test3_ivl
value show_acom (step_down_ivl 3 (step_up_ivl 8 (bot test3_ivl
value show_acom (step_down_ivl 4 (step_up_ivl 8 (bot test3_ivl
value show_acom_opt (AIlwn_ivl test3_ivl)

)
)
)
)

Now all the analyses terminate:

value show_acom_opt (Al wn_ivl test]_ivl)
value show_acom_opt (Al wn_ivl test5_ivl)
value show_acom_opt (AILwn_ivl test6_ivl)

14.15.3 Generic Termination Proof

lemma top_on_opt_widen:
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top_on_opt 01 X = top_on_opt 02 X = top_on_opt (o1 V 02 :: _ st
option) X
apply (induct o1 02 rule: widen_option.induct)

apply (auto)
by transfer simp

lemma top_on_opt_narrow:
top_on_opt 01 X = top_on_opt 02 X = top_on_opt (ol A 02 :: _ st
option) X
apply (induct o1 02 rule: narrow_option.induct)
apply (auto)
by transfer simp

lemma annos_map2_acom|simp]: strip C2 = strip C1 =
annos(map2-acom f C1 C2) = map (%(z,y).fz y) (zip (annos C1) (annos

C2))

by (simp add: map2-acom_def list_eq_iff-nth_eq size_annos anno_def |symmetric]

size_annos_same|of C1 C2])

lemma top_on_acom_widen:

[top-on_acom C1 X; strip C1 = strip C2; top-on_acom C2 X]

= top_on_acom (C1 V C2 :: _ st option acom) X
by (auto simp add: widen_acom_def top_on_acom_def)(metis top_on_opt_widen
in_set_zipE)

lemma top_on_acom_narrow:

[top-on_acom C1 X; strip C1 = strip C2; top_on_acom C2 X]

= top_on_acom (C1 A C2 :: _ st option acom) X
by (auto simp add: narrow_acom_def top_on_acom_def)(metis top_on_opt_narrow
in_set_zipE)

The assumptions for widening and narrowing differ because during nar-
rowing we have the invariant y < z (where y is the next iterate), but during
widening there is no such invariant, there we only have that not yet y < z.
This complicates the termination proof for widening.

locale Measure_wn = Measurel where m=m
for m :: ‘av::{order_top,un} = nat +
fixes n :: ‘av = nat
assumes m_anti_mono: T < Yy = mx > my
assumes m_widen: ~ y <z = m(z Vy) < mz
assumes nnarrow: y <z =z Ay<z=n(z Ay <ncz

begin
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lemma m_s_anti_mono_rep: assumes Vz. S1 ¢ < S2
shows (3 zeX. m (S2z)) < (> zeX. m (51 x))
proof—
from assms have Vz. m(S1 x) > m(S2 z) by (metis m_anti_mono)
thus (3 zeX. m (S2z)) < (X zeX. m (S1 x)) by (metis setsum_mono)
qed

lemma m_s_anti_mono: S1 < 82 — m_s S1 X > m_s S2 X
unfolding m_s_def

apply (transfer fizing: m)

apply (simp add: less_eq_st_rep_iff eq_st_def m_s_anti_mono_rep)
done

lemma m_s_widen_rep: assumes finite X S1 = S2 on —X - S22 < Sl zx
shows (> zeX. m (S1 2V S2z)) < (3 zeX. m (51 x))
proof—
have 1: VzeX. m(S1z) > m(S1 z V S2 x)
by (metis m_anti_mono wn_class.widenl)
have z € X using assms(2,3)
by (auto simp add: Ball_def)
hence 2: 3zeX. m(S1 z) > m(S1 z V S2 z)
using assms(3) m_widen by blast
from setsum_strict_mono_ex1[OF (finite X) 1 2]
show ?thesis .
qged

lemma m_s_widen: finite X = fun S1 = fun S2 on —X ==>
~S82< 81 = ms(S1VS2)X<msSlX

apply (auto simp add: less_st_def m_s_def)

apply (transfer fizing: m)

apply (auto simp add: less_eq_st_rep_iff m_s_widen_rep)

done

lemma m_o_anti_mono: finite X = top_on_opt ol (—X) = top_on_opt
02 (-X) =

0l <02 = m_.ool X > m.o 02X
proof (induction o1 02 rule: less_eq-option.induct)

case [ thus ?case by (simp add: m_o_def)(metis m_s_anti_mono)
next

case 2 thus ?case

by (simp add: m_o_def le_-Sucl m_s_h split: option.splits)

next

case 3 thus ?case by simp
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qed

lemma m_o_widen: [ finite X; top_on_opt S1 (—X); top_on_opt S2 (—X);
- 52< 81 )=

m-o (S1'V S2) X <m_oS1 X
by (auto simp: m_o_def m_s_h less_Suc_eq_le m_s_widen split: option.split)

lemma m_c_widen:
strip C1 = strip C2 = top_on_acom C1 (—vars C1) = top_on_acom
C2 (—vars C2)
= (02 < Cl = mec (C1V C2) <mecCl
apply (auto simp: m_c_def widen_acom_def map2_acom_def size_annos[symmetric]
anno_def [symmetric]listsum_setsum_nth)
apply (subgoal_tac length(annos C2) = length(annos C1))
prefer 2 apply (simp add: size_annos_sameZ2)
apply (auto)
apply (rule setsum_strict_mono_ex1)
apply (auto simp add: m_o_anti-mono vars_acom_def anno_def top_on_acom_def
top_on_opt_widen widenl less_eq_acom_def listrel_iff nth)
apply (rule_tac z=p in bexl)
apply (auto simp: vars_acom_def m_o_widen top_on_acom_def)
done

definition n_s :: ‘av st = vname set = nat (ns) where

ns S X = (3 zeX. n(fun S z))

lemma n_s_narrow_rep:
assumes finite X S1 = 82 on —X Vz. S22 < Slx V. S1z /A S2z <
S1z
Stx#Slz /A S2zx
shows (> zeX. n (S1z A S2z)) < (> zeX. n (S1 2))
proof—
have 1: Vz. n(S1z A S2x) < n(S1 z)
by (metis assms(3) assms(4) eq-iff less_le_not_le n_narrow)
have z € X by (metis Compl_iff assms(2) assms(5) narrowid)
hence 2: 3z€X. n(S1 z A S2z) < n(SI x)
by (metis assms(3—5) eq-iff less_le_not_le n_narrow)
show ?thesis
apply (rule setsum_strict-mono_ex1[OF (finite X)]) using 1 2 by blast+
qed

lemma n_s_narrow: finite X = fun S1 = fun S2 on — X = 52 < S1
= S1 A 52 < S1
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= ns (S1 A S2) X <ng S1X
apply(auto simp add: less_st_def n_s_def)
apply (transfer fizing: n)
apply(auto simp add: less_eq_st_rep_iff eq_st_def fun_eq_iff n_s_narrow_rep)
done

definition n_o :: ‘av st option = wvname set = nat (n,) where
no opt X = (case opt of None = 0 | Some S = ns S X + 1)

lemma n_o_narrow:
top-on_opt S1 (—X) = top_on_opt S2 (—X) = finite X
= S2< 851 = S1 AS2<81 =mn,(S1AS2)X<mn,S1X
apply (induction S1 S2 rule: narrow_option.induct)
apply (auto simp: n_o_def n_s_narrow)
done

definition n_c :: 'av st option acom = nat (n.) where
ne C = listsum (map (Aa. n, a (vars C)) (annos C))

lemma less_annos_iff: (C1 < C2) = (C1 < C2 A
(Fi<length (annos C1). annos C1 ! i < annos C2 ! 1))
by (metis (hide_lams, no_types) less_le_not_le le_iff le_annos size_annos_same2)

lemma n_c_narrow: strip C1 = strip C2
= top_on_acom C1 (— wvars C1) = top_on_acom C2 (— vars C2)
— (02<(Cl = ClAC2<(Cl = n.(Cl1AC2)<n.Cl

apply (auto simp: n_c_def narrow_acom_def listsum_setsum_nth)

apply (subgoal_tac length(annos C2) = length(annos C1))

prefer 2 apply (simp add: size_annos_same2)

apply (auto)

apply (simp add: less_annos_iff le_iff le_annos)

apply (rule setsum_strict_mono_ex1)

apply (auto simp: vars_acom_def top_on_acom_def)

apply (metis n_o_narrow nth-mem finite_cvars less_imp_le le_less order_refl)

apply (rule_tac x=1i in bexl)

prefer 2 apply simp

apply(rule n_o_narrow|where X = vars(strip C2)])

apply (simp_all)

done

end

174



lemma iter_widen_termination:
fixes m :: ‘a::wn acom = nat
assumes P f: N\C. P C = P(f C)
and P_widen: NC1 C2. P C1 = P C2 = P(C1 V (C2)
and m-widen: N\C1 C2. PCl — P (2 = ~ (02 < C1 = m(C1 V
C2) < m C1
and P C shows EX C'. iter_widen f C = Some C’
proof (simp add: iter_widen_def
rule measure_while_option_Some|where P = P and f=m])

show P C by(rule (P C))
next

fix Cassume PC - fC < Cthus P (CVfC)Am (CVfC)<m
C

by (simp add: P_f P_widen m_widen)

qged

lemma iter_narrow_termination:
fixes n :: 'a::wn acom = nat
assumes P_f: N\C. P C = P(f C)
and P_narrow: NC1 C2. P C1 = P C2 = P(C1 A (C2)
and mono: N\C1 C2. PCl = P(C2 = (C1 < (2 = fC1 < f(C2
and n_narrow: NC1 C2. P(Cl — P (2 — (C2 < (C1 = C1 A (2 <
Cl = n(C1 A C2) <nCl
and init: P C f C < C shows EX C'. iter_narrow f C = Some C’
proof(simp add: iter_narrow_def,
rule measure_while_option_Some[where f=n and P = %C. P C A f

C <))

show P C A f C < C using init by blast
next

fix Cassume 1: PCAfC<Cand 2: CAfC<C(C

hence P (C A f C) by(simp add: P_f P_narrow)

moreover then have f (C A fC)< C A fC

by (metis narrowl_acom narrow2-acom 1 mono order_trans)

moreover have n (C A fC) < n C using 1 2 by(simp add: n_narrow
P_f)

ultimately show (P (C A fC)Nf(CAfFC)< CAfC)ARCA
fC)<nC

by blast

qged

locale Abs_Int_wn_measure = Abs_Int_wn where y=v + Measure_wn where

m=m
for v :: 'av::{wn,bounded_lattice} = wval set and m :: 'av = nat
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14.15.4 Termination: Intervals

definition m_rep :: eint2 = nat where
m_rep p = (if is_empty_rep p then 3 else

let (I,h) = p in (case | of Minf = 0 | = 1) + (case h of Pinf = 0 | -
= 1))

lift_definition m_ivl :: vl = nat is m_rep
by (auto simp: m_rep_def eq_ivl_iff)

lemma m_iwvl_nice: m_iwl[l,h] = (if [I,h] = L then 3 else

(if I = Minf then 0 else 1) + (if h = Pinf then 0 else 1))
unfolding bot_ivil_def
by transfer (auto simp: m_rep_def eq-ivl_empty split: extended.split)

lemma m_ivl_height: m_ivl iv < 3
by transfer (simp add: m_rep_def split: prod.split extended.split)

lemma m_ivl_anti_mono: y < z = m_wlz < m_ivl y
by transfer
(auto simp: m_rep_def is_empty_rep_def ~y_rep_cases le_iff_subset
split: prod.split extended.splits if_splits)

lemma m_ivl_widen:
My <z = movl(z Vy) < mwlzx
by transfer
(auto simp: m_rep_def widen_rep_def is_empty_rep_def ~v_rep_cases le_iff-subset
split: prod.split extended.splits if splits)

definition n_l :: vl = nat where
nowl ww = 8 — m_wl w

lemma n_wl_narrow:

Ay <z= nillzAy) <nwlz
unfolding n_ivl_def
apply (subst (asm) less_le_not_le)
apply transfer
by (auto simp add: m_rep_def narrow_rep_def is_empty_rep_def empty_rep_def
~v_rep_cases le_iff _subset

split: prod.splits if-splits extended.split)

permanent_interpretation Abs_Int_wn_measure
where v = v_iwl and num’ = num_ivl and plus’ = op +
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and test_num’ = in_ivl
and inv_plus’ = inv_plus_ivl and inv_less’ = inv_less_ivl
and m = m_iwl and n = n_wl and h = 3
proof
case goal?2 thus ?case by (rule m_ivl_anti-mono)
next
case goall thus ?case by (rule m_ivl_height)
next
case goal3 thus ?case by (rule m_ivl_widen)
next
case goal/ from goal4(2) show ?case by(rule n_ivl_narrow)
— note that the first assms is unnecessary for intervals
qged

lemma iter_winden_step_ivl_termination:

3 C. iter_widen (step_ivl T) (bot ¢) = Some C
apply (rule iter_widen_termination[where m = m_c and P = %C. strip C
= ¢ A top_on_acom C (— vars C)])
apply (auto simp add: m_c_widen top_on_bot top_on_step'[simplified comp_def
vars_acom_def]

vars_acom_def top_on_acom_widen)
done

lemma iter_narrow_step_ivl_termination:

top_on_acom C (— vars C) = step_ivl T C < C =

3C". iter_narrow (step_iwvl T) C = Some C’
apply (rule iter_narrow_termination[where n = n_c and P = %C’. strip
C = strip C' A top_on_acom C' (—vars C")])
apply (auto simp: top_on_step'[simplified comp_def vars_acom_def)

mono_step’_top n_c_narrow vars_acom_def top_on_acom_narrow)

done

theorem AI wn_ivl_termination:
3C. ALwn_ivl ¢ = Some C

apply(auto simp: AL wn_def pfp-wn_def iter_winden_step_ivl_termination

split: option.split)

apply (rule iter_narrow_step_ivl_termination)

apply (rule conjunct2)

apply (rule iter_widen_inv[where f = step’ T and P = %C. ¢ = strip C

& top_on_acom C (— wvars C)))

apply (auto simp: top_on_acom_widen top_on_step’[simplified comp_def vars_acom_def|
iter_widen_pfp top_on_bot vars_acom_def )

done
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14.15.5 Counterexamples

Widening is increasing by assumption, but z < f z is not an invariant of
widening. It can already be lost after the first step:

lemma assumes !z y::'a::un. 2 <y = fz < fy
and z < frand - fz <z shows z V fz < f(z V fx)
nitpick[card = 3, expect = genuine, show_consts, timeout = 120]

oops

Widening terminates but may converge more slowly than Kleene itera-
tion. In the following model, Kleene iteration goes from 0 to the least pfp
in one step but widening takes 2 steps to reach a strictly larger pfp:

lemma assumes !z y::'a;:un. z <y = fz < fy

and z < frand - fzr <zand f(fz) < fx

shows f(z V fz) <z V fx

nitpick[card = 4, expect = genuine, show_consts, timeout = 120)]

oops

end

15 Abstract Interpretation (ITP)

theory Complete_Lattice_ix
imports Main
begin

15.1 Complete Lattice (indexed)

A complete lattice is an ordered type where every set of elements has a
greatest lower (and thus also a leats upper) bound. Sets are the prototypical
complete lattice where the greatest lower bound is intersection. Sometimes
that set of all elements of a type is not a complete lattice although all
elements of the same shape form a complete lattice, for example lists of
the same length, where the list elements come from a complete lattice. We
will have exactly this situation with annotated commands. This theory
introduces a slightly generalised version of complete lattices where elements
have an “index” and only the set of elements with the same index form a
complete lattice; the type as a whole is a disjoint union of complete lattices.
Because sets are not types, this requires a special treatment.

locale Complete_Lattice_ix =
fixes L :: 'i = 'a::order set
and Glb :: i = 'a set = 'a
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assumes Glb_lower: ACLi=—=ac A= (GlbiA) <a
and Gib_greatest: b : L i = VacA. b < a = b < (GlbiA)
and Glb_in.L: ACLi=— GlbitA: L1

begin

definition Ifp :: (‘a = 'a) = i = 'a where
ifpfi=Glbi{a:Li fa<a}

lemma index_lfp: Ifp fi: L1
by (auto simp: Ifp_def intro: Glb_in_L)

lemma Ifp_lowerbound:
la:Li; fa<a]l=lfpfi<a
by (auto simp add: Ifp_def intro: Glb_lower)

lemma Ifp_greatest:
la:Li; Nu.Ju:Li;fu<u]=a<u]=a<lpfi
by (auto simp add: Ifp_def intro: Glb_greatest)

lemma Ifp_unfold: assumes Az i. fox: Li+— x:Li
and mono: mono f shows Ifp fi = f (Iifp fi)
proof—
note assms(1)[simp] index_lfp[simp]
have 1: f (ifp f1) < Up /i
apply (rule lfp_greatest)
apply simp
by (blast intro: lfp_lowerbound monoD|[OF mono] order_trans)
have Ifp fi < f (Ifp f1)
by (fastforce intro: 1 monoD[OF mono] Ifp_lowerbound)
with 1 show ?thesis by(blast intro: order_antisym)
ged

end

end

theory ACom_ITP

imports ../Com

begin

15.2 Annotated Commands

datatype ‘a acom =

179



SKIP 'a (SKIP {.} 61) |
Assign vname aexp 'a ((-==_/{}) [1000, 61, 0] 61) |
Seq ("a acom) (‘a acom) (3//- [60, 61] 60) |
If bexp ("a acom) ('a acom) 'a
((IF ./ THEN _/ ELSE _//{_}) [0, 0., 61, 0] 61) |

While 'a bexp ('a acom) 'a

(({-}//WHILE -/ DO (1)//{-}) 10, 0, 61, 0] 61)

fun post :: ‘a acom ='a where

post (SKIP {P})=P |

post (z == e {P}) = P |

post (cl;; ¢2) = post c2 |

post (IF b THEN c1 ELSE c2 {P}) = P |
post ({Inv} WHILE b DO ¢ {P}) =

fun strip :: 'a acom = com where

strip (SKIP {P}) = com.SKIP |

strip (z 2= e {P}) = (z == e) |

strip (cl;;¢2) = (strip cl;; strip ¢2) |

strip (IF b THEN c1 ELSE ¢2 {P}) = (IF b THEN strip ¢! ELSE strip
c2) |

strip ({Inv} WHILE b DO ¢ {P}) = (WHILE b DO strip c)

fun anno :: 'a = com = 'a acom where
anno a com.SKIP = SKIP {a} |
anno a (z == e) = (z == e {a}) |
anno a (cl;;¢2) = (anno a cl;; anno a c2) |
anno a (IF b THEN c1 ELSE ¢2) =

(IF b THEN anno a c¢1 ELSE anno a c2 {a}) |
anno a (WHILE b DO ¢) =

({a} WHILE b DO anno a c {a})

fun annos :: 'a acom = 'a list where

annos (SKIP {a}) = [a] |

annos (z:=e {a}) = [a] |

(C1;;C2) = annos C1 @Q annos C2 |

annos (IF b THEN C1 ELSE C2 {a}) = a # annos C1 Q annos C2 |
annos ({i} WHILE b DO C {a}) = i # a # annos C

fun map_acom :: (‘a = 'b) = 'a acom = 'b acom where

map_acom f (SKIP {P}) = SKIP {f P} |

map_acom f (z ::= e {P}) = (z == e {f P}) |
map_acom f (c1;;¢2) = (map_acom f cl;; map_acom f c2) |
map-acom f (IF b THEN c1 ELSE ¢2 {P}) =
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(IF b THEN map_acom f c1 ELSE map_acom f c¢2 {f P}) |
map_acom f ({Inv} WHILE b DO ¢ {P}) =
({f Inv} WHILE b DO map_-acom f ¢ {f P})

lemma post_map_acom[simp]: post(map_acom f ¢) = f(post c)
by (induction c) simp_all

lemma strip_acom|[simp|: strip (map_acom f ¢) = strip ¢
by (induction c) auto

lemma map_acom_SKIP:
map_acom f ¢ = SKIP {S'} +— (35. ¢ = SKIP {S} A S'=f9)

by (cases ¢) auto

lemma map_acom_Assign:
map_acom f¢c =1z == e {S'} +— (3S. c =zu=e {S} A S =[5)

by (cases ¢) auto

lemma map_acom_Seq:

map_acom fc = cl’;c2’ «—

(el ¢2. ¢ = cl;;¢2 A map_acom f cl = c1’ A map_acom f c2 = ¢2)
by (cases ¢) auto

lemma map_acom_If :

map_acom f ¢ = IF b THEN c1’ ELSE ¢2' {S'} +—

(3S ¢t ¢2. ¢ = IF b THEN c1 ELSE ¢2 {S} N map-acom fcl = c1' A
map_acom fc2 = c2' N S'=[f95)

by (cases ¢) auto

lemma map_acom_While:

map_acom fw = {I"y WHILE b DO ¢' {P'} +—

(3IPc w={I} WHILE b DO ¢ {P} A map-acom fc=c'"NI'"=fI A
P'=fP)

by (cases w) auto

lemma strip_anno[simp)|: strip (anno a ¢) = ¢
by (induct ¢) simp_all
lemma strip_eq SKIP:

strip ¢ = com.SKIP <— (EX P. ¢ = SKIP {P})
by (cases ¢) simp_all
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lemma strip_eq_Assign:
strip ¢ = zi:=e <— (EX P. ¢ = z::=¢ {P})
by (cases ¢) simp_all

lemma strip_eq_Seq:

strip ¢ = cl;;¢2 «— (EX d1 d2. ¢ = d1;;d2 & strip d1 = ¢l & strip d2
= c2)
by (cases ¢) simp_all

lemma strip_eq_If:

strip ¢ = IF b THEN c1 ELSE c2 +—

(EX d1 d2 P. ¢ = IF b THEN d1 ELSE d2 {P} & strip d1 = c1 & strip
d2 = c2)
by (cases ¢) simp_all

lemma strip_eq- While:

strip ¢ = WHILE b DO c1 +—

(EXI1d1P.c= {1} WHILE b DO d1 {P} & strip d1 = c1)
by (cases ¢) simp_all

lemma set_annos_anno[simp]: set (annos (anno a C)) = {a}
by (induction C')(auto)

lemma size_annos_same: strip C1 = strip C2 = size(annos C1) = size(annos

C2)

apply (induct C2 arbitrary: C1)

apply (auto simp: strip_eq_ SKIP strip_eq_Assign strip_eq_Seq strip_eq_If strip_eq_While)
done

lemmas size_annos_same2 = eqTruel [OF size_annos_same]

end

theory Collecting ITP

imports Complete_Lattice_iz ACom_ITP

begin

15.3 Collecting Semantics of Commands

15.3.1 Annotated commands as a complete lattice

instantiation acom :: (order) order
begin
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fun less_eq_acom :: ('a::order)acom = 'a acom = bool where

(SKIP {S}) < (SKIP {S"}) = (S < S |

(z:=e{S}) < (z/==¢e"{S}) = (z=2' Ne=e' NS < S|

(c13;¢2) < (e1'35¢2") = (el < cel' N e2 < c2') |

(IF b THEN c1 ELSE ¢2 {S}) < (IF b’ THEN c1' ELSE ¢2'{S"}) =
(b=b'ANcl <cl'"ANec2<c2'NS<S)|

({Inv} WHILE b DO ¢ {P}) < ({Inv'} WHILE b’ DO ¢’ {P"}) =
(b=b'ANec<c'ANInv<Inv'ANP <P

less_eq_acom _ _ = Fulse

lemma SKIP_le: SKIP {S} < ¢ +— (35" ¢ = SKIP {S'} AN S < §')
by (cases ¢) auto

lemma Assign_le: z := e {S} < c+— (35S . c=z:=e {5} NS ST
by (cases ¢) auto

lemma Seq_le: c1;;¢2 < ¢ «— (Fel’ c2 . c=cl';¢2"Nel <cl’'ANe2 <
c2’)
by (cases ¢) auto

lemma Ifle: IF b THEN c1 ELSE c2 {S} < ¢ +—
(Fel’ ¢2'S'. ¢=IF b THEN c1’' ELSE ¢2’ {S'} AN el < cl’' A ¢2 < ¢2'
NS <S8

by (cases ¢) auto

lemma While_le: {Inv} WHILE b DO ¢ {P} < w <—

(FInv" ¢’ P w = {Inv'} WHILE b DO ¢’ {P"} A ¢ < ¢ A Inv < Inv' A
P < P
by (cases w) auto

definition less_acom :: 'a acom = 'a acom = bool where
lesscacomzy = (z <y AN -y <x)

instance
proof
case goall show ?case by(simp add: less_acom_def)
next
case goal2 thus ?case by (induct z) auto
next
case goal3 thus ?case
apply (induct x y arbitrary: z rule: less_eq_acom.induct)
apply (auto intro: le_trans simp: SKIP_le Assign_le Seq_le If le While_le)
done
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next
case goal thus Zcase
apply (induct z y rule: less_eq_acom.induct)
apply (auto intro: le_antisym)
done
qged

end

fun sub; :: 'a acom = 'a acom where
suby(cl;;¢2) = cl |

subi(IF b THEN c1 ELSE c2 {S}) = c1 |
subi({I} WHILE b DO ¢ {P}) = ¢

fun subsy :: 'a acom = 'a acom where
suba(cl;;e2) = c2 |
suba(IF b THEN c1 ELSE ¢2 {S}) = ¢2

fun invar :: 'a acom = 'a where

invar({I} WHILE b DO ¢ {P}) = I

fun lift :: ('a set = 'b) = com = 'a acom set = 'b acom
where
lift F com.SKIP M = (SKIP {F (post ‘ M)}) |
lift F (x 2= a) M = (z := a {F (post * M)}) |
lift F (cl1;;¢2) M =
lift ' c1 (suby < M)s;; lift F' c2 (suby “ M) |
lift F (IF b THEN c1 ELSE ¢2) M =
IF b THEN lift F c¢1 (suby ‘M) ELSE lift F ¢2 (suby ‘* M)
{F' (post “ M)} |
lift F (WHILE b DO ¢) M =
{F (invar * M)}
WHILE b DO lift F ¢ (sub; * M)
{F (post * M)}

permanent_interpretation Complete_Lattice_iz %c. {c'. strip ¢’ = ¢} lift
Inter
proof
case goall
have a:A = lift Inter (strip a) A < a
proof (induction a arbitrary: A)
case Seq from Seq.prems show Zcase by(force intro!: Seq.IH)
next
case If from If.prems show ?case by (force intro!: If IH)
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next
case While from While.prems show ?case by (force intro!: While.IH)
qed force+
with goall show ?case by auto
next
case goal?2
thus ?case
proof (induction b arbitrary: i A)
case SKIP thus ?case by (force simp:SKIP_le)
next
case Assign thus ?case by (force simp:Assign_le)
next
case Seq from Seq.prems show ?case
by (force intro!: Seq.IH simp:Seq_le)
next
case If from If.prems show ?case by (force simp: If-le intro!: If IH)
next
case While from While.prems show ?case
by (fastforce simp: While_le intro: While.IH )
qed
next
case goal3
have strip(lift Inter i A) = i
proof (induction i arbitrary: A)
case Seq from Seq.prems show ?case
by (fastforce simp: strip_eq_Seq subset_iff intro!: Seq.IH)
next
case If from If.prems show ?Zcase
by (fastforce intro!: If IH simp: strip_eq_If )
next
case While from While.prems show ?case
by (fastforce intro: While.IH simp: strip_eq_While)
qed auto
thus ?case by auto
qged

lemma le_post: ¢ < d = post ¢ < post d
by (induction ¢ d rule: less_eq-acom.induct) auto
15.3.2 Collecting semantics

fun step :: state set = state set acom = state set acom where
step S (SKIP {P}) = (SKIP {S}) |
step S (z == e {P}) =
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(z n=e {{s" EX s:5. 8" = s(x := aval e $)}}) |
step S (cl1;; ¢2) = step S cl;; step (post c1) c2 |
step S (IF b THEN c1 ELSE ¢2 {P}) =
IF b THEN step {s:S. bval b s} c1 ELSE step {s:S. = bval b s} ¢2
{post c¢1 U post c2} |
step S ({Inv} WHILE b DO ¢ {P}) =
{S U post ¢} WHILE b DO (step {s:Inv. bval b s} ¢) {{s:Inv. = bval b

s}

definition CS :: com = state set acom where
CS ¢ = Ifp (step UNIV) ¢

lemma mono2_step: c1 < ¢2 — S1 C 52 — step S1 c1 < step S2 c2
proof (induction c1 c2 arbitrary: S1 S2 rule: less_eq_acom.induct)

case 2 thus ?case by fastforce
next

case 3 thus ?case by(simp add: le_post)
next

case 4 thus ?case by(simp add: subset_iff )(metis le_post set_mp)+
next

case 5 thus ?case by(simp add: subset_iff) (metis le_post set_mp)
qed auto

lemma mono_step: mono (step S)
by (blast intro: monol mono2_step)

lemma strip_step: strip(step S ¢) = strip c
by (induction ¢ arbitrary: S) auto

lemma [fp_cs_unfold: Ifp (step S) ¢ = step S (Ifp (step S) ¢)
apply (rule lfp_unfold[OF - mono_step])
apply (simp add: strip_step)

done

lemma CS_unfold: CS ¢ = step UNIV (CS c)
by (metis CS_def lfp_cs_unfold)

lemma strip_CS[simp]: strip(CS ¢) = ¢
by (simp add: CS_def index_lfp[simplified))

end

theory Abs_Int0_ITP
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imports ~"~/src/ Tools / Permanent_Interpretation
~~ /src/ HOL/ Library /| While_Combinator
Collecting_ITP

begin

15.4 Orderings

class preord =

fixes le :: ‘a = 'a = bool (infix C 50)
assumes le_refl[simp]: z C z

and letrans: 2 Cy —=y Lz = 2z C 2
begin

definition mono where mono f = Vzy. 2 Cy — fz C fy)
lemma monoD: mono f = x C y = fz C fy by(simp add: mono_def)

lemma mono_comp: mono f = mono g = mono (g o f)
by (simp add: mono_def)

declare le_trans[trans]

end

Note: no antisymmetry. Allows implementations where some abstract
element is implemented by two different values z # y such that z C y and
y C z. Antisymmetry is not needed because we never compare elements for
equality but only for C.

class SL_top = preord +

fixes join :: 'a = 'a = 'a (infixl U 65)

fixes Top :: 'a (T)

assumes join_gel [simp]:  C z U y

and join_ge2 [simpl: y C z Uy

and joinleast: t C 2 —= yC z =z Uy C 2
and top[simp]: x & T

begin

lemma join_ le_iff [simp]: c Uy C z+— 2z C 2z AyLC 2
by (metis join_gel join_ge2 join_least le_trans)

lemma le_join_disj: x CyVaeCz=—zCylz
by (metis join_gel join_ge2 le_trans)

end

187



instantiation fun :: (type, SL_top) SL_top
begin

definition f C g = (ALL z. fz C g z)
definition f Ll g = (Az. fz U g x)
definition T = (Az. T)

lemma join_apply[simpl: (f Ug)z=fzUgx
by (simp add: join_fun_def)

instance
proof

case goal2 thus Zcase by (metis le_fun_def preord_class.le_trans)
qged (simp_all add: le_fun_def Top_fun_def)

end

instantiation acom :: (preord) preord
begin

fun le_acom :: (‘a::preord)acom = 'a acom = bool where

le_acom (SKIP {S}H) (SKIP {8 =(SC S|

le_acom (z == e {S}) (z' == e {S}) = (z=x' N e=e' NS TS|
le_acom (c1;;¢2) (el';;¢2") = (le_acom ¢l c1’ A le_acom ¢2 ¢2') |

le_acom (IF b THEN c1 ELSE c¢2 {S}) (IF b’ THEN c1’ ELSE c2' {S'})

(b=b" A le_acom c1 c1' A le_acom ¢2 c2' N S E S7) |

le_acom ({Inv} WHILE b DO ¢ {P}) ({Inv'} WHILE b’ DO ¢’ {P'}) =
(b=b" A le_cacom ¢ ¢’ N Inv C Inv' N P C P’) |

le_acom _ _ = Fulse

lemma [simp]: SKIP {S} C ¢ +— (385" ¢ = SKIP {S'} AN SC S
by (cases ¢) auto

lemma [simp]: x = e {S}Cc+— (S c=z:=e{S}TASLCS)
by (cases ¢) auto

lemma [simp]: ¢1;;¢2 C c+— (Fcl’ 2. c=cl’;¢2" N el T el’ N2 C
c2’)

by (cases ¢) auto

lemma [simp]: IF b THEN c1 ELSE c2 {S} C ¢ +—
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(3c1’¢2'"S" ¢ =1F b THEN c1' ELSE ¢2' {S"} A c1 C c1' A c2 C c2'
NS LTS

by (cases ¢) auto

lemma [simp|: {Inv} WHILE b DO ¢ {P} C w <—

(FInv" ¢ P w = {Inv'} WHILE b DO ¢’ {P"} A ¢ C ¢’ A Inv C Inv’ A
PC P
by (cases w) auto

instance
proof
case goall thus Zcase by (induct =) auto
next
case goal2 thus ?case
apply (induct x y arbitrary: z rule: le_acom.induct)
apply (auto intro: le_trans)
done
qed

end

15.4.1 Lifting

instantiation option :: (preord)preord
begin

fun le_option where

Some x C Some y = (z C y) |
None C y = True |

Some _ T None = Fualse

lemma [simp|: (x © None) = (z = None)
by (cases z) simp_all

lemma [simp]: (Some z C u) = (Jy. u = Some y & z C y)
by (cases u) auto

instance proof
case goall show ?case by(cases x, simp_all)
next
case goal2 thus ?Zcase
by (cases z, simp, cases y, simp, cases z, auto intro: le_trans)
qged
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end

instantiation option :: (SL_top)SL_top
begin

fun join_option where

Some x LI Some y = Some(z U y) |
None Uy =y |

z U None =z

lemma join_None2[simp|: © U None = x
by (cases x) simp_all

definition T = Some T

instance proof
case goall thus ?case by(cases z, simp, cases y, simp_all)
next
case goal2 thus Zcase by(cases y, simp, cases x, simp_all)
next
case goal3 thus ?case by(cases z, simp, cases y, simp, cases z, simp_all)
next
case goal thus Zcase by(cases z, simp_all add: Top_option_def)
qged

end

definition bot_acom :: com = ('a::SL_top)option acom (L.) where
1. = anno None

lemma strip_bot_acom[simp]: strip(L. ¢) = ¢
by (simp add: bot_acom_def)

lemma bot_acom|rule_format]: strip ¢’ = ¢ — L. cC ¢’
apply (induct ¢ arbitrary: c')
apply (simp_all add: bot_acom_def)
apply (induct_tac ¢’

apply simp_all

apply (induct_tac ¢’

apply simp_all

apply (induct_tac ¢’

apply simp_all

apply (induct_tac ¢’

apply simp_all
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apply (induct_tac ¢’
apply simp_all
done

15.4.2 Post-fixed point iteration

definition
pfp = (("a::preord) = 'a) = 'a = 'a option where
pfp [ = while_option (A\x. = fxz T z) f

lemma pfp_pfp: assumes pfp f 0 = Some z shows fz C z
using while_option_stop[OF assms[simplified pfp_def]] by simp

lemma pfp_least:
assumes mono: Az y.t Cy = fz C fy
and fp C p and 20 C p and pfp f 20 = Some z shows z C p
proof—
{ fix z assume z C p
hence fz C fp by(rule mono)
from this (f p C p) have fz C p by(rule le_trans)
}
thus z C p using assms(2—) while_option_rulelwhere P = %z. z C p]
unfolding pfp_def by blast
qged

definition

Ipfpe = (("a::SL_top)option acom = 'a option acom) = com = 'a option
acom option where

Ipfpc fe=pfp f (Lec)

lemma Ipfpc_pfp: lpfp. f cO0 = Some ¢ = fc C ¢
by (simp add: pfp-pfp lpfpc-def)

lemma strip_pfp:

assumes Az. g(fz) = g x and pfp f 20 = Some x shows g x = g 20
using assms while_option_rule[where P = %z. g x = g 20 and ¢ = f]
unfolding pfp_def by metis

lemma strip_lpfpc: assumes Ac. strip(f ¢) = strip ¢ and Ipfp. f ¢ = Some
/

c

shows strip ¢/ = ¢

using assms(1) strip_pfp|OF _ assms(2)[simplified Ipfp.-def]]

by (metis strip_bot_acom)
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lemma Ipfpc_least:

assumes mono: Azy.t Ty = fz C fy

and strip p = ¢0 and fp C p and Ip: Ipfp. f c0 = Some ¢ shows ¢ C p

using pfp_least|OF _ _ bot_acom[OF <strip p = c0] Ip[simplified Ipfp.-def]]
mono (fp C p

by blast

15.5 Abstract Interpretation

definition v_fun :: (‘a = 'b set) = ('c = 'a) = ("¢ = 'b)set where
yfun vy F ={f.Vz. fz € v(F z)}

fun ~_option :: ('a = 'b set) = 'a option = 'b set where
v-option v None = {} |
~v_option v (Some a) = v a

The interface for abstract values:

locale Val_abs =
fixes «y :: ‘av::SL_top = wal set
assumes mono_gamma: a E b= va Cyb
and gamma_Top[simp]: v T = UNIV
fixes num’ :: val = 'av
and plus’ :: 'av = 'av = 'av
assumes gamma_num’ n : y(num’ n)
and gamma_plus”:
nl v al = n2:vy a2 = nl+n2 : y(plus’ al a2)

type_synonym ‘av st = (vname = 'av)

locale Abs_Int_Fun = Val_abs v for ~ :: 'av::SL_top = val set
begin

fun aval’ :: aexp = 'av st = 'av where

aval’ (N n) S = num’ n |

aval’ (V) S =Sz

aval’ (Plus al a2) S = plus’ (aval’ a1l S) (aval’ a2 S)

fun step’ :: 'av st option = 'av st option acom = 'av st option acom
where
step’ S (SKIP {P}) = (SKIP {S}) |
step’ S (z == e {P}) =

z = e {case S of None = None | Some S = Some(S(z := aval’ e S))}
|

step’ S (cl;; ¢2) = step’ S cl;; step’ (post c1) ¢2 |
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step’ S (IF b THEN c1 ELSE ¢2 {P}) =

IF b THEN step’ S ¢1 ELSE step’ S ¢2 {post c¢1 U post c¢2} |
step” S ({Inv} WHILE b DO ¢ {P}) =

{S U post ¢} WHILE b DO (step’ Inv ¢) {Inv}

definition ATl :: com = 'av st option acom option where
ATl = Ipfp. (step’ T)

lemma strip_step’[simp|: strip(step’ S ¢) = strip c
by (induct ¢ arbitrary: S) (simp_all add: Let_def)

abbreviation vy :: ‘av st = state set
where vy == v_fun v

abbreviation 7, :: ‘av st option = state set
where v, == y_option vy

abbreviation 7. :: ‘av st option acom = state set acom
where v, == map_acom 7,

lemma gamma_f-Top[simp|: v; Top = UNIV
by (simp add: Top_fun_def ~v_fun_def)

lemma gamma_o_Top[simp]: v, Top = UNIV
by (simp add: Top_option_def)

lemma mono_gamma_f: f E g = vy f S5 g
by (auto simp: le_fun_def ~_fun_def dest: mono_gamma)

lemma mono_gamma_o:
sa C sa’ = v, sa C v, sa’
by (induction sa sa’ rule: le_option.induct)(simp_all add: mono_gamma_f)

lemma mono_gamma_c: ca C ca’ = v, ca < 7. ca’
by (induction ca ca’ rule: le_acom.induct) (simp_all add:mono_gamma_o)
Soundness:

lemma aval’_sound: s : v S = aval a s : y(aval’ a S)
by (induct a) (auto simp: gamma_num’ gamma_plus’ ~_fun_def)
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lemma in_gamma_update:

[s:vpSii:va] = s(x:=1): 7,5z := a))
by (simp add: v_fun_def)

lemma step_preserves_le:
[ S C Shc<vcc'] = step Sc <. (step’ ')
proof (induction ¢ arbitrary: ¢ S S’
case SKIP thus ?case by(auto simp:SKIP_le map_acom_SKIP)
next
case Assign thus Zcase
by (fastforce simp: Assign_le map_acom_Assign intro: aval’_sound in_gamma_update
split: option.splits del:subsetD)
next
case Seq thus ?case apply (auto simp: Seq_le map_acom_Seq)
by (metis le_post post_map_acom)
next
case (If b cl c2 P)
then obtain ¢!’ ¢c2’ P/ where
¢'=1IF b THEN c1’' ELSE ¢2' {P'}
P C oy, Plel <~e.clc2 <. c2
by (fastforce simp: If le map_acom_If)
moreover have post c1 C v,(post c¢1’ U post c2’)
by (metis (no_types) (¢l < 7. cl’ join_gel le_post mono_gamma_o
order_trans post_map_acom)
moreover have post c2 C ~,(post c¢1’' Ll post ¢2”)
by (metis (no_types) 2 < v, c¢2' join_ge2 le_post mono_gamma_o
order_trans post_-map_acom,)
ultimately show ?case using S C v, S by (simp add: If .IH subset_iff )
next
case (While I b c1 P)
then obtain ¢/’ I’ P/ where
¢'= {1} WHILE b DO c1’{P'}
I Cr, I'"P Cv, P'ecl <7, cl’
by (fastforce simp: map_acom_While While_le)
moreover have S U post ¢ C v, (S’ U post c1”)
using S C v, S) le_post[OF (c1 < 7. c1", simplified]
by (metis (no_types) join_gel join_ge2 le_sup_iff mono_gamma-o or-
der_trans)
ultimately show ?Zcase by (simp add: While.IH subset_iff )
qed

lemma Al sound: AI ¢ = Some ¢/ = CS ¢ < 7. ¢’

proof(simp add: CS_def Al def)
assume 1: Ipfp. (step’ T) ¢ = Some ¢’
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have 2: step’ T ¢’ C ¢’ by(rule Ipfpc_pfp[OF 1))
have 3: strip (7. (step’ T ¢')) = ¢
by (simp add: strip_lpfpc[OF _ 1])
have Ifp (step UNIV) ¢ < 7. (step’ T ¢)
proof (rule lfp_lowerbound[simplified, OF 3])
show step UNIV (v, (step’ T ¢')) < 7. (step’ T ¢')
proof(rule step_preserves_le[OF _ _])
show UNIV C ~, T by simp
show 7. (step’ T ¢') < . ¢’ by(rule mono_gamma_c[OF 2])
qged
qed
with 2 show Ifp (step UNIV) ¢ < 7. ¢’
by (blast intro: mono_gamma_c order_trans)
qed

end

15.5.1 Monotonicity

lemma mono_post: ¢ C ¢’ = post ¢ C post ¢’
by (induction ¢ ¢’ rule: le_acom.induct) (auto)

locale Abs_Int_Fun_mono = Abs_Int_Fun +
assumes mono_plus”: al C bl = a2 C b2 = plus’ al a2 C plus’ b1 b2
begin

lemma mono_aval S T S’ = aval’ e S C aval’ e S’
by (induction e)(auto simp: le_fun_def mono_plus’)

lemma mono_update: a C o' = S C ' = S(z := a) C S'(z := a)
by (simp add: le_fun_def)

lemma mono_step”: S E S’ = ¢ C ¢/’ = step’ S c C step’ S’ ¢’

apply (induction ¢ ¢’ arbitrary: S S’ rule: le_acom.induct)

apply (auto simp: Let_def mono_update mono_aval’ mono_post le_join_disj
split: option.split)

done

end

Problem: not executable because of the comparison of abstract states,
i.e. functions, in the post-fixedpoint computation.

end
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theory Abs_State_ITP
imports Abs_Int0_ITP
~~ /sre/HOL/ Library | Char_ord ~~ /src/ HOL/ Library/ List_lexord

begin

15.6 Abstract State with Computable Ordering

A concrete type of state with computable C:

datatype ‘a st = FunDom vname = 'a vname list

fun fun where fun (FunDom f xzs) = f
fun dom where dom (FunDom f xs) = xs

definition [simp]: inter_list zs ys = [z<xs. x € set ys]
definition show_st S = [(z,fun S x). x < sort(dom S)]

definition show_acom = map_acom (map_option show_st)
definition show_acom_opt = map_option show_acom

definition lookup F x = (if z : set(dom F) then fun F x else T)
definition update F z y =

FunDom ((fun F)(z:=y)) (if © € set(dom F) then dom F else x # dom
F)

lemma lookup_update: lookup (update S = y) = (lookup S)(x:=y)
by (rule ext)(auto simp: lookup_def update_def)

definition v.st v F = {f. V. fz € v(lookup F )}

instantiation st :: (SL_top) SL_top
begin

definition le_st F G = (ALL z : set(dom G). lookup F z C fun G x)
definition

join_st F G =

FunDom (Az. fun F x U fun G x) (inter_list (dom F) (dom G))

definition T = FunDom (Az. T) |]
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instance
proof
case goal2 thus ?case
apply(auto simp: le_st_def)
by (metis lookup_def preord_class.le_trans top)
qed (auto simp: le_st_def lookup_def join_st_def Top_st_def)

end

lemma mono_lookup: F C F' = lookup F x C lookup F' x
by (auto simp add: lookup_def le_st_def )

lemma mono_update: a C o’ = S T S’ = update S x a C update S’ z
!
a

by (auto simp add: le_st_def lookup_def update_def)

locale Gamma = Val_abs where v=-~ for v :: ‘av::SL_top = wval set
begin

abbreviation v; :: ‘av st = state set
where vy == ~y_st 7y

abbreviation 7, :: ‘av st option = state set
where v, == y_option v,

abbreviation 7. :: av st option acom = state set acom
where v, == map_acom 7,

lemma gamma_f-Top[simp|: v; Top = UNIV
by (auto simp: Top_st_def ~_st_def lookup_def)

lemma gamma_o_Top|simp]: v, Top = UNIV
by (simp add: Top_option_def)

lemma mono_gamma.f: f C g = vy f Cvr g
apply (simp add:y_st_def subset_iff lookup_def le_st_def split: if-splits)
by (metis UNIV_I mono_gamma gamma_Top subsetD)

lemma mono_gamma_o:

sa C sa’ = 7, sa C v, sa’
by (induction sa sa’ rule: le_option.induct)(simp_all add: mono_gamma_f)
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lemma mono_gamma_c: ca C ca’ = v, ca < v, ca’
by (induction ca ca’ rule: le_acom.induct) (simp_all add:mono_gamma_o)

lemma in_gamma_option_iff:
z :yooption r u «— (Fu’. uw = Some u' Nz : T u')
by (cases u) auto

end

end

theory Abs_Inti1_ITP
imports Abs_State_ITP
begin

15.7 Computable Abstract Interpretation
Abstract interpretation over type st instead of functions.

context Gamma
begin

fun aval’ :: aexp = 'av st = 'av where

aval’ (N n) S = num’ n |

aval’ (V z) S = lookup S x|

aval’ (Plus al a2) S = plus’ (aval’ a1 S) (aval’ a2 S)

lemma aval’_sound: s : v S = aval a s : y(aval’ a S)
by (induction a) (auto simp: gamma_num’ gamma_plus’~y_st_def lookup_def)

end

The for-clause (here and elsewhere) only serves the purpose of fixing the
name of the type parameter ‘av which would otherwise be renamed to ‘a.

locale Abs_Int = Gamma where y=- for v :: av::SL_top = val set
begin

fun step’ :: ‘av st option = 'av st option acom = 'av st option acom where
step” S (SKIP {P}) = (SKIP {S}) |
step’ S (z == e {P}) =

z = e {case S of None = None | Some S = Some(update S x (aval’ e
SNHY
step’ S (cl;; ¢2) = step’ S cl;; step’ (post ¢1) ¢2 |
step” S (IF b THEN c1 ELSE c2 {P}) =
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(let c1’ = step” S c1; c2' = step’ S c2

in IF b THEN c1’ ELSE ¢2' {post c1 U post c2}) |
step” S ({Inv} WHILE b DO ¢ {P}) =

{S U post ¢} WHILE b DO step’ Inv ¢ {Inv}

definition ATl :: com = 'av st option acom option where
ATl = Ipfp. (step’ T)

lemma strip_step’[simp|: strip(step’ S ¢) = strip c
by (induct ¢ arbitrary: S) (simp_all add: Let_def)

Soundness:

lemma in_gamma_update:
[s:vfSii:va] = s(z:=1):vs(update S z a)
by (simp add: v_st_def lookup_update)

The soundness proofs are textually identical to the ones for the step
function operating on states as functions.

lemma step_preserves_le:
[SCr,Se<n.c"] = stepSc <. (step’ S ¢
proof (induction ¢ arbitrary: ¢’ S S’
case SKIP thus ?case by(auto simp:SKIP_le map_acom_SKIP)
next
case Assign thus Zcase
by (fastforce simp: Assign_le map_acom_Assign intro: aval’_sound in_gamma_update
split: option.splits del:subsetD)
next
case Seq thus ?case apply (auto simp: Seq_le map_acom_Seq)
by (metis le_post post_map_acom)
next
case (If b cl c2 P)
then obtain c1’ c2’ P’ where
¢' = IF b THEN c1' ELSE c2' {P'}
P Cry Plel <qccl’c2 <. c2!
by (fastforce simp: If-le map_acom_If)
moreover have post c1 C ~,(post c1' Ll post ¢2”)
by (metis (no_types) (¢l < 7. c1’ join_gel le_post mono_gamma-o
order_trans post_map_acom)
moreover have post c¢2 C v,(post c¢1' U post c2’)
by (metis (no_types) 2 < 7. ¢2' join_ge2 le_post mono_gamma_o
order_trans post_map_acom)
ultimately show ?case using S C v, S by (simp add: If .IH subset_iff )
next

199



case (While I b c1 P)
then obtain c1’ I’ P’ where
¢' = {I"y WHILE b DO ¢1' {P"}
I CHyI'"P C vy Plel <neecl’
by (fastforce simp: map_acom_While While_le)
moreover have S U post ¢ C v, (S’ U post c1”)
using S C 7, S) le_post[OF (c1 < 7. c1", simplified]
by (metis (no_types) join_gel join_ge2 le_sup_iff mono_gamma_o or-
der_trans)
ultimately show ?case by (simp add: While.IH subset_iff)
ged

lemma Al sound: AI ¢ = Some ¢’ = CS ¢ < 7. ¢’
proof (simp add: CS_def Al def)
assume 1: Ipfp. (step’ T) ¢ = Some ¢’
have 2: step’ T ¢’ C ¢’ by(rule Ipfpc_pfp[OF 1))
have 3: strip (7. (step’ T ¢')) = ¢
by (simp add: strip_lpfpc|OF _ 1])
have Ifp (step UNIV) ¢ < 7. (step’ T ¢’)
proof (rule lfp_lowerbound[simplified, OF 3])
show step UNIV (v, (step’ T ¢”)) < 7. (step’ T ¢’
proof (rule step_preserves_le]OF _ )
show UNIV C v, T by simp
show . (step’ T ¢’) < . ¢’ by(rule mono_gamma_c[OF 2])
qed
qed
from this 2 show Ifp (step UNIV) ¢ < v, ¢’
by (blast intro: mono_gamma_c order_trans)
qed

end

15.7.1 Monotonicity

locale Abs_Int_-mono = Abs_Int +
assumes mono_plus” al C bl = a2 C b2 = plus’ al a2 C plus’ b1 b2
begin

lemma mono_aval S T S’ = aval’ ¢ S C aval’ e S’
by (induction e) (auto simp: le_st_def lookup_def mono_plus’)

lemma mono_update: a C o' = S C S’ = update S x a C update S’ x
!/
a

by (auto simp add: le_st_def lookup_def update_def)
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lemma mono_step S E S' = ¢ C ¢/ = step’ S c C step’ S’ ¢’

apply (induction ¢ ¢’ arbitrary: S S’ rule: le_acom.induct)

apply (auto simp: Let_def mono_update mono_aval’ mono_post le_join_disj
split: option.split)

done

end

15.7.2 Ascending Chain Condition

abbreviation strict r == r N —(r"—1)
abbreviation acc r == wf ((strict r) "—1)

lemma strict_inv_image: strict(inv_image r f) = inv_image (strict r) f
by (auto simp: inv_image_def)

lemma acc_inv_image:
acc r = acc (inv_image r f)
by (metis converse_inv_image strict_inv_image wf-inv_image)

ACC for option type:

lemma acc_option: assumes acc {(z,y::'a::preord). z C y}
shows acc {(z,y::"a::preord option). x C y}
proof (auto simp: wf-eq-minimal)
fix zo :: 'a option and Qo assume zo : Qo
let 7Q = {z. Some z € Qo}
show Jyo€Qo. Vzo. yo C zo N~ z0 C yo — z0 ¢ Qo (is Jz0€Qo. ?P
20)
proof cases
assume ?Q = {}
hence ?P None by auto
moreover have None € Qo using (?Q = {}) o : Qo
by auto (metis not_Some_eq)
ultimately show ?thesis by blast
next
assume ?Q # {}
with assms show ?thesis
apply (auto simp: wf-eq-minimal)
apply (erule_tac z=79Q in allF)
apply auto
apply(rule_tac x = Some z in bexl)
by auto
qed
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qed
ACC for abstract states, via measure functions.

lemma setsum_strict_monol:
fixes f :: 'a = 'b::{comm_monoid_add, ordered_cancel_ab_semigroup_add}
assumes finite A and ALL z:A. fz < gz and EX a:A. fa< ga
shows setsum f A < setsum g A
proof—
from assms(3) obtain a where a: a:A fa < g a by blast
have setsum f A = setsum f ((A—{a}) U {a})
by (simp add:insert_absorb|OF (a:A)])
also have ... = setsum f (A—{a}) + setsum f {a}
using (finite A> by (subst setsum.union_disjoint) auto
also have setsum f (A—{a}) < setsum g (A—{a})
by (rule setsum_mono)(simp add: assms(2))
also have setsum f {a} < setsum g {a} using a by simp
also have setsum g (A — {a}) + setsum g {a} = setsum g((A—{a}) U
{a})
using (finite A) by(subst setsum.union_disjoint[symmetric]) auto
also have ... = setsum g A by(simp add:insert_absorb|OF' (a:A)])
finally show ?thesis by (metis add_right_-mono add_strict_left_mono)
qed

lemma measure_st: assumes (strict{(z,y::'a::SL_top). z T y}) =1 <=
measure m
and Vz y:'a:SLtop. tCyANyC oz — mz=my
shows (strict{(S,S":'a::SL_top st). S C S'})"—1 C
measure(%fd. Y x| xz€set(dom fd) N~ T C fun fd x. m(fun fd x)+1)
proof—
{fix $5":: 'astassume SC S'~S'CS
let ?X = set(dom S) let ?Y = set(dom S’)
let ?f = fun S let ?g = fun S’
let 72X/ = {z:2X.~ T C ?fz}let 2Y' = {y:2Y.~ T C %9y}
from (S C S have ALL y:?Y'N?X. 9y C %9y
by (auto simp: le_st_def lookup_def)
hence 1: ALL y:?2Y'N?X. m(%g y)+1 < m(?f y)+1
using assms(1,2) by/(fastforce)
from (~ S’ C S) obtain v where u: u : ?X ~ lookup S’ u C ?fu
by (auto simp: le_st_def)
hence u : X’ by simp (metis preord_class.le_trans top)
have ?Y'—?X = {} using (S C S by (fastforce simp: le_st_def lookup_def )
have ?Y'N?X <= ?X’ apply auto
apply (metis (S T S le_st_def lookup_def preord_class.le_trans)
done
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have (> ye?Y' m(?2g y)+1) = (L ye(?Y'—2X) U (2Y'N?X). m(%g

y)+1)
by (metis Un_Diff_Int)
also have ... = (1 ye?Y'N?X. m(%g y)+1)

using (?Y'—?X = {} by (metis Un_empty_left)
also have ... < (> ze?X'. m(9f z)+1)
proof cases
assume u € 7Y’
hence m(?%g u) < m(?f u) using assms(1) (S C S) u
by (fastforce simp: le_st_def lookup_def)
have (> ye?YN?X. m(%g y)+1) < (L ye?YN?X. m(9f y)+1)
using w:2X) w:2Y") (m(%g u) < m(?f u)
by (fastforce intro!: setsum_strict_monol |[OF _ 1])
also have ... < (X ye?X' m(?f y)+1)
by (simp add: setsum_mono3[OF _(?Y'N?X <= ?X"])
finally show ¢thesis .
next
assume u ¢ ?Y’
with (?Y'N?X <= 2X’ have ?Y'N?X — {u} <= ?X’' — {u} by blast
have (3 ye?Y'N?X. m(%g y)+1) = > ye?Y'N?X — {u}. m(%
y)+1)
proof—
have ?Y'N?X = ?2Y'N?X — {u} using «w ¢ ?Y") by auto
thus ?thesis by metis
qed
also have ... < (X ye?Y'N?X—{u}. m(?9 y)+1) + (> ye{u}. m(?f
y)+1) by simp
also have (> ye?YN?X—{u}. m(%g y)+1) < (> ye?YN?X—{u}.
m(?f y)+1)
using 1 by(blast intro: setsum_mono)
also have ... < (> ye?X'—{u}. m(?fy)+1)
by (simp add: setsum_mono3[OF _ «(?Y'N?X—{u} <= ?X'—{u})])
also have ... + (X ye{u}. m(?f y)+1)= (X ye(?X'—{u}) U {u}.
m(?f y)+1)
using u:?X " by(subst setsum.union_disjoint[symmetric]) auto
also have ... = (Y} z€?X'. m(?fz)+1)
using w : X by(simp add:insert_absorb)
finally show ?thesis by (blast intro: add_right-mono)
qed
finally have (> ye?Y’ m(%g y)+1) < (> z€?X’. m(f x)+1) .
} thus ?thesis by (auto simp add: measure_def inv_image_def)
ged

ACC for acom. First the ordering on acom is related to an ordering on
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lists of annotations.

lemma listrel_Cons_iff:
(z#as, y#ys) : listrel v <— (z,y) € r A (ws,ys) € listrel r
by (blast intro:listrel. Cons)

lemma listrel_app: (xsl,ysl) : listrel r = (x82,ys2) : listrel r
= (zs1Qus2, ys1Qys2) : listrel r
by (auto simp add: listrel_iff_zip)

lemma listrel_app_same_size: size xsl = size ys1 = size rs2 = size ys2
_—

(zs1Qus2, ys1Qys2) : listrel r «—

(zsl,ysl) : listrel v N (xs2,ys2) : listrel r
by (auto simp add: listrel_iff_zip)

lemma listrel_converse: listrel(r"—1) = (listrel r) "—1
proof—
{ fix zs ys
have (zs,ys) : listrel(r"—1) «— (ys,zs) : listrel r
apply (induct xs arbitrary: ys)
apply (fastforce simp: listrel.Nil)
apply (fastforce simp: listrel_Cons_iff )
done
} thus ?Zthesis by auto
qed

lemma acc_listrel: fixes r :: ('ax’a)set assumes refl r and trans r
and acc r shows acc (listrel r — {([],])})
proof—
have refl: lz. (z,z) : r using (refl r unfolding refl_on_def by blast
have trans: 'z y z. (z,y) : r = (y,2) : r = (z,2) : 1
using (trans r unfolding trans_def by blast
from assms(3) obtain mz :: 'a set = 'a where
me: NSz 2:8 = mz S : S AN NMy. (mzS,y) : strictr — y ¢ 5)
by (simp add: wf-eq-minimal) metis
let 7R = listrel r — {([], [])}
{ fix Q and zs :: 'a list
have zs € Q = Jys. ys€Q N (Vzs. (ys, zs) € strict IR — zs ¢ Q)
(is - = Jys. 7P Q ys)
proof (induction xs arbitrary: Q rule: length_induct)
case (I zs)
{ have !lys Q. size ys < size 1s = ys : Q = EX ms. 7P Q ms
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using 1.IH by blast
} note IH = this
show Zcase
proof (cases xs)
case Nil with s : @) have ?P @ [| by auto
thus ?thesis by blast
next
case (Cons x ys)
let ?Q1 = {a. Fbs. size bs = size ys N\ a#bs : Q}
have z : ?Q1 using (zs : @) Cons by auto
from mz[OF this| obtain mI where
1:m1 € ?Q1 N (Vy. (ml,y) € strict r — y ¢ ?Q1) by blast
then obtain ms! where size ms1 = size ys mi1#msl : Q) by blast+
hence size ms1 < size zs using Cons by auto
let Q2 = {bs. Am1’. (m1';m1):r A (m1,m1’):r A m1'#bs : Q A
size bs = size ms1}
have ms! : Q2 using (m1#msl : Q) by(blast intro: refl)
from IH[OF (size msl < size xs) this]
obtain ms where 2: ?P ?Q)2 ms by auto
then obtain m!’ where m1” (m1’m1) : r A (m1,m1’) : r A
ml'#ms : Q
by blast
hence YV ab. (m1'#ms,ab) : strict R — ab ¢ @ using 1 2
apply (auto simp: listrel_Cons_iff)
apply (metis (ength ms1 = length ys) listrel_eq_len trans)
by (metis dength ms1 = length ys) listrel_eq_len trans)
with m1’ show ?thesis by blast
qed
qed
}
thus ?thesis unfolding wf-eq-minimal by (metis converse_iff)
qed

lemma le_iff le_annos: c1 C ¢c2 +—

(annos c1, annos c2) : listrel{(z,y). * C y} A strip c1 = strip c2
apply (induct c1 ¢2 rule: le_acom.induct)

apply (auto simp: listrel.Nil listrel_Cons_iff listrel_app size_annos-same2)
apply (metis listrel_app_same_size size_annos_same)-+

done

lemma le_acom_subset_same_annos:
(strict{(c,c":"a::preord acom). ¢ C ¢'})"—1 C

(strict(inv_image (listrel{(a,a’:"a). a C a’} — {([,[])}) annos)) "—1
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by (auto simp: le_iff le_annos)

lemma acc_acom: acc {(a,a":'a::preord). o C o'} =
ace {(c,c":'a acom). ¢ C ¢'}

apply (rule wf-subset|OF _ le_acom_subset_same_annos))

apply(rule acc_inv_image[OF acc_listrel])

apply (auto simp: refl_on_def trans_def intro: le_trans)

done

Termination of the fixed-point finders, assuming monotone functions:

lemma pfp_termination:
fixes z0 :: 'a::preord
assumes mono: Az y. x C y = fz C fy and acc {(z::'a,y). z C y}
and z0 C f 20 shows EX z. pfp f z0 = Some x
proof(simp add: pfp_def, rule wf-while_option_Some[where P = %z. z C
f))

show wf {(z,s). (sCfsA-fsCs)Az=Ffs}

by (rule wf _subset[OF assms(2)]) auto

next

show z0 C f z0 by(rule assms)
next

fix z assume z C fz thus fz C f(f ) by(rule mono)
qged

lemma Ipfpc_termination:
fixes f :: (('a::SL_top)option acom = 'a option acom)
assumes acc {(z::'a,y). z Cytand Az y. 2 Cy = fz C fy
and Ac. strip(f ¢) = strip ¢
shows dc¢’. Ipfp. f ¢ = Some ¢’
unfolding Ipfp._def
apply (rule pfp_termination)
apply (erule assms(2))
apply (rule acc_acom|[OF acc_option|OF assms(1)]])
apply(simp add: bot_acom assms(3))
done

context Abs_Int_mono
begin

lemma Al Some_measure:

assumes (strict{(z,y::'a). x C y}) "—1 <= measure m
andVzy:a. 2CyANyCz—maz=my

shows J¢’. Al ¢ = Some ¢’

unfolding Al def
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apply (rule Ipfpc_termination)

apply (rule wf_subset| OF wf-measure measure_st|OF assms]])
apply(erule mono_step’|OF le_refl])

apply (rule strip_step”)

done

end

end

theory Abs_Int1_parity_ITP
imports Abs_Int1_ITP
begin

15.8 Parity Analysis
datatype parity = Even | Odd | Either
Instantiation of class preord with type parity:

instantiation parity :: preord
begin

First the definition of the interface function C. Note that the header of
the definition must refer to the ascii name op C of the constants as le_parity
and the definition is named le_parity_def. Inside the definition the symbolic
names can be used.

definition le_parity where
x C y = (y = Either V x=y)

Now the instance proof, i.e. the proof that the definition fulfills the ax-
ioms (assumptions) of the class. The initial proof-step generates the neces-
sary proof obligations.

instance
proof
fix z::parity show = C z by(auto simp: le_parity_def)
next
fix zy z :: parity assume z C y y C 2z thus z C 2
by (auto simp: le_parity_def)
ged

end
Instantiation of class SL_top with type parity:

instantiation parity :: SL_top
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begin

definition join_parity where
z Uy = (ifz C ythen y else if y T z then x else Either)

definition Top_parity where
T = Fither

Now the instance proof. This time we take a lazy shortcut: we do not
write out the proof obligations but use the goali primitive to refer to the
assumptions of subgoal i and case? to refer to the conclusion of subgoal i.
The class axioms are presented in the same order as in the class definition.

instance
proof

case goall show ?case by(auto simp: le_parity_def join_parity_def)
next

case goal2 show ?case by(auto simp: le_parity_def join_parity_def)
next

case goal3 thus ?case by(auto simp: le_parity_def join_parity_def)
next

case goal] show ?case by(auto simp: le_parity_def Top_parity_def )
qged

end

Now we define the functions used for instantiating the abstract inter-
pretation locales. Note that the Isabelle terminology is interpretation, not
instantiation of locales, but we use instantiation to avoid confusion with
abstract interpretation.

fun ~_parity :: parity = val set where
~v-parity Even = {i. i mod 2 = 0} |
v-parity Odd = {i. i mod 2 = 1} |
v_parity Either = UNIV

fun num_parity :: val = parity where
num_parity i = (if i mod 2 = 0 then Even else Odd)

fun plus_parity :: parity = parity = parity where
plus_parity Even Even = Even |
plus_parity Odd Odd = FEven |
plus_parity Even Odd = Odd |
plus_parity Odd Even = Odd |
plus_parity Either y = Fither |
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plus_parity x Fither = FEither

First we instantiate the abstract value interface and prove that the func-
tions on type parity have all the necessary properties:

interpretation Val_abs
where v = y_parity and num’ = num_parity and plus’ = plus_parity
proof

of the locale axioms

fix a b :: parity
assume a C b thus v_parity a C ~v_parity b
by (auto simp: le_parity_def)
next

The rest in the lazy, implicit way

case goal2 show ?case by(auto simp: Top_parity_def)
next

case goal3 show ?case by auto
next

Warning: this subproof refers to the names a1 and a2 from the statement
of the axiom.

case goal/ thus ?case
proof (cases al a2 rule: parity.exhaust[case_product parity.exhaust])
qed (auto simp add:mod_add_eq)

qged

Instantiating the abstract interpretation locale requires no more proofs
(they happened in the instatiation above) but delivers the instantiated ab-
stract interpreter which we call Al:

permanent_interpretation Abs_Int
where v = ~_parity and num’ = num_parity and plus’ = plus_parity
defining aval_parity = aval’ and step_parity = step’ and ALparity = Al

15.8.1 Tests

definition testl_parity =

"y = N 13

WHILE Less (V "z'") (N 100) DO "x" ::= Plus (V "z'") (N 2)
value show_acom_opt (Al parity testl_parity)

definition test2_parity =
"g! = N I3
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WHILE Less (V "z'") (N 100) DO "z" ::= Plus (V "z"") (N 3)
value show_acom (( 1) (anno None test2_parity
value show_acom ((step_parity T ""2) (anno None test2_parity

(( 78) (
(( (

step_parity T " )
)
value show_acom ((step_parity T anno None test2_parity))
)
)

)
)
)
value show_acom ((step_parity T ""4) (anno None test2_parity

value show_acom ((step_parity T ""5) (anno None test2_parity
value show_acom_opt (AL parity test2_parity)

15.8.2 Termination

permanent_interpretation Abs_Int_mono
where v = y_parity and num’ = num_parity and plus’ = plus_parity
proof
case goall thus ?case
proof (cases al a2 bl b2
rule: parity.exhaust|[case_product parity.exhaust|case_product parity.exhaust|case_product
parity.ezhaust]]])
qed (auto simp add:le_parity_def)
qed

definition m_parity :: parity = nat where
m_parity © = (if z=~Either then 0 else 1)

lemma measure_parity:
(strict{(z:parity,y). © C y}) "—1 C measure m_parity
by (auto simp add: m_parity_def le_parity_def)

lemma measure_parity_eq:
Vo yuparity. x C y Ay C o — m_parity x = m_parity y
by (auto simp add: m_parity_def le_parity_def)

lemma Al parity_Some: 3 ¢’. Alparity ¢ = Some ¢’
by (rule AI_.Some_measure|OF measure_parity measure_parity_eq|)

end

theory Abs_Intl_const_ITP
imports Abs_Int1_ITP ../ Abs_Int_Tests
begin
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15.9 Constant Propagation

datatype const = Const val | Any

fun ~_const where
v-const (Const n) = {n} |
v-const (Any) = UNIV

fun plus_const where
plus_const (Const m) (Const n) = Const(m+n) |
plus_const - _ = Any

lemma plus_const_cases: plus_const al a2 =

(case (al,a2) of (Const m, Const n) = Const(m+n) | - = Any)

by (auto split: prod.split const.split)

instantiation const :: SL_top

begin

fun le_const where

_C Any = True |

Const n C Const m = (n=m) |
Any © Const _ = False

fun join_const where
Const m LI Const n = (if n=m then Const m else Any) |

_U_-=Any

definition T = Any

instance
proof

case goall thus
next

case goal2 thus
next

case goal3 thus
next

case goal4 thus
next

case goal5 thus
next

case goal6 thus
qed

?case by (cases x) simp_all

?case by(cases z,
Zcase by(cases x,
Zcase by(cases v,

Zcase by/(cases z,

cases vy,

cases vy,

cases x,

cases v,

cases x, simp_all)
simp_all)
simp_all)

cases x, simp_all)

Zcase by (simp add: Top_const_def)
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end

permanent_interpretation Val_abs
where v = y_const and num’ = Const and plus’ = plus_const
proof
case goall thus ?case
by (cases a, cases b, simp, simp, cases b, simp, simp)
next
case goal2 show ?case by(simp add: Top_const_def)
next
case goal3 show ?case by simp
next
case goal/ thus Zcase
by (auto simp: plus_const_cases split: const.split)
qged

permanent_interpretation Abs_Int
where v = y_const and num’ = Const and plus’ = plus_const
defining Al const = AI and step_const = step’ and aval’_const = aval’

15.9.1 Tests

value show_acom (((step_const T)""0) (L. testi_const))
value show_acom (((step_const T)""1) (L. testl_const))
value show_acom (((step_const T)""2) (L. testi_const))
value show_acom (((step_const T)""3) (L. testi_const))
value show_acom_opt (Al const testl_const)

value show_acom_opt (Al const test2_const)
value show_acom_opt (Al const test3_const)

value show_acom (((step_const T)""0) (L. testj_const))
value show_acom (((step_const T)""1) (L. test4_const))
value show_acom (((step_const T)""2) (L. testj_const))
value show_acom (((step_const T)""3) (L. testj_const))
value show_acom_opt (Al const test)_const)

0
1

“0) (L. tests_const
L. testb_const

) ( )
) ( )
) (L¢ testd_const))
) ( )

value show_acom
value show_acom
value show_acom
value show_acom

((step_const T)"
((step-const T) "1
((step_const T) "2
((step_const T)""3) (L. tests_const

N N N N
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value show_acom (((step_const T)""4) (L. testd_const))
value show_acom (((step_const T)""5) (L. test5_const))
value show_acom_opt (Al const test5_const)

value show_acom (((step_const T)""0) (L. test6_const))
value show_acom (((step_const T)""1) (J_C test6_const))
value show_acom (((step_const T)""2) (L. testb_const))
value show_acom (((step_const T)""8) (L. test6_const))
value show_acom (((step_const T)""4) (L. testb_const))
value show_acom (((step_const T)""5) (L. test6_const))
value show_acom (((step_const T)""6) (L. test6_const))
value show_acom (((step_const T)""7) (L. test6_const))
value show_acom (((step_const T)""8) (L. test6_const))
value show_acom (((step_const T)""9) (L. test6_const))
value show_acom (((step_const T)""10) (J_ test6_const))

t)
value show_acom (((step_const T)""11) (L. test6_const))
value show_acom_opt (Al const test6_const)

Monotonicity:

permanent_interpretation Abs_Int_mono
where v = y_const and num’ = Const and plus’ = plus_const
proof
case goall thus Zcase
by (auto simp: plus_const_cases split: const.split)
qged

Termination:

definition m_const x = (case x of Const - = 1 | Any = 0)
lemma measure_const:
(strict{(xz::const,y). x C y}) "—1 C measure m_const
by (auto simp: m_const_def split: const.splits)
lemma measure_const_eq:
V xy:const. t Ty ANy E x — m_const x = m_const y

by (auto simp: m_const_def split: const.splits)

lemma EX c¢'. Al const ¢ = Some ¢’
by (rule AI_Some_measure| OF measure_const measure_const_eq|)

end

theory Abs_Int2_ITP
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imports Abs_Int1_ITP ../ Vars
begin

instantiation prod :: (preord,preord) preord
begin

definition le_prod p1 p2 = (fst p1 C fst p2 A snd pl C snd p2)

instance
proof
case goall show ?case by(simp add: le_prod_def)
next
case goal?2 thus ?case unfolding le_prod_def by(metis le_trans)
qed

end

15.10 Backward Analysis of Expressions
hide_const bot

class L_top_bot = SL_top +

fixes meet :: 'a = 'a = 'a (infixl M 65)

and bot :: 'a (L)

assumes meet_lel [simp|: z My C x

and meet_le2 [simpl: x My C y

and meet_greatest: x Cy =z C 2= Cyllz
assumes bot[simp]: L C z

begin

lemma mono_meet: t C 2’/ = yCy' = Ny Cz' My’
by (metis meet_greatest meet_lel meet_le2 le_trans)

end

locale Val_absl_gamma =
Gamma where v = v for ~ :: 'av::L_top_bot = wval set +
assumes inter_gamma_subset_gamma_meet:
val Ny a2 Cy(al M a2)
and gamma_Bot[simp]: v L = {}
begin

lemma in_gamma-meet: © : vy al = z:v a2 = z : y(al M a2)
by (metis Intl inter_gamma_subset_gamma_meet set_mp)
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lemma gamma_meet[simp]: y(al M a2) = al N~y a2
by (metis equalityl inter_gamma_subset_gamma_meet le_inf_iff mono_gamma
meet_lel meet_le2)

end

locale Val_absl =
Val_abs1_gamma where v = vy
for v :: ‘av::L_top_bot = wval set +
fixes test_num’ :: val = 'av = bool
and filter_plus’ :: 'av = 'av = 'av = 'av * ‘av
and filter_less’ :: bool = 'av = 'av = 'av * 'av
assumes test_num'”: test.num’ na = (n: v a)
and filter_plus’: filter_plus’ a al a2 = (b1,b2) =
nl:vyal = n2:va2 = ni+n2 :va=—-nl :v bl ANn2:vyb2
and filter_less”: filter_less’ (n1<n2) al a2 = (b1,b2) =
nl:vyal = n2:va2 = nl:vybl An2:~v b2

locale Abs_Int1 =
Val_abs1 where v = ~ for ~ :: ‘av::L_top_bot = wval set
begin

lemma in_gamma_join_-Upl: s : 7, S1 V s : 7, S2 = s : 7,(S51 U S2)
by (metis (no-types) join_gel join_ge2 mono_gamma-o set_-rev-mp)

fun aval” :: aexp = 'av st option = 'av where
aval” e None = L |
aval” e (Some sa) = aval’ e sa

lemma aval’_sound: s : v, S = aval a s : y(aval” a S)
by (cases S)(simp add: aval’_sound)+

15.10.1 Backward analysis

fun afilter :: aexp = 'av = 'av st option = 'av st option where
afilter (N n) a S = (if test_num’ n a then S else None) |
afilter (Vz) a S = (case S of None = None | Some S =
let a’ = lookup S z M a in
if ' C L then None else Some(update S z a')) |
afilter (Plus el e2) a S =
(let (al,a2) = filter_plus’ a (aval” e1 S) (aval” e2 S)
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in afilter el al (afilter e2 a2 S))

The test for L in the V-case is important: L indicates that a variable has
no possible values, i.e. that the current program point is unreachable. But
then the abstract state should collapse to None. Put differently, we maintain
the invariant that in an abstract state of the form Some s, all variables are
mapped to non-_L values. Otherwise the (pointwise) join of two abstract
states, one of which contains | values, may produce too large a result, thus
making the analysis less precise.

fun bfilter :: bexp = bool = 'av st option = 'av st option where
bfilter (Bc v) res S = (if v=res then S else None) |
bfilter (Not b) res S = bfilter b (= res) S |
bfilter (And b1 b2) res S =
(if res then bfilter b1 True (bfilter b2 True S)
else bfilter b1 False S U bfilter b2 False S) |
bfilter (Less el e2) res S =
(let (resl,res2) = filter_less’ res (aval” e1 S) (aval” e2 S)
in afilter el resl (afilter e2 res2 S))

lemma afilter_sound: s : v, S = aval e s : v a = s : Y, (afilter e a 5)
proof (induction e arbitrary: a S)
case N thus Zcase by simp (metis test_num”)
next
case (V 1)
obtain S’ where S = Some S’ and s : vy S’ using (s : 7, S)
by (auto simp: in_gamma_option_iff)
moreover hence s = : v (lookup S’ z) by (simp add: ~_st_def)
moreover have s x : v a using V by simp
ultimately show ?case using V(1)
by (simp add: lookup_update Let_def ~y_st_def)
(metis mono_gamma emptyE in_gamma_meet gamma_Bot subset_empty)
next
case (Plus el e2) thus ?Zcase
using filter_plus'|OF _ aval”"_sound|OF Plus(8)] aval”_sound|[OF Plus(3)]]
by (auto split: prod.split)
qed

lemma bfilter_sound: s : v, S = bv = bval b s => s : vo(bfilter b bv )
proof (induction b arbitrary: S bv)
case Bc thus “case by simp
next
case (Not b) thus ?case by simp
next
case (And b1 b2) thus Zcase
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apply hypsubst_thin
apply (fastforce simp: in_gamma_join_Upl)
done

next

case (Less el e2) thus ?case

apply hypsubst_thin
apply (auto split: prod.split)
apply (metis afilter_sound filter_less’ aval’”’_sound Less)
done

qged

fun step’ :: 'av st option = 'av st option acom = 'av st option acom
where
step’ S (SKIP {P}) = (SKIP {S}) |
step” S (z == e {P}) =
z = e {case S of None = None | Some S = Some(update S x (aval’ e
SN}
step’ S (cl;; ¢2) = step’ S cl;; step’ (post c1) 2 |
step’ S (IF b THEN c1 ELSE c2 {P}) =
(let c1’ = step’ (bfilter b True S) c1; c¢2' = step’ (bfilter b False S) c2
in IF b THEN c1' ELSE ¢2' {post c1 U post c2}) |
step” S ({Inv} WHILE b DO ¢ {P}) =
{S U post c}
WHILE b DO step’ (bfilter b True Inv) ¢
{bfilter b False Inv}

definition ATl :: com = 'av st option acom option where
ATl = Ipfp. (step’ T)

lemma strip_step’[simp|: strip(step’ S ¢) = strip ¢
by (induct ¢ arbitrary: S) (simp_all add: Let_def)

15.10.2 Soundness

lemma in_gamma_update:
[s:vfSii:va] = s(z:=1):vs(update S z a)
by (simp add: v_st_def lookup_update)

lemma step_preserves_le:

[SCr S, es <~eca] = step S ecs <. (step’ S ca)
proof (induction cs arbitrary: ca S S’

case SKIP thus ?case by(auto simp:SKIP_le map_acom_SKIP)
next
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case Assign thus Zcase
by (fastforce simp: Assign_le map_acom_Assign intro: aval’_sound in_gamma_update
split: option.splits del:subsetD)
next
case Seq thus ?case apply (auto simp: Seq_le map_acom_Seq)
by (metis le_post post_map_acom)
next
case (If b cs1 cs2 P)
then obtain cal ca2 Pa where
ca= IF b THEN cal ELSE ca2 {Pa}
P C v, Pa csl1 < . cal cs2 < v, ca?
by (fastforce simp: If le map_acom_If)
moreover have post cs1 C 7,(post cal L post ca2)
by (metis (no_types) (csl < v, cal) join_gel le_post mono_gamma_o
order_trans post_map_acom)
moreover have post cs2 C 7,(post cal U post ca2)
by (metis (no_types) (cs2 < v, ca2) join_ge2 le_post mono_gamma_o
order_trans post_-map_acom,)
ultimately show ?case using (S C ~, S"
by (simp add: If .IH subset_iff bfilter_sound)
next
case (While I b cs1 P)
then obtain cal Ia Pa where
ca = {la} WHILE b DO cal {Pa}
I C v, Ia P Cryy Pacsl <7, cal
by (fastforce simp: map_acom_While While_le)
moreover have S U post cs1 C 7, (S’ U post cal)
using (S C v, S le_post|OF (cs1 < 7. cal), simplified)
by (metis (no-types) join_gel join_ge2 le_sup_iff mono_gamma-o or-
der_trans)
ultimately show ?case by (simp add: While.IH subset_iff bfilter_sound)
qed

lemma Al sound: AI ¢ = Some ¢/ = CS ¢ < 7. ¢’
proof (simp add: CS_def AL def)
assume I: Ipfp. (step’ T) ¢ = Some ¢’
have 2: step’ T ¢’ C ¢’ by(rule Ipfpc_pfp|OF 1))
have 3: strip (7. (step’ T ¢')) = ¢
by (simp add: strip_lpfpc[OF _ 1])
have Ifp (step UNIV) ¢ < 7. (step’ T ¢')
proof (rule lfp_lowerbound[simplified,OF 3))
show step UNIV (v, (step’ T ¢)) < v, (step’ T ¢')
proof(rule step_preserves_le[OF _ _])
show UNIV C v, T by simp
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show 7. (step’ T ¢’) < . ¢’ by(rule mono_gamma_c[OF 2])
qed
qed
from this 2 show Ifp (step UNIV) ¢ < 7. ¢’
by (blast intro: mono_gamma_c order_trans)
qged

15.10.3 Commands over a set of variables

Key invariant: the domains of all abstract states are subsets of the set of
variables of the program.

definition domo S = (case S of None = {} | Some S’ = set(dom S’))

definition Com :: vname set = 'a st option acom set where
Com X = {c. VS € set(annos c). domo S C X}

lemma domo_Top[simp|: domo T = {}
by (simp add: domo_def Top-st_def Top_option_def)

lemma bot_acom_Com|[simp]: L. ¢ € Com X
by (simp add: bot_acom_def Com_def domo_def set_annos_anno)

lemma post_in_annos: post ¢ : set(annos c)
by (induction ¢) simp_all

lemma domo_join: domo (S U T) C domo S U domo T
by (auto simp: domo_def join_st_def split: option.split)

lemma domo_afilter: vars a C X = domo S C X = domo(afilter a i
S)C X

apply (induction a arbitrary: i S)

apply (simp add: domo_def)

apply (simp add: domo_def Let_def update_def lookup_def split: option.splits)
apply blast

apply (simp split: prod.split)

done

lemma domo_bfilter: vars b C X = domo S C X = domo(bfilter b bv
S)Cc X

apply (induction b arbitrary: bv S)

apply (simp add: domo_def)

apply (simp)

apply (simp)

apply rule
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apply (metis le_sup_iff subset_trans[OF domo_join))
apply (simp split: prod.split)
by (metis domo_afilter)

lemma step’_Com:
domo S C X = wvars(strip ¢) C X = ¢ : Com X = step’ S ¢ : Com
X
apply (induction ¢ arbitrary: S)
apply (simp add: Com_def)
apply (simp add: Com_def domo_def update_def split: option.splits)
apply(simp (no_asm_use) add: Com_def ball_Un)
apply (metis post_in_annos)
apply(simp (no-asm_use) add: Com_def ball_Un)
apply rule
apply (metis Un_assoc domo_join order_trans post_in_annos subset_Un_eq)
apply (metis domo_bfilter)
apply(simp (no-asm_use) add: Com_def)
apply rule
apply (metis domo_join le_sup_iff post_in_annos subset_trans)
apply rule
apply (metis domo_bfilter)
by (metis domo_bfilter)

end

15.10.4 Monotonicity

locale Abs_Inti_mono = Abs_Int1 +
assumes mono_plus”. al C bl = a2 C b2 = plus’ al a2 C plus’ b1 b2
and mono_filter_plus”: a1l C bl = a2 CE b2 — r C r' —
filter_plus’ r al a2 C filter_plus’ v’ b1 b2
and mono_filter_less”: al C bl = a2 C b2 —
filter_less’ bv al a2 C filter_less’ bv b1 b2
begin

lemma mono_aval S T S’ = aval’ e S C aval’ e S’
by (induction e) (auto simp: le_st_def lookup_def mono_plus’)

lemma mono_aval’”: S T S’ = aval” ¢ S C aval” e S’
apply(cases S)

apply simp

apply(cases S”)

apply simp

by (simp add: mono_aval’)
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lemma mono_afilter: r C r' = S C S’ = afilter e v S C afilter e v’ S’

apply (induction e arbitrary: r r' S S

apply (auto simp: test_num’ Let_def split: option.splits prod.splits)

apply (metis mono_gamma subsetD)

apply (drule_tac x = list in mono_lookup)

apply (metis mono_meet le_trans)

apply (metis mono_meet mono_lookup mono_update)

apply (metis mono_aval” mono_filter_plus’[simplified le_prod_def] fst_conv snd_conv)
done

lemma mono_bfilter: S C S’ = bfilter b r S C bfilter b r S’

apply (induction b arbitrary: r S S’)

apply (auto simp: le_trans|OF _ join_gel] le_trans|OF _ join_ge2] split: prod.splits)
apply (metis mono_aval” mono_afilter mono_filter_less'[simplified le_prod_def]
fst_conv snd_conv)

done

lemma mono_step”: S C S’ = ¢ C ¢/ = step’ S ¢ C step’ S’ ¢’
apply (induction ¢ ¢’ arbitrary: S S’ rule: le_acom.induct)
apply (auto simp: mono_post mono_bfilter mono_update mono_aval’ Let_def
le_join_disj
split: option.split)
done

lemma mono_step’2: mono (step’ S)
by (simp add: mono_def mono_step’|OF le_refl])

end

end

theory Abs_Int2_ivl_ITP

imports Abs_Int2_ITP ../ Abs_Int_Tests

begin

15.11 Interval Analysis
datatype wl = I int option int option
definition v_ivl i = (case i of

I (Some 1) (Some h) = {l..h} |
I (Some 1) None = {l..} |
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I None (Some h) = {..h} |
I None None = UNIV)

abbreviation I_Some_Some :: int = int = wl ({-..._}) where
{lo...hi} == 1 (Some lo) (Some hi)

abbreviation I_Some_None :: int = vl ({_...}) where

{lo...} == 1 (Some lo) None

abbreviation I_None_Some :: int = vl ({..._}) where
{...hi} == I None (Some hi)

abbreviation I_None_None :: wl ({...}) where

{...} == I None None

definition num_wl n = {n...n}

fun in_wl :: int = wl = bool where

in_wl k (I (Some 1) (Some h)) «— I <k ANk <h|
in_wl k (I (Some l) None) «— | < k |

in_wl k (I None (Some h)) «— k < h |

in_ivl k (I None None) +— True

instantiation option :: (plus)plus
begin

fun plus_option where
Some x + Some y = Some(x+y) |

_+ _ = None
instance ..
end

definition empty where empty = {1...0}

fun is_empty where
is_empty {l...h} = (h<l) |
is_empty _ = Fulse

lemma [simp|: is_empty(I [ h) =

(case | of Some | = (case h of Some h = h<l | None = False) | None
= False)
by (auto split:option.split)

lemma [simp]: is_empty i = ~y_ivl i = {}
by (auto simp add: ~y_ivl_def split: ivl.split option.split)
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definition plus_ivl i1 i2 = (if is_empty il | is_empty i2 then empty else
case (i11,i2) of (111 h1, 112 h2) = I (11+12) (h1+h2))

instantiation vl :: SL_top
begin

definition le_option :: bool = int option = int option = bool where
le_option pos T y =

(case z of (Some i) = (case y of Some j = i<j | None = pos)

| None = (case y of Some j = —pos | None = True))

fun le_auzr where
le_auz (111 h1) (112 h2) = (le_option False 12 11 & le_option True h1 h2)

definition le_ivl where
il Ci2 =
(if is_empty i1 then True else
if is_empty i2 then False else le_auz il i2)

definition min_option :: bool = int option = int option = int option
where
min_option pos ol 02 = (if le_option pos ol 02 then ol else 02)

definition max_option :: bool = int option = int option = int option
where
mazx_option pos ol 02 = (if le_option pos o1 02 then 02 else o1)

definition i1 U 2 =
(if is_empty il then i2 else if is_empty i2 then il
else case (i1,i2) of (I'l11 h1, 112 h2) =
I (min_option False 11 12) (mazx_option True hl h2))

definition T = {...}

instance
proof
case goall thus ?case
by (cases x, simp add: le_ivl_def le_option_def split: option.split)
next
case goal2 thus ?case
by (cases x, cases y, cases z, auto simp: le_ivl_def le_option_def split:
option.splits if_splits)
next

223



case goal3 thus ?case

by (cases x, cases y, simp add: le_ivl_def join_ivl_def le_option_def min_option_def
mazx_option_def split: option.splits)
next

case goal/ thus ?case

by (cases x, cases y, simp add: le_ivl_def join_ivl_def le_option_def min_option_def
mazx_option_def split: option.splits)
next

case goal5 thus ?case

by (cases x, cases y, cases z, auto simp add: le_ivl_def join_ivl_def le_option_def
min_option_def max_option_def split: option.splits if_splits)
next

case goal6 thus ?case

by (cases x, simp add: Top_ivl_def le_ivl_def le_option_def split: option.split)
qged

end

instantiation vl :: L_top_bot
begin

definition i1 M 2 = (if is_empty il V is_empty i2 then empty else
case (i1,i2) of (111 hi, 112 h2) =
I (max_option False 1 12) (min_option True hl h2))

definition 1 = empty

instance
proof
case goall thus ?case
by (simp add:meet_ivl_def empty_def le_ivl_def le_option_def maz_option_def
min_option_def split: ivl.splits option.splits)
next
case goal2 thus Zcase
by (simp add: empty_def meet_ivl_def le_ivl_def le_option_def mazx_option_def
min_option_def split: ivl.splits option.splits)
next
case goal3 thus Zcase
by (cases z, cases y, cases z, auto simp add: le_ivl_def meet_ivl_def
empty_def le_option_def max_option_def min_option_def split: option.splits
if-splits)
next
case goalj show Zcase by(cases z, simp add: bot_ivl_def empty_def le_ivi_def)
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qed
end

instantiation option :: (minus)minus
begin

fun minus_option where
Some x — Some y = Some(z—y) |
_— _= None

instance ..
end

definition minus_ivl i1 i2 = (if is_empty il | is_empty i2 then empty else
case (i1,i2) of (111 h1, 112 h2) = I (11—h2) (h1—12))

lemma gamma_minus_ivl:
nl :y_ivl il = n2 : ywl i2 = nl1—n2 : y_wl(minus_ivl il i2)
by (auto simp add: minus_iwl_def ~y_ivl_def split: ivl.splits option.splits)

definition filter_plus_ivl i i1 12 = ((xif is_empty i then empty elsex)
i1 M minus_ivl i 12, 12 T minus_iwl i i1)

fun filter_less_ivl :: bool = il = il = vl * vl where
filter_less_iwvl res (111 h1) (112 h2) =
(if is_empty (I 11 h1) V is_empty(I 12 h2) then (empty, empty) else
if res
then (I 11 (min_option True h1 (h2 — Some 1)),
I (maz_option False (11 4+ Some 1) 12) h2)
else (I (max_option False 11 12) h1, I12 (min_option True h1 h2)))

permanent_interpretation Val_abs
where v = y_ivl and num’ = num_ivl and plus’ = plus_ivl
proof

case goall thus Zcase

by (auto simp: ~y_ivl_def le_ivl_def le_option_def split: ivl.split option.split

if_splits)
next

case goal2 show ?case by(simp add: v_ivl_def Top_ivl_def)
next

case goal3 thus Zcase by (simp add: ~v_wl_def num_ivl_def)
next
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case goal/ thus ?case
by (auto simp add: ~y_ivl_def plus_ivl_def split: ivl.split option.splits)
qed

permanent_interpretation Val_absi_gamma
where v = y_ivl and num’ = num_ivl and plus’ = plus_ivl
defining aval_ivl = aval’
proof
case goall thus ?case
by (auto simp add: vy_ivl_def meet_ivl_def empty_def min_option_def max_option_def
split: vl.split option.split)
next
case goal2 show ?case by(auto simp add: bot_ivl_def ~_ivl_def empty_def)
qed

lemma mono_minus_ivl:
i1 C il = i2 C i2' = minus_wl i1 12 T minus_ivl i1’ i2'
apply (auto simp add: minus_ivl_def empty_def le_ivi_def le_option_def split:
ivl.splits)
apply (simp split: option.splits)
apply (simp split: option.splits)
apply (simp split: option.splits)
done

permanent_interpretation Val_absi
where v = ~v_wl and num’ = num_ivl and plus’ = plus_ivl
and test_num’ = in_ivl
and filter_plus’ = filter_plus_ivl and filter_less’ = filter_less_ivl
proof
case goall thus ?case
by (simp add: ~v_ivl_def split: ivl.split option.split)
next
case goal2 thus ?case
by (auto simp add: filter_plus_ivl_def)
(metis gamma_minus_ivl add_diff_cancel add.commute)+
next
case goal3 thus ?case
by (cases al, cases a2,
auto simp: y_wl_def min_option_def max_option_def le_option_def split:
if_splits option.splits)
ged

permanent_interpretation Abs_Intl!
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where v = y_ivl and num’ = num_ivl and plus’ = plus_ivl
and test_num’ = in_ivl

and filter_plus’ = filter_plus_ivl and filter_less’ = filter_less_ivl
defining afilter_ivl = afilter

and bfilter_iwl = bfilter

and step_ivl = step’

and ALl = Al

and aval_ivl’ = aval”

Monotonicity:

permanent_interpretation Abs_Inti_mono
where v = ~v_iwl and num’ = num_ivl and plus’ = plus_ivl
and test_num’ = in_ivl
and filter_plus’ = filter_plus_ivl and filter_less’ = filter_less_ivl
proof
case goall thus ?case
by (auto simp: plus_ivl_def le_ivl_def le_option_def empty_def split: if splits
ivl.splits option.splits)
next
case goal2 thus ?Zcase
by (auto simp: filter_plus_ivl_def le_prod_def mono_meet mono_minus_ivl)
next
case goal3 thus ?case
apply(cases al, cases b1, cases a2, cases b2, auto simp: le_prod_def)
by (auto simp add: empty_def le_ivl_def le_option_def min_option_def
mazx_option_def split: option.splits)
ged

15.11.1 Tests

value show_acom_opt (AL ivl test1_ivl)
Better than Al const:

value show_acom_opt (AL ivl test3_const)
value show_acom_opt (AL ivl test4_const)
value show_acom_opt (Al ivl test6_const)

value show_acom_opt (ALivl test2_ivl)

value show_acom (((step_ivl T)""0) (L. test2_ivl))
value show_acom (((step-ivl T)""1) (L. test2_ivl))
value show_acom (((step-ivl T)""2) (L. test2_ivl))

Fixed point reached in 2 steps. Not so if the start value of x is known:

value show_acom_opt (ALivl test3_ivl)
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) (Lc test3_ivl)
) (Lc test3_ivl)
) (Lc test3_ivl)
) (L test3_ivl)
4) (Lc test3-ivl))

value show_acom (((step_ivl T)""
value show_acom (((step-ivl T)""
value show_acom (((step_ivl T) "
((( )"

)"

~— — — —

value show_acom (((step_ivl T
value show_acom (((step-ivl T

Takes as many iterations as the actual execution. Would diverge if loop
did not terminate. Worse still, as the following example shows: even if the
actual execution terminates, the analysis may not. The value of y keeps
decreasing as the analysis is iterated, no matter how long:

value show_acom (((step_ivl T)""50) (L. test4_ivl))
Relationships between variables are NOT captured:
value show_acom_opt (ALivl test5_ivl)
Again, the analysis would not terminate:

value show_acom (((step-ivl T)""50) (L. test6_ivl))

end

theory Abs_Int3_ITP
imports Abs_Int2_ivl_ITP
begin

15.12 Widening and Narrowing

class WN = SL_top +
fixes widen :: 'a = 'a = ’'a (infix V 65)
assumes widenl: z C z V y

assumes widen2: y C z V y

fixes narrow :: 'a = 'a = 'a (infix A 65)
assumes narrowl: yC o = yCz Ay
assumes narrow?2: yCr = x Ay Cz

15.12.1 Intervals

instantiation wl :: WN
begin

definition widen_ivl il wl2 =
((xif is_empty wll then ivl2 else
if is_empty wl2 then ivll elsex)
case (ill,ivl2) of (I'l1 h1, 112 h2) =
I (if le_option False 12 11 N 12 # 11 then None else 1)
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(if le_option True h1 h2 N h1 # h2 then None else h1))

definition narrow_ivl il wl2 =
((xif is_empty wll V is_empty wl2 then empty elsex)
case (ill,wl2) of (I'l1 h1, 112 h2) =
I (if I1 = None then 12 else 1)
(if h1 = None then h2 else h1))

instance
proof qed

(auto simp add: widen_wl_def narrow_ivl_def le_option_def le_ivl_def empty_def
split: wl.split option.split if_splits)

end

15.12.2 Abstract State

instantiation st :: (WN)WN
begin

definition widen_st F1 F2 =
FunDom (Az. fun F1 x ¥V fun F2 x) (inter_list (dom F1) (dom F2))

definition narrow_st F1 F2 =
FunDom (Az. fun F1 z A fun F2 x) (inter_list (dom F1) (dom F2))

instance
proof
case goall thus ?case
by (simp add: widen_st_def le_st_def lookup_def widenl)
next
case goal2 thus ?Zcase
by (simp add: widen_st_def le_st_def lookup_def widen?2)
next
case goal3 thus ?case
by (auto simp: narrow_st_def le_st_def lookup_def narrowl)
next
case goal/ thus ?case
by (auto simp: narrow_st_def le_st_def lookup_def narrow?2)
qed

end
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15.12.3 Option

instantiation option :: (WN)WN
begin

fun widen_option where

None V z = z |

x V None = z |

(Some x) V (Some y) = Some(z V y)

fun narrow_option where

None A z = None |

z A None = None |

(Some z) A (Some y) = Some(z A y)

instance
proof
case goall show ?case
by (induct x y rule: widen_option.induct) (simp_all add: widenl)
next
case goal2 show ?case
by (induct = y rule: widen_option.induct) (simp_all add: widen2)
next
case goal3 thus Zcase
by (induct x y rule: narrow_option.induct) (simp_-all add: narrowl)
next
case goal/ thus ?case
by (induct x y rule: narrow_option.induct) (simp_all add: narrow?2)
ged

end

15.12.4 Annotated commands

fun map2_acom :: (‘a = 'a = 'a) = 'a acom = 'a acom = 'a acom where
map2_acom f (SKIP {al}) (SKIP {a2}) = (SKIP {f al a2}) |
map2-acom [ (z == e {al}) (z' == e’ {a2}) = (z == e {f al a2}) |
map2-acom [ (c1;;¢2) (c1';;¢2’) = (map2-acom f ¢l ¢1';; map2-acom f c2
c2’) |
map2-acom f (IF b THEN c1 ELSE c2 {al}) (IF b’ THEN c1’ ELSE c2’
{a2}) =

(IF b THEN map2_acom f c¢1 c¢1’ ELSE map2-acom f c¢2 c2' {f al a2}) |
map2_acom [ ({al} WHILE b DO ¢ {a2}) ({a8} WHILE b’ DO ¢’ {a4})
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({f al a8} WHILE b DO map2_-acom f c ¢’ {f a2 a4 })

abbreviation widen_acom :: ("a:: WN)acom = 'a acom = 'a acom (infix
V. 65)

where widen_acom == map2-acom (op V)

abbreviation narrow_acom :: ('a:: WN)acom = 'a acom = 'a acom (infix
A 65)
where narrow_acom == map2-acom (op A)

lemma widenl_acom: strip ¢ = strip ¢/ = ¢ C ¢ V. ¢’
by (induct ¢ ¢’ rule: le_acom.induct)(simp_all add: widenl)

lemma widen2_acom: strip ¢ = strip ¢/’ = ¢’ C ¢ V. ¢’
by (induct ¢ ¢’ rule: le_acom.induct)(simp_all add: widen?2)

lemma narrowl_acom: yE o = yC z A, y
by (induct y x rule: le_acom.induct) (simp_all add: narrowl)

lemma narrow2_acom: y C x = = N, y C x
by (induct y x rule: le_acom.induct) (simp_all add: narrow2)

15.12.5 Post-fixed point computation

definition iter_widen :: (‘a acom = 'a acom) = 'a acom = (‘a:: WN)acom
option
where iter_widen f = while_option (Ac. = fc C ¢) (Ac. ¢ V¢ fc)

definition iter_narrow :: (‘a acom = 'a acom) = 'a acom = 'a:: WN acom
option
where iter_narrow f = while_option (Ac. = ¢ C ¢ A. fe) (Ae. ¢ Ae o)

definition pfp_wn ::
(("a:: WN)option acom = 'a option acom) = com = 'a option acom option
where pfp_wn f ¢ = (case iter_widen f (L. ¢) of None = None
| Some ¢’ = iter_narrow f ¢’)

lemma strip_map2_acom:
strip c¢1 = strip ¢2 = strip(map2-acom f c1 c2) = strip c1
by (induct f c1 ¢2 rule: map2-acom.induct) simp_all

lemma iter_widen_pfp: iter_widen f ¢ = Some ¢’ = fc¢'C ¢’
by (auto simp add: iter_widen_def dest: while_option_stop)

231



lemma strip_while: fixes f :: 'a acom = 'a acom

assumes V c. strip (f ¢) = strip ¢ and while_option P f ¢ = Some ¢’
shows strip ¢’ = strip c

using while_option_rule[where P = \c'. strip ¢’ = strip ¢, OF _ assms(2)]
by (metis assms(1))

lemma strip_iter_widen: fixes f :: ‘a:: WN acom = 'a acom
assumes VY c. strip (f ¢) = strip ¢ and iter_widen f ¢ = Some ¢’
shows strip ¢’ = strip c
proof—
have V c. strip(c V. f ¢) = strip ¢ by (metis assms(1) strip-map2-acom)
from strip_while[ OF this| assms(2) show ?thesis by (simp add: iter_widen_def')
qged

lemma iter_narrow_pfp: assumes mono f and f c0 C c0
and iter_narrow f c0 = Some c
shows fcC ¢ A ¢ C cO (is 2P ¢)
proof—
{ fix ¢ assume ?P ¢
note 1 = conjunctl [OF this] and 2 = conjunct2[OF this]
let ¢’ =c A. fc
have ?P ?¢'

proof
have f ?¢' C f ¢ by(rule monoD[OF (mono f) narrow2-acom[OF 1]])
also have ... C ?¢’ by(rule narrowl_acom|[OF 1))

finally show f ?¢’' C ?2¢’.
have ?¢' C ¢ by (rule narrow2_acom|[OF 1))
also have ¢ C ¢0 by(rule 2)
finally show ?¢' C ¢0 .
qged
}
with while_option_rule[where P = ?P, OF _ assms(3)[simplified iter_narrow_def]]
assms(2) le_refl
show ?thesis by blast
qged

lemma pfp_wn_pfp:
[ mono f; pfp-wn fc = Somec'] = fc'C ¢’
unfolding pfp_wn_def
by (auto dest: iter_widen_pfp iter_narrow_pfp split: option.splits)

lemma strip_pfp_wn:

[ Ve strip(f ¢) = strip ¢; pfp-wn f e = Some ¢’ | = strip ¢/ = ¢
apply (auto simp add: pfp-wn_def iter_narrow_def split: option.splits)
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by (metis (mono_tags) strip_map2_acom strip_while strip_bot_acom strip_iter_widen)

locale Abs_Int2 = Abs_Int1_mono
where y=~ for v :: ‘av::{ WN,L_top_bot} = wval set
begin

definition AL wn :: com = 'av st option acom option where
AL wn = pfp_wn (step’ T)

lemma Al wn_sound: AILwn ¢ = Some ¢/ = CS ¢ < 7. ¢’
proof (simp add: CS_def AILLwn._def)
assume 1: pfp_wn (step’ T) ¢ = Some ¢’
from pfp_wn_pfp[OF mono_step’2 1]
have 2: step’ T ¢'C ¢’.
have 3: strip (7. (step’ T ¢')) = ¢ by(simp add: strip_pfp-wn[OF _ 1])
have Ifp (step UNIV) ¢ < 7. (step’ T ¢')
proof (rule lfp_lowerbound[simplified,OF 3))
show step UNIV (v, (step’ T ¢)) < v, (step’ T ¢')
proof (rule step_preserves_le[OF _ _])
show UNIV C v, T by simp
show 7. (step’ T ¢’) < . ¢’ by(rule mono_gamma_c[OF 2])
qged
qed
from this 2 show Ifp (step UNIV) ¢ < 7. ¢’
by (blast intro: mono_gamma_c order_trans)
qged

end

permanent_interpretation Abs_Int2

where v = ~v_iwl and num’ = num_ivl and plus’ = plus_ivl
and test_num’ = in_ivl

and filter_plus’ = filter_plus_ivl and filter_less’ = filter_less_ivl
defining ALwl' = AlLLwn

15.12.6 Tests

definition step_up_ivl n = ((Ac. ¢ V. step_ivl T ¢)""n)
definition step_down_ivl n = ((Ac. ¢ A step_ivl T ¢) " "n)

For test3_ivl, AI_ivl needed as many iterations as the loop took to exe-
cute. In contrast, Al ivl’ converges in a constant number of steps:

value show_acom (step_up_iwl 1 (L. test3_ivl))
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step_up_iwl 2 (L. test3-ivl))
step_up_ivl 3 (L. test3-ivl))

step_up_iwl 4 (L. test3_ivl))
value show_acom (step_up_ivl 5 (L. test3_ivl))
value show_acom (step_down_ivl 1 (step_up_ivl 5 (L. test3_ivl)))
value show_acom (step_down_ivl 2 (step_up_ivl 5 (L. test3_ivl)))
value show_acom (step_down_ivl 3 (step_up_ivl 5 (L. test3_ivl)))

value show_acom
value show_acom
value show_acom

N N N N N

Now all the analyses terminate:

value show_acom_opt (ALl testf_ivl)
value show_acom_opt (ALivl’ test5_ivl)
value show_acom_opt (ALivl’ test6_ivl)

15.12.7 Termination: Intervals

definition m_ivl :: vl = nat where
m_ivl il = (case il of I | h =

(case | of None = 0 | Some _ = 1) + (case h of None = 0 | Some _
= 1))

lemma m_iwl_height: m_ivl wl < 2
by (simp add: m_wl_def split: ivl.split option.split)

lemma m_wl_anti_mono: (y::iwl) C z = m_ivl z < m_ivl y
by (auto simp: m_ivl_def le_option_def le_ivl_def
split: iwl.split option.split if_splits)

lemma m_ivl_widen:
YyCax= mivl(z Vy) < mwlz
by (auto simp: m_ivl_def widen_iwvl_def le_option_def le_ivl_def
split: iwl.splits option.splits if_splits)

lemma Top_less_ivl: T E x = m_iwlx = 0

by (auto simp: m_ivl_def le_option_def le_ivl_def empty_def Top_ivl_def
split: iwl.split option.split if splits)

definition n_ivl :: il = nat where
n_twl wl = 2 — m_iwl wl

lemma n_ivl_mono: (z::il) C y = n_ivl x < n_ivl y
unfolding n_ivl_def by (metis diff le-mono2 m_ivl_anti_mono)

lemma n_vl_narrow:
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Yzl Ay = nwl(z Avy) <nilz
by (auto simp: n_wl_def m_ivl_def narrow_ivl_def le_option_def le_ivl_def
split: iwl.splits option.splits if splits)

15.12.8 Termination: Abstract State

definition m_st m st = (3 x€set(dom st). m(fun st z))

lemma m_st_height: assumes finite X and set (dom S) C X
shows m_st m_ivl S < 2 * card X
proof(auto simp: m_st_def)
have (3" z€set(dom S). m_ivl (fun S z)) < (3 x€set(dom S). 2) (is 7L
<))
by (rule setsum_mono)(simp add:m_ivl_height)
also have ... < (>} zeX. 2)
by (rule setsum_mono3[OF assms]) simp

also have ... = 2 x card X by(simp add: setsum_constant)
finally show 7L < ....
qged

lemma m_st_anti_mono:
S1 C 82 = m_st m_iwl S2 < m_st m_iwl S1
proof (auto simp: m_st_def le_st_def lookup_def split: if_splits)
let ?X = set(dom S1) let ?Y = set(dom S2)
let f = fun S1 let %9 = fun S2
assume asm: Vz€?Y. (z € ?X — f2 C %gax) N (z € 2X VTLC %
T
)
hence 1:Vye?YN?X. m_wl( %9 y) < m_ivl(?f y) by(simp add: m_ivl_anti_mono)
have 0:Vz€?Y —2X. m_ivl(?g x) = 0 using asm by (auto simp: Top_less_ivl)
have (> ye?Y. m_wl(?g y)) = (X ye(?Y—2X) U (?YN?X). m_ivl(%g
y))
by (metis Un_Diff Int)
also have ... = (3 ye?Y—2X. m_wl(?g y)) + (O ye?YN?X. m_ivl(%g
y))
by (subst setsum.union_disjoint) auto
also have (3" ye?Y—?X. m_wl(%g y)) = 0 using 0 by simp
also have 0 + (X ye?YN?X. m_ivl(?g y)) = (XL ye?YN?X. m_ivl(%g
y)) by simp
also have ... < (> ye?YN?X. m_wl(?f y))
by (rule setsum_mono)(simp add: 1)
also have ... < (3 ye?X. m_wl(?f y))
by (simp add: setsum_mono3[of ?X ?Y Int ?X, OF _ Int_lower2])
finally show (3" ye?Y. m_ivl(?g y)) < (X z€?X. m_ivl(?f x))
by (metis add_less_cancel_left)
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qed

lemma m_st_widen:
assumes — S2 T S1 shows m_st m_ivl (S1 V S2) < m_st m_ivl S1
proof—
{ let ?X = set(dom S1) let ?Y = set(dom S2)
let ?f = fun S1 let %9 = fun S2
fix r assume z € ?X — lookup S2 x C ?fx
have (3 z€?XN?Y. m_iwl(?fz V g x)) < (3-ze?X. m_wl(?fz)) (is
?L < ?R)
proof cases
assume z : ?Y
have ?L < (Y z€?XN?Y. m_wl(?f x))
proof (rule setsum_strict_monol, simp)
show Vze?XN?Y. m_il(?fz V %9 z) < m_ivl (?f x)
by (metis m_ivl_anti_-mono widenl)
next
show 3z€?XN?Y. m_ivl(?fz V 29 z) < m_ivl(?f z)
using x:?X) @:?2Y) (= lookup S2 x T ?f x
by (metis Int] m_ivl_widen lookup_def)
qed
also have ... < 7R by(simp add: setsum_-mono3[OF _ Int_lowerl])
finally show “thesis .
next
assume z ~: 7Y
have ?L < (> z€?XN?Y. m_wl(?f z))
proof (rule setsum_mono, simp)
fix x assume z:7X A z:7Y show m_wl(?fx V 29 x) < m_ivl (?f )
by (metis m_ivl_anti_-mono widenl)
qed
also have ... < m_wl(?fz) + ...
using m_wl_widen[OF = lookup S2 x T ?f x)]
by (metis Nat.le_refl add_strict_increasing grOl not_less0)
also have ... = (> y€insert x (?XN?Y). m_ivl(?f y))
using x ~: ?Y) by simp
also have ... < (3" z€?X. m_wl(?f z))
by (rule setsum_mono3)(insert x:?2X), auto)
finally show ?thesis .
qed
} with assms show ?thesis
by (auto simp: le_st_def widen_st_def m_st_def Int_def)
ged

definition n_st m X st = (3° z€X. m(lookup st x))
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lemma n_st-mono: assumes set(dom S1) C X set(dom S2) C X S1 C S2
shows n_st n_iwl X S1 < n_st n_ivl X S2
proof—
have (3° zeX. n_ivl(lookup S1 z)) < (> zeX. n_wl(lookup S2 x))
apply (rule setsum_mono) using assms
by (auto simp: le_st_def lookup_def n_ivl_mono split: if-splits)
thus ?thesis by(simp add: n_st_def)
ged

lemma n_st_narrow:
assumes finite X and set(dom S1) C X set(dom S2) C X
and S2 C S1 - 8§51 C S1 A S2
shows n_st n_ivl X (S1 A S2) < n_st n_iwl X S1
proof—
have 1: VzeX. n_ivl (lookup (S1 A S2) x) < n_ivl (lookup S1 x)
using assms(2—4)
by (auto simp: le_st_def narrow_st_def lookup_def n_ivl-mono narrow2
split: if_splits)
have 2: 3z€X. n_ivl (lookup (S1 A S2) x) < n_ivl (lookup S1 x)
using assms(2—95)
by (auto simp: le_st_def narrow_st_def lookup_def intro: n_ivl_narrow
split: if splits)
have (3} zeX. n_ivl(lookup (S1 A S2) z)) < (X zeX. n_ivl(lookup S1
%)
apply(rule setsum_strict_monol [OF (finite X)]) using 1 2 by blast+
thus ?thesis by(simp add: n_st_def)
qged

15.12.9 Termination: Option

definition m_o m n opt = (case opt of None = n+1 | Some x = m x)

lemma m_o_anti_mono: finite X = domo S2 C X — S1 C 52 =
m_o (m_st m_ivl) (2 % card X) S2 < m_o (m_st m_ivl) (2 * card X) S1
apply (induction S1 S2 rule: le_option.induct)
apply(auto simp: domo_def m_o_def m_st_anti_mono le_Sucl m_st_height
split: option.splits)
done

lemma m_o_widen: [ finite X; domo S2 C X; - S2C S1 | =

m-o (m_st m_iwl) (2 % card X) (S1 V S§2) < m_o (m_st m_il) (2 * card
X) S1
by (auto simp: m_o_def domo_def m_st_height less_Suc_eq_le m_st_widen
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split: option.split)
definition n_o n opt = (case opt of None = 0 | Somez = nx + 1)

lemma n_o_mono: domo S1 C X — domo S2 C X — S1 C §2 —
n-o (n_st n_ivl X) S1 < n_o (n_st n_ivl X) S2
apply (induction S1 S2 rule: le_option.induct)
apply (auto simp: domo_def n_o_def n_st_mono
split: option.splits)
done

lemma n_o_narrow:
[ finite X; domo S1 C X; domo S2 C X; S2 C S1; - S1 £ S1 A S2]
= n_o (n_st nivl X) (S1 A S2) < n_o (n_st n_iwl X) S1

apply (induction S1 S2 rule: narrow_option.induct)

apply (auto simp: n_o_def domo_def n_st_narrow)

done

lemma domo_widen_subset: domo (S1 V S2) C domo S1 U domo S2
apply (induction S1 S2 rule: widen_option.induct)

apply (auto simp: domo_def widen_st_def)

done

lemma domo_narrow_subset: domo (S1 A S2) C domo S1 U domo S2
apply (induction S1 S2 rule: narrow_option.induct)

apply (auto simp: domo_def narrow_st_def )

done

15.12.10 Termination: Commands

lemma strip_widen_acom|[simp]:
strip ¢’ = strip (c::'a:: WN acom) = strip (¢ V. ¢') = strip ¢
by (induction widen::'a="a="a ¢ ¢’ rule: map2_acom.induct) simp_all

lemma strip_narrow_acom[simp]:
strip ¢! = strip (c¢::'a:: WN acom) = strip (¢ A. ¢) = strip ¢
by (induction narrow::'a='a="a ¢ ¢’ rule: map2-acom.induct) simp_all

lemma annos_widen_acom[simp): strip c1 = strip (¢2::'a:: WN acom) =
annos(cl V. c2) = map (%(z,y).2Vy) (zip (annos c1) (annos(c2::'a:: WN
acom)))
by (induction widen::'a="a="a c1 ¢2 rule: map2_acom.induct)
(simp_all add: size_annos_same2)
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lemma annos_narrow_acom[simp): strip c1 = strip (c2::'a:: WN acom) —
annos(cl N ¢2) = map (%(z,y).xAy) (zip (annos c1) (annos(c2::'a:: WN
acom)))
by (induction narrow::'a='a="a c¢1 ¢2 rule: map2-acom.induct)
(simp_all add: size_annos_same2)

lemma widen_acom_Com/[simp|: strip c2 = strip c1 =
cl: Com X = ¢2: Com X = (¢l V. c2): Com X

apply (auto simp add: Com_def)

apply(rename_tac S S’ x)

apply (erule in_set_zipE)

apply (auto simp: domo_def split: option.splits)

apply(case_tac S)

apply(case_tac S’)

apply simp

apply fastforce

apply(case_tac S”)

apply fastforce

apply (fastforce simp: widen_st_def)

done

lemma narrow_acom_Com/|simp]: strip c2 = strip c1 —>
cl:Com X = ¢2: Com X = (c1 A c2): Com X

apply(auto simp add: Com_def)

apply(rename_tac S S’ x)

apply(erule in_set_zipF)

apply (auto simp: domo_def split: option.splits)

apply(case_tac S)

apply(case_tac S’)

apply simp

apply fastforce

apply(case_tac S’)

apply fastforce

apply (fastforce simp: narrow_st_def)

done

definition m_c m ¢ = (let as = annos c in Y i=0..<size as. m(as!i))

lemma measure_m_c: finite X = {(¢, ¢ V. ¢') |¢ ¢zl st option acom.
strip ¢’ = strip c A c: Com X Ac': Com X N=c'C ¢}t
C measure(m_c(m_o (m_st m_ivl) (2xcard(X))))

apply (auto simp: m_c_def Let_def Com_def)

apply (subgoal_tac length(annos ¢’) = length(annos c))

prefer 2 apply (simp add: size_annos_same2)
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apply (auto)

apply(rule setsum_strict_monol )

apply simp

apply (clarsimp)

apply (erule m_o_anti-mono)

apply (rule subset_trans|OF domo_widen_subset])
apply fastforce

apply (rule widenl1)

apply (auto simp: le_iff-le_annos listrel_iff-nth)
apply (rule_tac x=n in bexl)

prefer 2 apply simp

apply (erule m_o_widen)

apply (simp)+

done

lemma measure_n_c: finite X = {(c, ¢ A. ¢') |e c'.
stripc = strip ¢’ Nc € ComX ANc'€ ComX ANc'EcA-cC ¢/,
c/}—l
C measure(m_c(n_o (n_st n_iwl X)))
apply (auto simp: m_c_def Let_def Com_def)
apply (subgoal_tac length(annos ¢’) = length(annos c))
prefer 2 apply (simp add: size_annos_same2)
apply (auto)
apply (rule setsum_strict_monol )
apply simp
apply (clarsimp)
apply (rule n_o_mono)
using domo_narrow_subset apply fastforce
apply fastforce
apply (rule narrow?2)
apply (fastforce simp: le_iff-le_annos listrel_iff-nth)
apply (auto simp: le_iff_le_annos listrel_iff nth strip_narrow_acom,)
apply (rule_tac x=n in bezl)
prefer 2 apply simp
apply(erule n_o_narrow)
apply (simp)+
done

15.12.11 Termination: Post-Fixed Point Iterations

lemma iter_widen_termination:

fixes c0 :: 'a:: WN acom

assumes P f: Ac. P ¢c = P(f ¢)

assumes P_widen: \c ¢’. P ¢ = P ¢’ = P(c V. ¢)
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and wf({(c::'a acom,c V. ¢')lce. PcNPc' N~ ¢'C ¢} —1)
and P ¢0 and c0 C f c0 shows EX c. iter_widen f c0 = Some ¢
proof (simp add: iter_widen_def , rule wf while_option_Some[where P = P))
show wf {(cc’,¢). (Pc A= fcCe¢)ANcec'=¢V,.fc}
apply (rule wf-subset| OF assms(3)]) by (blast intro: P_f)
next
show P c0 by(rule (P c0))
next
fix ¢ assume P ¢ thus P (¢ V. f ¢) by(simp add: P_f P_widen)
qged

lemma iter_narrow_termination:
assumes P_f: Ac. P¢c = P(c A f¢)
and wf: wf({(¢, c Acfe)lce" Pe N~ cC el fe} —1)
and P c0 shows EX c. iter_narrow f c0 = Some c
proof(simp add: iter_narrow_def, rule wf-while_option_Some[where P =
P)

show wf {(¢/,¢). (PcAN—-cCclA.fe)ANe' =clfe}

apply (rule wf-subset| OF wf]) by (blast intro: P_f)

next

show P c0 by(rule (P c0))
next

fix ¢ assume P c thus P (¢ A, f ¢) by(simp add: P_f)
qged

lemma iter_winden_step_ivl_termination:
EX c. iter_widen (step_ivl T) (L. ¢0) = Some ¢
apply (rule iter_widen_termination[where
P = %c. strip ¢ = c0 A ¢ : Com(vars c0)])
apply (simp_all add: step’_Com bot_acom)
apply (rule wf-subset)
apply (rule wf-measure)
apply (rule subset_trans)
prefer 2
apply(rule measure_m_c[where X = vars c0, OF finite_cvars))
apply blast
done

lemma iter_narrow_step_ivl_termination:
c0 € Com (vars(strip c0)) = step_ivl T ¢0 C c0 =
EX c. iter_narrow (step_ivl T) ¢0 = Some ¢
apply (rule iter_narrow_termination[where
P = %ec. strip ¢ = strip c0 N ¢ : Com(vars(strip c0)) A step_ivl T ¢ C

c])
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apply (simp_all add: step’_Com)

apply (clarify)

apply (frule narrow2_acom, drule mono_step’|OF le_refl], erule le_trans[OF
_ narrowl_acom))

apply assumption

apply (rule wf_subset)

apply (rule wf-measure)

apply (rule subset_trans)

prefer 2

apply (rule measure_n_clwhere X = vars(strip c0), OF finite_cvars])
apply auto

by (metis bot_least domo_Top order_refl step’_Com strip_step”)

lemma while_Com:

fixes c :: 'a st option acom

assumes while_option P f ¢ = Some ¢’

and !lec. strip(f c) = strip ¢

and V c::'a st option acom. ¢ : Com(X) — wvars(strip ¢) C X — fc:
Com(X)

and ¢ : Com(X) and vars(strip ¢) C X shows ¢’: Com(X)

using while_option_rulelwhere P = Xc¢’. ¢’ : Com(X) A wvars(strip ¢’) C
X, OF _ assms(1)]

by (simp add: assms(2-))

lemma iter_widen_Com: fixes [ :: 'a:: WN st option acom = 'a st option
acom
assumes iter_widen f ¢ = Some ¢’
and V. ¢ : Com(X) — wvars(strip ¢) C X — fec: Com(X)
and !!c. strip(f ¢) = strip ¢
and ¢ : Com(X) and vars (strip ¢) C X shows ¢': Com(X)
proof—
have Vc. ¢ : Com(X) — wars(strip ¢c) C X — ¢ V. fc: Com(X)
by (metis (full_types) widen_acom_Com assms(2,3))
from while_Com[OF assms(1)[simplified iter_widen_def| _ this assms(4,5)]
show ?thesis using assms(3) by(simp)
qged

context Abs_Int2
begin

lemma iter_widen_step’_Com:
iter_widen (step’ T) ¢ = Some ¢’ = wvars(strip ¢) C X = ¢ : Com(X)
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= ¢': Com(X)
apply (subgoal_tac strip ¢'= strip c)
prefer 2 apply (metis strip_iter_widen strip_step’)
apply(drule iter_widen_Com)
prefer 3 apply assumption
prefer 3 apply assumption
apply (auto simp: step’_Com)
done

end

theorem Al vl _termination:
EX ¢'. ALl ¢ = Some ¢’
apply (auto simp: AL wn_def pfp_wn_def iter_winden_step_ivl_termination split:
option.split)
apply (rule iter_narrow_step_ivl_termination)
apply (metis bot_acom_Com iter_widen_step’_Com[OF _ subset_refl] strip_iter_widen
strip_step”)
apply (erule iter_widen_pfp)
done

end

16 Denotational Abstract Interpretation

theory Abs_Int_den0_fun
imports ~"~/src/ Tools /| Permanent_Interpretation ../ Big_Step
begin

16.1 Orderings

class preord =

fixes le :: 'a = 'a = bool (infix C 50)
assumes le_refl[simp]: © C z

and le_trans: s Cy —= y L 2 = ¢z C 2

Note: no antisymmetry. Allows implementations where some abstract
element is implemented by two different values z # y such that x C y and
y C z. Antisymmetry is not needed because we never compare elements for
equality but only for C.

class SL_top = preord +
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fixes join :: 'a = 'a = ’a (infixl U 65)

fixes Top :: 'a

assumes join_gel [simp]: z C z Uy

and join_ge2 [simpl: y C z Uy

and joinleast: t C z —= yC z =z Uy C 2
and top[simp]: x C Top

begin

lemma join_le_iff [simp]: s Uy E z+— 2z C 2z Ay L 2
by (metis join_gel join_ge2 join_least le_trans)

fun iter :: nat = (‘a = 'a) = 'a = 'a where
iter 0 f - = Top |
iter (Suc n) fz = (if fz C x then z else iter n f (f x))

lemma iter_pfp: f(iter n fz) C iter n fx
apply (induction n arbitrary: x)

apply (simp)

apply (simp)

done

abbreviation iter’ :: nat = (‘a = 'a) = 'a = 'a where
iter’ n f x0 == dter n (A\x. 20 U fz) z0

lemma iter’_pfp_above:
fliter’ n fz0) C dter’ n f20 20 C iter’ n f z0
using iter_pfplof Az. z0 U f z] by auto

So much for soundness. But how good an approximation of the post-fixed
point does iter yield?

lemma iter_funpow: iter n f x # Top = Fk. itern fz = (f"'k) =
apply (induction n arbitrary: x)

apply simp

apply (auto)

apply(metis funpow.simps(1) id_def)

by (metis funpow.simps(2) funpow_swapl o_apply)

For monotone f, iter f n z0 yields the least post-fixed point above z0),
unless it yields Top.

lemma iter_least_pfp:
assumes mono: Az y. t & y = fz C fy and iter n f 20 # Top
and fp C p and z0 C p shows iter n fz0 C p
proof—
obtain k where iter n f 20 = (f*°k) z0
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using iter_funpow|OF citer n f 20 # Top)] by blast
moreover
{ fix n have (f"'n) 20 C p
proof (induction n)
case 0 show ?Zcase by (simp add: x0 C p))
next
case (Suc n) thus ?case
by (simp add: 0 T p)(metis Suc assms(3) le_trans mono)
ged
} ultimately show ?thesis by simp
qged

end
The interface of abstract values:

locale Rep =

fixes rep :: 'a::SL_top = 'b set

assumes le_rep: a & b = repa Crep b
begin

abbreviation in_rep (infix <: 50) where z <: a == z : rep a

lemma in_rep_join: © <: al V x <: a2 = x <: al U a2
by (metis SL_top_class.join_gel SL_top_class.join_ge2 le_rep subsetD)

end

locale Val_abs = Rep rep
for rep :: 'a::SL_top = wval set +
fixes num’ :: val = 'a
and plus’:: 'a = 'a = a
assumes rep_num’: rep(num’ n) = {n}
and rep_plus: nl <: al = n2 <: a2 = nl+n2 <: plus’ al a2

instantiation fun :: (type, SL_top) SL_top
begin

definition f C g = (ALL z. fz C g z)
definition f U g = (Az. fz U g x)

definition Top = (Az. Top)

lemma join_apply[simp]:
(fUglz=fzlUguz
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by (simp add: join_fun_def)

instance
proof

case goal2 thus Zcase by (metis le_fun_def preord_class.le_trans)
qed (simp_all add: le_fun_def Top_fun_def)

end

16.2 Abstract Interpretation Abstractly

Abstract interpretation over abstract values. Abstract states are simply
functions. The post-fixed point finder is parameterized over.

type_synonym ’‘a st = vname = a

locale Abs_Int_Fun = Val_abs +

fixes pfp :: (Ya st = 'a st) = 'a st = 'a st
assumes pfp: f(pfp fz) C pfp [z
assumes above: T pfp fx

begin

fun aval’ :: aexp = 'a st = 'a where

aval’ (N n) - = num'n |

aval’ (Vz) S =Sz |

aval’ (Plus al a2) S = plus’ (aval’ a1 S) (aval’ a2 S)

abbreviation fun_in_rep (infix <: 50) where
f<tF==Vuz fo< Fux

lemma fun_in_rep_le: (s::state) <: S — SC T = s <: T
by (metis le_fun_def le_rep subsetD)

lemma aval’_sound: s <: S = aval a s <: aval’ a S
by (induct a) (auto simp: rep_num’ rep_plus’)

fun AT :: com = 'a st = 'a st where

AISKIP S = § |

Al (z =m=a) S = S(z := aval’ a S) |

Al (c13;¢2) S = Al ¢2 (Al c1 S) |

AI (IF b THEN c1 ELSE ¢2) S = (AT ¢1 8) U (AI ¢2 §) |
AI (WHILE b DO ¢) S = pfp (Al ¢) S

lemma Al sound: (¢,s) = t = s <: S0 =t <: Al ¢ S0
proof (induction ¢ arbitrary: s t S0)
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case SKIP thus ?case by fastforce
next
case Assign thus ?case by (auto simp: aval’_sound)
next
case Seq thus ?case by auto
next
case If thus ?case by(auto simp: in_rep_join)
next
case (While b ¢)
let 7P = pfp (Al ¢) SO
{ fix s t have (WHILE b DO ¢,s) = t = s <: 7P =t <: ?P
proof (induction WHILE b DO c s t rule: big_step_induct)
case WhileFualse thus ?case by simp
next
case WhileTrue thus ?case by(metis While.IH pfp fun_in_rep_le)
qed
}
with fun_in_rep_le[OF (s <: S0) above]
show ?case by (metis While(2) Al.simps(5))
ged

end

Problem: not executable because of the comparison of abstract states, i.e.
functions, in the post-fixedpoint computation. Need to implement abstract
states concretely.

end

theory Abs_State_den
imports Abs_Int_den0_fun
~~ /sre/HOL/ Library | Char_ord ~~ /src/ HOL/ Library/ List_lexord

begin

16.3 Abstract State with Computable Ordering

A concrete type of state with computable C:

datatype ’a astate = FunDom string = 'a string list

fun fun where fun (FunDom f_) = f
fun dom where dom (FunDom _ A) = A

definition [simp|: inter_list xs ys = [z<—xs. x € set ys]
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definition list S = [(z,fun S ). x < sort(dom S)]
definition lookup F x = (if z : set(dom F') then fun F z else Top)

definition update F x y =
FunDom ((fun F)(z:=y)) (if x € set(dom F) then dom F else x # dom
F)

lemma lookup_update: lookup (update S = y) = (lookup S)(x:=y)
by (rule ext)(auto simp: lookup_def update_def)

instantiation astate :: (SL_top) SL_top
begin

definition le_astate F G = (ALL z : set(dom G). lookup F' z T fun G z)

definition
join_astate F G =
FunDom (Az. fun F z U fun G z) (inter_list (dom F) (dom G))

definition Top = FunDom (Az. Top) ||

instance
proof
case goal2 thus ?Zcase
apply (auto simp: le_astate_def)
by (metis lookup_def preord_class.le_trans top)
qed (auto simp: le_astate_def lookup_def join_astate_def Top_astate_def)

end

end

theory Abs_Int_den0
imports Abs_State_den

begin

16.4 Computable Abstract Interpretation

Abstract interpretation over type astate instead of functions.

locale Abs_Int = Val_abs +
fixes pfp :: (‘a astate = 'a astate) = 'a astate = 'a astate
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assumes pfp: f(pfp f20) C pfp [ z0
assumes above: 20 T pfp f x0

begin

fun aval’ :: aexp = 'a astate = 'a where

aval’ (N n) - = num'n |

aval’ (V) S = lookup S z |

aval’ (Plus el e2) S = plus’ (aval’ e1 S) (aval’ €2 S)

abbreviation astate_in_rep (infix <: 50) where
s <: 8 == ALL z. s x <: lookup S x

lemma astate_in_rep_le: (s::state) <: S —= SC T —= s<: T
by (metis in_mono le_astate_def le_rep lookup_def top)

lemma aval’_sound: s <: S = aval a s <: aval’ a S
by (induct a) (auto simp: rep_num’ rep_plus’)

fun Al :: com = 'a astate = 'a astate where

AI SKIP S = § |

Al (z == a) S = update S = (aval’ a S) |

Al (cl3;¢2) S = Al ¢2 (Al c1 S) |

AI (IF b THEN ¢1 ELSE ¢2) § = (AI ¢1 8) U (AI ¢2 S) |
Al (WHILE b DO ¢) S = pfp (Al ¢) S

lemma Alsound: (¢,s) = t = s <: S0 =t <: Al ¢ S0
proof (induction ¢ arbitrary: s t S0)
case SKIP thus ?case by fastforce
next
case Assign thus Zcase
by (auto simp: lookup_update aval’_sound)
next
case Seq thus ?case by auto
next
case If thus ?case
by (metis Al.simps(4) IfE astate_in_rep_le join_gel join_ge2)
next
case (While b c)
let 7P = pfp (Al ¢) SO
{ fix s t have (WHILE b DO ¢,s) = t = s <: P =t <: P
proof (induction WHILE b DO c s t rule: big_step_induct)
case WhileFalse thus ?case by simp
next
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case WhileTrue thus ?case using While.IH pfp astate_in_rep_le by
metis
qed

}

with astate_in_rep_le]OF (s <: S0) above]
show Zcase by (metis While(2) Al.simps(5))
qed

end

end

theory Abs_Int_den0_const
imports Abs_Int_den0
begin

16.5 Constant Propagation
datatype cval = Const val | Any

fun rep_cval where
rep_cval (Const n) = {n} |
rep_cval (Any) = UNIV

fun plus_cval where
plus_cval (Const m) (Const n) = Const(m-+n) |
plus_cval - _ = Any

instantiation cval :: SL_top
begin

fun le_cval where

- C Any = True |

Const n = Const m = (n=m) |

Any C Const _ = False

fun join_cval where

Const m Ll Const n = (if n=m then Const m else Any) |
_U_=Any

definition Top = Any

instance
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proof

case goall thus
next

case goal2 thus
next

case goal3 thus
next

case goal4 thus
next

case goal5 thus
next

case goal6 thus
ged

end

?case by (cases x) simp_all

?case by(cases z,
Zcase by(cases x,
Zcase by(cases v,

Zcase by(cases z,

cases vy,

cases v,

cases x,

cases v,

cases x, simp_all)
simp_all)
simp_all)

cases x, simp_all)

Zcase by (simp add: Top_cval_def)

permanent_interpretation Rep rep_cval

proof
case goall thus

Zcase

by (cases a, cases b, simp, simp, cases b, simp, simp)

qged

permanent_interpretation Val_abs rep_cval Const plus_cval

proof

case goall show ?case by simp

next
case goal?2 thus

?case

by (cases al, cases a2, simp, simp, cases a2, simp, simp)

qed

permanent_interpretation Abs_Int rep_cval Const plus_cval (iter’ 3)

defining Al const = Al
and aval’_const = aval’
proof qed (auto simp: iter’_pfp_above)

Straight line code:

definition testl_const =

"y = N 75

//Z// -

//y// e
Conditional:

Plus (V "y") (N 2);;
Plus (V "z") (N 0)

definition test2_const =

IF Less (N 41) (V "z'") THEN "z" := N 5 ELSE "z" ::
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Conditional, test is ignored:

definition testS_const =
"y = N 425
IF Less (N 41) (V "z'"y THEN "z" := N 5 ELSE "z" := N ¢

While:

definition test}_const =
"g!" .= N 0;; WHILE Bc True DO "z ::= N 0

While, test is ignored:

definition test5_const =
"g! = N 0;; WHILE Less (V "z"") (N 1) DO "z" ::= N 1

Iteration is needed:

definition test6_const =
"g" = N 0;; "y" 2= N 0;; "z" := N 2;;
WHILE Less (V "z'") (N 1) DO ("z" ==V "y"; "y =V "'2")

More iteration would be needed:

definition test7_const =
"g! = N 0;; "y" 2= N 0;; 2" := N 0;; "u” =:= N 3
WHILE Less (V "z") (N 1)
DO (//z,// = V //y//;; //yll = V //Z”;; //Z// e V /Iu//)

value list (Al const test1_const Top)
value list (Al const test2_const Top)
value list (Al const test3_const Top)
value list (Al const test)_const Top)
value list (Al const test5_const Top)
value list (Al const test6_const Top)
value list (Al const test7_const Top)

end

theory Abs_Int_denl
imports Abs_Int_den0_const
begin

16.6 Backward Analysis of Expressions

class L_top_bot = SL_top +
fixes meet :: 'a = 'a = 'a (infixl M 65)
and Bot :: 'a
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assumes meet_lel [simp]: z My C x

and meet_le2 [simp]: x My C y

and meet_greatest: t Cy =z Cz=—= 2 C yMz
assumes bot[simp]: Bot C x

locale Repl = Rep rep for rep :: 'a::L_top_bot = 'b set +

assumes inter_rep_subset_rep_meet: rep al N rep a2 C rep(al M a2)
and rep_Bot: rep Bot = {}

begin

lemma in_rep_meet: © <: ¢l = z <: a2 = x <: al [ a2
by (metis Intl inter_rep_subset_rep_meet set_mp)

lemma rep_meet[simp]: rep(al M a2) = rep al N rep a2
by (metis equalityl inter_rep_subset_rep_meet le_inf_iff le_rep meet_lel meet_le2)

end

locale Val_abs! = Val_abs rep num’ plus’ + Repl rep
for rep :: 'a::L_top_bot = int set and num’ plus’ +
fixes filter_plus’ :: 'a = 'a = 'a = 'a x 'a
and filter_less’ :: bool = 'a = 'a = 'a x 'a
assumes filter_plus”. filter_plus’ a al a2 = (al’,a2’) =
nl <:al = n2 <: a2 = nl+n2 <: a = nl <: al’ A n2 <: a2’
and filter_less”: filter_less’ (n1<n2) al a2 = (al’;a2") =
nl <:al = n2 <: a2 = nl <:al’ AN n2 <: a2’

datatype ‘a up = bot | Up 'a

instantiation up :: (SL_top)SL_top
begin

fun le_up where
UpzCUpy=(zCy)|
bot C y = True |

Up _ C bot = Fualse

lemma [simp]: (z C bot) = (z = bot)
by (cases ) simp_all

lemma [simp]: (Upz C u) = (EXy. u= Upy & z C y)
by (cases u) auto
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fun join_up where

UpzU Upy= Up(z Uy) |
bot Uy =y |

x U bot =

lemma [simp]: z U bot = z
by (cases z) simp_all

definition Top = Up Top

instance proof

case goall show ?case by(cases x, simp_all)
next

case goal2 thus ?Zcase

by (cases z, simp, cases y, simp, cases z, auto intro: le_trans)

next

case goal3 thus Zcase by(cases z, simp, cases y, simp_all)
next

case goal/ thus ?case by(cases y, simp, cases z, simp_all)
next

case goalh thus ?case by(cases z, simp, cases y, simp, cases z, simp_all)
next

case goal6 thus ?case by(cases z, simp_all add: Top_up_def)
qed

end

locale Abs_Int1 = Val_abs1 +
fixes pfp :: ('a astate up = 'a astate up) = 'a astate up = 'a astate up

assumes pfp: f(pfp f20) E pfp f 20
assumes above: z0 T pfp f x0

begin
abbreviation astate_in_rep (infix <: 50) where
s <: S8 == ALL z. s x <: lookup S z

abbreviation in_rep_up :: state = 'a astate up = bool (infix <:: 50)
where

s <:S==FEXS0.5=UpS0 N s <:850
lemma in_rep_up_trans: (s::state) <:: S = S C T = s <= T
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apply auto
by (metis in-mono le_astate_def le_rep lookup_def top)

lemma in_rep_join_Upl: s <:: S1 | s <i: 82 = s <:: S1 U 52
by (metis in_rep_up_trans SL_top_class.join_gel SL_top_class.join_ge2)

fun aval’ :: aexp = 'a astate up = 'a (aval) where
aval’ _ bot = Bot |

aval’ (N n) - = num’n |

aval’ (V x) (Up S) = lookup S x|

aval’ (Plus al a2) S = plus’ (aval’ al S) (aval’ a2 S)

lemma aval’_sound: s <:: S = aval a s <: aval’ a S
by (induct a) (auto simp: rep_num’ rep_plus’)

fun afilter :: aexp = 'a = 'a astate up = 'a astate up where
afilter (N n) a S = (if n <: a then S else bot) |
afilter (Vz) a S = (case S of bot = bot | Up S =
let a’ = lookup S z M a in
if o' C Bot then bot else Up(update S x a’)) |
afilter (Plus el e2) a S =
(let (al,a2) = filter_plus’ a (aval’ el S) (aval’ e2 S)
in afilter el al (afilter e2 a2 S))

The test for Bot in the V-case is important: Bot indicates that a variable
has no possible values, i.e. that the current program point is unreachable.
But then the abstract state should collapse to up.bot. Put differently, we
maintain the invariant that in an abstract state all variables are mapped to
non-Bot values. Otherwise the (pointwise) join of two abstract states, one
of which contains Bot values, may produce too large a result, thus making
the analysis less precise.

fun bfilter :: bexp = bool = 'a astate up = 'a astate up where
bfilter (Bc v) res S = (if v=res then S else bot) |
bfilter (Not b) res S = bfilter b (= res) S |
bfilter (And b1 b2) res S =
(if res then bfilter b1 True (bfilter b2 True S)
else bfilter b1 False S U bfilter b2 False S) |
bfilter (Less el e2) res S =
(let (resl,res2) = filter_less’ res (aval’ el S) (aval’ €2 S)
in afilter el resl (afilter e2 res2 S))

lemma afilter_sound: s <:: § = aval e s <: a = s <:: afilter e a S

proof (induction e arbitrary: a S)
case N thus ?case by simp
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next
case (V1)
obtain S’ where S = Up S’ and s <: S’ using (s <:: S) by auto
moreover hence s x <: lookup S’z by(simp)
moreover have s ¢ <: a using V by simp
ultimately show ?Zcase using V(1)
by (simp add: lookup_update Let_def)
(metis le_rep emptyE in_rep_meet rep_Bot subset_empty)
next
case (Plus el e2) thus ?Zcase
using filter_plus’|OF _ aval’_sound[OF Plus(3)] aval’_sound|OF Plus(3)]]
by (auto split: prod.split)
ged

lemma bfilter_sound: s <:: § = bv = bval b s = s <:: bfilter b bv §
proof (induction b arbitrary: S bv)
case Bc thus “case by simp
next
case (Not b) thus ?case by simp
next
case (And b1 b2) thus Zcase by (auto simp: in_rep_join_Upl)
next
case (Less el e2) thus ?case
apply hypsubst_thin
apply (auto split: prod.split)
apply (metis afilter_sound filter_less’ aval’_sound Less)
done
qged

fun Al :: com = ’a astate up = 'a astate up where
AT SKIP S = § |
Al (z == a) S =
(case S of bot = bot | Up S = Up(update S x (aval’ a (Up S)))) |
Al (cl3;¢2) S = Al ¢2 (Al c1 S) |
AI (IF b THEN c1 ELSE ¢2) S =
Al c1 (bfilter b True S) U Al ¢2 (bfilter b False S) |
AI (WHILE b DO ¢) S =
bfilter b False (pfp (AS. Al ¢ (bfilter b True S)) S)

lemma Alsound: (¢,s) =t = s<u: S =1t<:AlcS
proof (induction ¢ arbitrary: s t S)

case SKIP thus ?case by fastforce
next

case Assign thus Zcase
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by (auto simp: lookup_update aval’_sound)
next
case Seq thus ?case by fastforce
next
case If thus ?case by (auto simp: in_rep_join_Upl bfilter_sound)
next
case (While b ¢)
let 2P = pfp (A\S. AI ¢ (bfilter b True S)) S
{fix st
have (WHILE b DO c¢,s) = t = s <:: P =
t <:: bfilter b False ?P
proof (induction WHILE b DO c s t rule: big_step_induct)
case WhileFalse thus ?case by (metis bfilter_sound)
next
case WhileTrue show ?case
by (rule WhileTrue, rule in_rep_up_trans|OF _ pfp],
rule While. IH[OF WhileTrue(2)],
rule bfilter_sound|OF WhileTrue.prems|, simp add: WhileTrue(1))
qged
}
with in_rep_up_trans[OF (s <:: S) above] While(2,3) Al.simps(5)
show ?Zcase by simp
qed

end

end

theory Abs_Int_deni_ivl
imports Abs_Int_denl
begin

16.7 Interval Analysis

datatype il = I int option int option

We assume an important invariant: arithmetic operations are never ap-
plied to empty intervals I (Some i) (Some j) with j < i. This avoids special
cases. Why can we assume this? Because an empty interval of values for
a variable means that the current program point is unreachable. But this
should actually translate into the bottom state, not a state where some
variables have empty intervals.

definition rep_ivl © =
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(case i of I (Some 1) (Some h) = {l..h} | I (Some l) None = {l..}
| I None (Some h) = {..h} | I None None = UNIV)

definition num_ivl n = I (Some n) (Some n)

definition
[code_abbrev]: contained_in i k <— k € rep_ivl

lemma contained_in_simps [code]:
contained_in (I (Some 1) (Some h)) k +— I <k Nk <h
contained_in (I (Some l) None) k +— 1 < k
contained_in (I None (Some h)) k <— k < h
contained_in (I None None) k <— True
by (simp_all add: contained_in_def rep_ivl_def)

instantiation option :: (plus)plus
begin

fun plus_option where
Some x + Some y = Some(z+y) |
_+ _ = None
instance proof ged
end
definition empty where empty = I (Some 1) (Some 0)
fun is_empty where
is_empty(I (Some 1) (Some h)) = (h<l) |
is_empty _ = Fulse
lemma [simp]: is_empty(I 1 h) =
(case | of Some | = (case h of Some h = h<l | None = False) | None
= Fulse)

by (auto split:option.split)

lemma [simp]: is_empty i => rep_ivl i = {}
by (auto simp add: rep_ivil_def split: ivl.split option.split)

definition plus_ivl i1 i2 = ((xif is_empty il | is_empty i2 then empty elsex)
case (i1,i2) of (111 hi, 112 h2) = I (11+12) (h1-+h2))

instantiation vl :: SL_top
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begin

definition le_option :: bool = int option = int option = bool where
le_option pos T y =

(case x of (Some i) = (case y of Some j = i<j | None = pos)

| None = (case y of Some j = —pos | None = True))

fun le_auzr where

le_aux (111 h1) (112 h2) = (le_option False 12 11 & le_option True h1 h2)

definition le_ivl where
il C 12 =
(if is_empty il then True else
if is_empty i2 then False else le_auz il i2)

definition min_option :: bool = int option = int option = int option
where
min_option pos o1 02 = (if le_option pos 0l 02 then ol else 02)

definition maz_option :: bool = int option = int option = int option
where
mazx_option pos ol 02 = (if le_option pos 01 02 then 02 else o01)

definition ¢ LI 2 =
(if is_empty il then i2 else if is_empty i2 then il
else case (i1,i2) of (I'l1 h1, 112 h2) =
I (min_option False 1 12) (max_option True h1 h2))

definition Top = I None None

instance
proof
case goall thus ?case
by (cases x, simp add: le_ivl_def le_option_def split: option.split)
next
case goal2 thus ?case
by (cases x, cases y, cases z, auto simp: le_ivl_def le_option_def split:
option.splits if_splits)
next
case goal3 thus ?case
by (cases x, cases y, simp add: le_ivl_def join_ivl_def le_option_def min_option_def
mazx_option_def split: option.splits)
next
case goal thus Zcase
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by (cases x, cases y, simp add: le_ivl_def join_ivl_def le_option_def min_option_def
mazx_option_def split: option.splits)
next

case goal5 thus ?case

by (cases x, cases y, cases z, auto simp add: le_ivl_def join_ivl_def le_option_def
min_option_def max_option_def split: option.splits if splits)
next

case goal6 thus ?case

by (cases x, simp add: Top_ivl_def le_ivl_def le_option_def split: option.split)
qged

end

instantiation vl :: L_top_bot
begin

definition i1 M 2 = (if is_.empty il V is_empty i2 then empty else
case (i1,i2) of (I'l1 h1, 112 h2) =
I (max_option False 1 12) (min_option True hl h2))

definition Bot = empty

instance
proof
case goall thus Zcase
by (simp add:meet_ivl_def empty_def meet_ivl_def le_ivl_def le_option_def
mazx_option_def min_option_def split: ivl.splits option.splits)
next
case goal2 thus ?case
by (simp add:meet_ivl_def empty_def meet_ivl_def le_ivl_def le_option_def
mazx_option_def min_option_def split: ivl.splits option.splits)
next
case goal3 thus ?case
by (cases x, cases y, cases z, auto simp add: le_wl_def meet_ivl_def
empty_def le_option_def maz_option_def min_option_def split: option.splits
if-splits)
next
case goal/ show ?case by(cases z, simp add: Bot_ivl_def empty_def le_ivl_def)
qed

end
instantiation option :: (minus)minus
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begin

fun minus_option where
Some x — Some y = Some(z—y) |
_— _= None

instance proof ged
end

definition minus_ivl il i2 = ((xif is_empty il | is_empty i2 then empty
elsex)
case (i1,i2) of (111 h1, 112 h2) = I (11—h2) (h1—12))

lemma rep_minus_ivl:
nl : rep_wl il => n2 : rep_ivl i2 = nl—n2 : rep_wl(minus_ivl i1 i2)
by (auto simp add: minus_ivl_def rep_ivl_def split: ivl.splits option.splits)

definition filter_plus_ivl i i1 i2 = ((xif is_empty i then empty elsex)
i1 M minus_ivl i 12, 12 N minus_wl i i1)

fun filter_less_ivl :: bool = vl = vl = vl % wl where
filter_less_ivl res (111 h1) (112 h2) =
((xif is_empty(1 11 h1) V is_empty(I 12 h2) then (empty, empty) elsex)
if res
then (111 (min_option True hl (h2 — Some 1)),
I (maz_option False (11 + Some 1) 12) h2)
else (I (max_option False 1 12) h1, I12 (min_option True hl h2)))

permanent_interpretation Rep rep_ivl
proof
case goall thus ?case
by (auto simp: rep_ivl_def le_ivl_def le_option_def split: ivl.split option.split
if_splits)
qed

permanent_interpretation Val_abs rep_ivl num_ivl plus_ivl
proof
case goall thus Zcase by(simp add: rep_ivl_def num_ivl_def)
next
case goal2 thus ?case
by (auto simp add: rep_ivl_def plus_ivl_def split: ivl.split option.splits)
qged
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permanent_interpretation Rep1 rep_ivl
proof

case goall thus ?case

by (auto simp add: rep_ivi_def meet_ivl_def empty-def min_option_def

mazx_option_def split: ivl.split option.split)
next

case goal2 show Zcase by (auto simp add: Bot_ivl_def rep_ivl_def empty_def )
ged

permanent_interpretation
Val_abs1 rep_ivl num_ivl plus_ivl filter_plus_ivl filter_less_ivl
proof
case goall thus ?case
by (auto simp add: filter_plus_ivl_def)
(metis rep-minus_ivl add_diff-cancel add.commute)+
next
case goal2 thus ?case
by (cases al, cases a2,
auto simp: rep_wl_def min_option_def mazx_option_def le_option_def split:
if_splits option.splits)
qged

permanent_interpretation
Abs_Int1 rep_ivl num_ivl plus_ivl filter_plus_ivl filter_less_ivl (iter’ 3)
defining afilter_ivl = afilter
and bfilter_iwl = bfilter
and ALl = Al
and aval_ivl = aval’
proof qed (auto simp: iter’_pfp_above)

fun list_up where
list_up bot = bot |
listiup (Up z) = Up(list x)

value list_up(afilter_ivl (N 5) (I (Some 4) (Some 5)) Top)

value list_up(afilter_ivl (N 5) (I (Some 4) (Some 4)) Top)

value list_up(afilter_ivl (V "z") (I (Some 4) (Some 4))
(Up(FunDom(Top("z".=I (Some 5) (Some 6))) ["z"])))

value list_up(afilter_ivl (V "z'") (I (Some 4) (Some 5))
(Up(FunDom(Top("z":=I (Some 5) (Some 6))) ["z"])))

value list_up(afilter_ivl (Plus (V "z’ (V "z")) (I (Some 0) (Some 10))
(Up(FunDom(Top("z":= I (Some 0) (Some 100)))["z")))
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value list_up(afilter_ivl (Plus (V "z'") (N 7)) (I (Some 0) (Some 10))
(Up(FunDom(Top("z".= I (Some 0) (Some 100)))["z")))

value list_up(bfilter_ivl (Less (V "'y (V "z")) True
(Up(FunDom(Top("x".= I (Some 0) (Some 0)))["z"])))

value list_up(bfilter_ivl (Less (V "'y (V "z")) True
(Up(FunDom(Top("z".= I (Some 0) (Some 2)))["z"])))

value list_up(bfilter_ivl (Less (V "z") (Plus (N 10) (V "y"))) True
(Up(FunDom(Top("z".= I (Some 15) (Some 20),"y":= I (Some 5)

(Some 7)))["z", "y")))

definition test_ivll =

//y// _ N 7”

IF Less (V "z (V "'y"")

THEN "y" ::= Plus (V "y") (V "z")
ELSE "z ” = Plus (V "z") (V "y"")
value list_up(ALwl test_ivll Top)

value list_up (ALivl test3_const Top)
value list_up (ALivl test5_const Top)
value list_up (AL ivl test6_const Top)

definition test2_ivl =

oyl = N 73

WHILE Less (V "z'") (N 100) DO "y" ::= Plus (V "y"") (N 1)
value list_up(ALwl test2_ivl Top)

definition test3_ivl =

"g!" = N 0;; "y" := N 1003, "z" ::= Plus (V "z") (V "y"");;
WHILE Less (V "z'") (N 11)

DO ("z" ::= Plus (V ") (N 1);; "y" := Plus (V "y") (N —1))
value lzst,up(ALwl test3_ivl Top)

definition test/_ivl =

// 12 = N 0 // ", N 0

WHILE Less (V ”ac”) (N 1001)

DO (// " . V // // // 12 e Plus (V //x//) N])
value lzst,up(ALwl test4,wl Top)

Nontermination not detected:

definition test5_ivl =
// 1 = N 0
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WHILE Less (V "z") (N 1) DO "z" ©:= Plus (V "z"") (N —1)
value list_up( ALl test5_ivl Top)

end

theory Abs_Int_den2
imports Abs_Int_denl_ivl
begin

context preord
begin

definition mono where mono f = Vzy. 2 Cy — fz C fy)
lemma monoD: mono f = = C y = fa C fy by(simp add: mono_def)

lemma mono_comp: mono f = mono g = mono (g o f)
by (simp add: mono_def)

declare le_trans|trans]

end

16.8 Widening and Narrowing

Jumping to the trivial post-fixed point Top in case k rounds of iteration
did not reach a post-fixed point (as in iter) is a trivial widening step. We
generalise this idea and complement it with narrowing, a process to regain
precision.

Class WN makes some assumptions about the widening and narrowing
operators. The assumptions serve two purposes. Together with a further
assumption that certain chains become stationary, they permit to prove ter-
mination of the fixed point iteration, which we do not — we limit the number
of iterations as before. The second purpose of the narrowing assumptions is
to prove that the narrowing iteration keeps on producing post-fixed points
and that it goes down. However, this requires the function being iterated to
be monotone. Unfortunately, abstract interpretation with widening is not
monotone. Hence the (recursive) abstract interpretation of a loop body that
again contains a loop may result in a non-monotone function. Therefore our
narrowing iteration needs to check at every step that a post-fixed point is
maintained, and we cannot prove that the precision increases.

class WN = SL_top +
fixes widen :: 'a = 'a = ’a (infix V 65)
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assumes widen: y C z V y

fixes narrow :: 'a = 'a = 'a (infix A 65)
assumes narrowl: yCz = yCx Ay
assumes narrow2: yC r = x Ay Cx
begin

fun iter_up :: (‘a = 'a) = nat = 'a = 'a where
iter_up f 0 x = Top |
iter_up f (Suc n) r =
(let fx = fx in if fr T x then z else iter_up fn (z V fr))

lemma iter_up_pfp: f(iter_up fn z) C iter_up fn x
apply (induction n arbitrary: x)

apply (simp)

apply (simp add: Let_def)

done

fun iter_down :: (Ya = 'a) = nat = 'a = 'a where
iter_down f 0z = z |
iter_down f (Suc n) x =

(let y=x A fzinif fy C y then iter_down fn y else x)

lemma iter_down_pfp: fx C © = f(iter_down fn z) C iter_down fn x
apply (induction n arbitrary: x)

apply (simp)

apply (simp add: Let_def)

done

definition iter’ :: nat = nat = ('a = 'a) = 'a = 'a where
iter' mn fz =
(let f'= (Ay. z U fy) in iter_down f' n (iter_up f' m x))

lemma iter’_pfp_above:

shows f(iter’ m n f z0) C iter’ m n f 20

and z0 C iter’ m n f 20

using iter_up_pfp[of Ax. z0 U f x| iter_down_pfplof Az. x0 U f z]
by (auto simp add: iter’_def Let_def)

This is how narrowing works on monotone functions: you just iterate.

abbreviation iter_down_mono :: (‘a = 'a) = nat = 'a = 'a where
iter_-down_mono fnz == (Az. ¢ A fz)"™n) z

Narrowing always yields a post-fixed point:

lemma iter_down_mono_pfp: assumes mono f and f z0 C x0
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defines © n == iter_down_mono f n z0
shows f(zn) C zn
proof (induction n)
case 0 show ?case by (simp add: z_def assms(2))
next
case (Suc n)
have f (z (Suc n)) = f(z n A f(z n)) by(simp add: z_def)
also have ... C f(z n) by(rule monoD[OF (mono f) narrow2[OF Suc]])
also have ... C z n A f(z n) by(rule narrow![OF Suc])

also have ... = z(Suc n) by(simp add: z_def)
finally show ?case .
qed

Narrowing can only increase precision:

lemma iter_down_down: assumes mono f and fz0 C z0
defines = n == iter_down_mono f n z0
shows z n C z0
proof (induction n)
case 0 show ?case by(simp add: z_def)
next
case (Suc n)
have z(Suc n) = z n A f(z n) by(simp add: z_def)
also have ... C z n unfolding z_def
by (rule narrow2[OF iter_down_mono_pfp|OF assms(1), OF assms(2)]])
also have ... C z0 by(rule Suc)
finally show ?case .
qged

end

instantiation wl :: WN
begin

definition widen_ivl iwll wl2 =
((xif is_empty vll then ivl2 else if is_empty ivl2 then wll elsex)
case (wll,wl2) of (11 h1, 112 h2) =
I (if le_option False 1211 N 12 # 11 then None else 12)
(if le_option True h1 h2 N h1 # h2 then None else h2))

definition narrow_ivl il wl2 =
((xif is_empty wll V is_empty wl2 then empty elsex)
case (ill,wl2) of (I'l1 h1, 112 h2) =
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I (if 1 = None then (2 else I1)
(if h1 = None then h2 else h1))

instance
proof qed

(auto simp add: widen_iwl_def narrow_wl_def le_option_def le_ivl_def empty_def
split: l.split option.split if_splits)

end

instantiation astate :: (WN) WN
begin

definition widen_astate F'1 F2 =
FunDom (Az. fun F1 x V fun F2 x) (inter_list (dom F1) (dom F2))

definition narrow_astate F1 F2 =
FunDom (Az. fun F1 x A fun F2 z) (inter_list (dom F1) (dom F2))

instance
proof
case goall thus ?case
by (simp add: widen_astate_def le_astate_def lookup_def widen)
next
case goal2 thus ?case
by (auto simp: narrow_astate_def le_astate_def lookup_def narrowl)
next
case goal3 thus Zcase
by (auto simp: narrow_astate_def le_astate_def lookup_def narrow?2)
qed

end

instantiation up :: (WN) WN
begin

fun widen_up where
widen_up bot x = x|
widen_up = bot = x|
widen_up (Up z) (Up y) = Up(z V y)

fun narrow_up where

narrow_up bot x = bot |
narrow-up x bot = bot |
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narrow_up (Up z) (Up y) = Up(z A y)

instance
proof
case goall show ?case
by (induct = y rule: widen_up.induct) (simp-all add: widen)
next
case goal2 thus ?case
by (induct x y rule: narrow_up.induct) (simp-all add: narrowl)
next
case goal3 thus ?case
by (induct z y rule: narrow_up.induct) (simp_all add: narrow2)
qged

end

permanent_interpretation
Abs_Int1 rep_ivl num_ivl plus_ivl filter_plus_ivl filter_less_ivl (iter’ 3 2)
defining afilter_ivl’ = afilter
and bfilter_ivl’ = bfilter
and ALwl' = Al
and aval_ivl’ = aval’
proof qed (auto simp: iter’_pfp_above)

value list_up(ALivl’ test3_ivl Top)
value list_up(ALivl’ test]_ivl Top)
value list_up(ALivl’ test5_ivl Top)

end
17 Extensions and Variations of IMP
theory Procs imports BExp begin

17.1 Procedures and Local Variables

type_synonym pname = string

datatype
com = SKIP
| Assign vname aexp (.= _[1000, 61] 61)
| Seq  com com (3/ - 60, 61] 60)
| If  bexp com com  ((IF ./ THEN _/ ELSE _) [0, 0, 61] 61)
| While bexp com ((WHILE -/ DO _) [0, 61] 61)
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| Var  vname com ((1{VAR 3/ _}))
| Proc pname com com  ((1{PROC _= _;/ _}))
| CALL pname

definition test_com =
{VAR // //
{PROC /l l/ l/ 12 c— NZ
{PROC "q "y CALL "p',
{VAR l/ l/
// no..__ Ng”
{PROC /1 /l // 1 = N3
CALL /l // /l 12 e V HZL'H}}}}}

end
theory Procs_Dyn_Vars_Dyn imports Procs
begin

17.1.1 Dynamic Scoping of Procedures and Variables

type_synonym penv = pname = com

inductive
big_step :: penv = com X state = state = bool (_+ _ = _[60,0,60] 55)
where
Skip:  pe - (SKIP,s) = s |
Assign: pe - (z == a,8) = s(z := aval a ) |
Seq: [ pe b (c1,81) = s2; pe b (c2,82) = s3] =
pe = (c15c2, 51) = 83 |

IfTrue: [ bval b s; pet (c1,8) = t ] =
pe = (IF b THEN ¢y ELSE ca, s) = t |
IfFalse: | —bval b s; pe F (ca,8) = t ] =
pe = (IF b THEN ¢y ELSE ca, s) = t |
WhileFalse: —bval b s = pe = (WHILE b DO ¢,s) = s |
While True:
[ bval b s1; pe b (¢,81) = s9; pe = (WHILE b DO ¢, s3) = s3 | =
pe = (WHILE b DO ¢, s1) = s3 |
Var: pe = (¢,5) = t = pet ({VAR z; ¢}, s) = t(z :== s x) |
Call: pe - (pe p, s) =t = pet (CALL p, s) = t |

Proc: pe(p := ¢cp) F (¢,s) =t = pet ({PROCp = cp; c}, s) =t
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code_pred big_step .
values {map t ["z""y"] |t. (A\p. SKIP) F (test_com, <>) = t}

end
theory Procs_Stat_Vars_Dyn imports Procs
begin

17.1.2 Static Scoping of Procedures, Dynamic of Variables

type_synonym penv = (pname x com) list

inductive
big_step :: penv = com X state = state = bool (- F _ = _[60,0,60] 55)
where
Skip:  pe b (SKIP,s) = s |
Assign: pe = (z == a,s) = s(z := aval a ) |
Seq: [ pe - (c1,81) = s2; pe bk (c2,82) = s3] =
pe b (cisie2, s1) = s3 |

IfTrue: [ bval b s; pe b (c1,8) = t ] =
pe b (IF b THEN ¢, ELSE c5, s) = t |
IfFalse: [ —bval b s; pe b (co,8) = t ] =
pe = (IF b THEN c¢; ELSE ca, s) = t |
WhileFalse: —bval b s = pe = (WHILE b DO c¢,s) = s |
While True:
[ bval b s1; pe b (¢,81) = s2; pe = (WHILE b DO ¢, s3) = s3 | =
pe = (WHILE b DO ¢, s1) = s3 |
Var: pe = (¢,s) = t = pet ({VAR z; ¢}, s) = t(z := s z) |
Calll: (p,c)#pe b (¢, s) =t = (p,c)#pe = (CALL p, s) =t |
Call2: [ p' # p; pet (CALL p, s) = t ]| =
(p'.c)#pe b (CALL p, s) =t |
Proc: (p,cp)#pe - (¢,s) =t = pet ({PROCp = cp; ¢}, s) =t
code_pred big_step .

values {map t ["z", "y"] |t. [| b (test.com, <>) = t}

end
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theory Procs_Stat_Vars_Stat imports Procs
begin

17.1.3 Static Scoping of Procedures and Variables

type_synonym addr = nat

type_synonym venv = vname = addr
type_synonym store = addr = wval
type_synonym penv = (pname X com X venv) list

fun venv :: penv X venv X nat = venv where
venv(_,ve, ) = ve

inductive
big_step :: penv X venv X nat = com X store = store = bool
(_F_= _[60,0,60] 55)

where
Skip: e F (SKIP,s) = s |
Assign: (peyve,f) F (z = a,s) = s(ve z := aval a (s o ve)) |

Seq: [ et (c1,81) = s2; eb (ca,82) = s3] =
e b (c1i5e2, 51) = 83 |

IfTrue: [ bval b (s o venv e); et (c1,8) =t ] =
e (IF b THEN ¢y ELSE ca, s) =t |
IfFalse: [ ~bval b (s o venv e); et (cg,8) = t ]| =
e b (IF b THEN ¢, ELSE c3, 5) = 1 |

WhileFalse: —bval b (s o venv ) = e = (WHILE b DO ¢,s) = s |
While True:
[ bval b (s1 o venv e); et (c,s1) = so9;
e (WHILE b DO ¢, s3) = s3 | =
e (WHILE b DO ¢, s1) = s3 |

Var: (pe,ve(z:=f),f+1)  (¢,s) = t =
(pe,vef) b ({VAR z; ¢}, s) = t |

Calll: ((p,c,ve)#peve,f) F (¢, s) =t =
((p,c,ve)#peve’ f) = (CALL p, s) = t |
Call2: [ p" # p; (peyve,f) B (CALL p, s) = t | =
((p',c,ve)#peve,f) = (CALL p, s) = t |

Proc: ((p,cp,ve)#pe,ve.f) I (c,s) = t
= (pe,ve,f) = ({PROC p = cp; c}, s) =t
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code_pred big_step .

values {map ¢ [10,11] |t.
([, <"z":= 10, "y" := 11>, 12)
F (test_com, <>) = t}

end
theory Cllike imports Main begin

17.2 A C-like Language

type_synonym state = nat = nat
datatype aexp = N nat | Deref aexp (!) | Plus aexp aexp

fun aval :: aexp = state = nat where
aval (N n) s = n |

aval (la) s = s(aval a s) |

aval (Plus a1 a2) s = aval a; s + aval az s

datatype bexp = Bc bool | Not bexp | And bexp bexp | Less aexp aexp

primrec bval :: bexp = state = bool where

bval (Bc v) - = v |

bval (Not b) s = (= bval b s) |

bval (And by ba) s = (if bval by s then bval by s else False) |
bval (Less a1 az) s = (aval a1 s < aval az s)

datatype
com = SKIP
| Assign aexp aexp (L= _[61, 61] 61)
| New aexp aexp
| Seq  com com (5/ - [60, 61] 60)
| If  bexp com com  ((IF -/ THEN _/ ELSE _) [0, 0, 61] 61)
| While bexp com ((WHILE -/ DO _) [0, 61] 61)
inductive

big_step :: com x state X nat = state x nat = bool (infix = 59)
where
Skip:  (SKIP,sn) = sn |
Assign: (lhs == a,s,n) = (s(aval lhs s := aval a s),n) |
New:  (New lhs a,s,n) = (s(aval lhs s := n), n+aval a s) |
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Seq: [ (c1,sn1) = sna; (ca2,8n2) = sng | =
(c1;c2, sn1) = sng |

IfTrue: [ bval bs; (c1,8,n) = tn | =
(IF b THEN ci ELSE c3, s,n) = tn |

IfFalse: | —bval b s; (ca2,s,n) = tn | =
(IF b THEN ci ELSE c3, s,n) = tn |

WhileFalse: —bval b s = (WHILE b DO ¢,s,n) = (s,n) |

While True:
[ bval b s1; (c¢,s1,m) = sng; (WHILE b DO ¢, sna) = sn3 | =
(WHILE b DO ¢, s1,n) = sng

code_pred big_step .

declare [[values_timeout = 3600]]
Examples:

definition
“WHILE Less ((N 0)) (Plus ((N 1)) (N 1))
DO (N 2 ::= Plus ((N )) (I((N 0)));

N O = Plus ({(N0)) (N1))

To show the first n variables in a nat = nat state:

definition
list t n = map t [0 ..< n]

values {list t n |t n. (array_sum, nth[3,4,0,3,7],5) = (t,n)}

definition
linked_list_sum =

WHILE Less (N 0) (/N 0))

DO (N 1 == Plus(!(N 1)) (\(((N 0)));
N 0 = '(Plus( (N 0)(N1)))

values {list t n |t n. (linked_list_sum, nth[4,0,3,0,7,2],6) = (t,n)}

definition
array-init =
New (N 0) ((N 1)); N2 ==1(N0);
WHILE Less (/(N 2)) (Plus ({(N 0)) (/(N 1)))
DO ( (N 2) == (N 2);
N 2 = Plus ({(N 2)) (N1))
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values {list t n |t n. (array_init, nth[5,2,7],3) = (t,n)}

definition

linked_list_init =

WHILE Less (\(N 1)) (I(N 0))

DO ( New (N 3) (N 2);
N1 := Plus ((N1)) (N1);
(N 3) == (N 1);
Plus ({(N 8)) (N 1) == (N 2);
N2:=l(NS3))

values {list t n |t n. (linked_list_init, nth[2,0,0,0],4) = (t,n)}

end
theory OO imports Main begin

17.3 Towards an OO Language: A Language of Records

abbreviation fun_upd?2 :: ('a = b= "'¢)="a="b="c="a="b='c
(-/((2-,-:=/ 2)") [1000,0,0,0] 900)

where f(z,y :== 2) == f(z := (f2)(y := 2))

type_synonym addr = nat
datatype ref = null | Ref addr

type_synonym obj = string = ref
type_synonym venv = string = ref

type_synonym store = addr = obj

datatype exp =

Null |

New |

V string |

Faccess exp string (/- [63,1000] 63) |

Vassign string exp (- ==/ 2) [1000,61] 62) |

Fassign exp string exp ((-- ==/ ) [63,0,62] 62) |

Mcall exp string exp  ((-+/-<->) [63,0,0] 63) |

Seq exp exp (53] - [61,60] 60) |

If bexp exp exp (IF ./ THEN (2-)/ ELSE (2) [0,0,61] 61)

and bexp = B bool | Not bexp | And bexp bexp | Eq exp exp

type_synonym menv = string = exp
type_synonym config = venv X store X addr
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inductive
big_step :: menv = exp X config = ref X config = bool
(L) (o) =) [60,0,60] 55) and
bval :: menv = bexp X config = bool X config = bool
(LF_-— _[60,0,60] 55)
where
Null:
me = (Null,c) = (null,c) |
New:
me = (New,ve,s,n) = (Ref n,ve,s(n := (Af. null)),n+1) |
Vaccess:
me = (V z,ve,sn) = (ve z,ve,sn) |
Faccess:
me = (e,c) = (Ref a,ve’;s',n’) =
me = (e-f,c) = (s" a fve';s',n') |
Vassign:
me = (e,c) = (r,ve’;sn’) =

me b (z == e,c) = (r,ve'(z:=r),sn") |

Fassign:

[ me & (oe,c1) = (Ref a,c2); me & (e,ca) = (r,ves,s3,n3) | =
me b (oe-f ::= e,c1) = (r,ves,ss3(a,f = r),n3) |

Mcall:

[ me b (oe,c1) = (or,ca); me k- (pe,ca) = (pr,ves,sns);
ve = (Az. null)("this" := or, "param’ := pr);
me = (me m,ve,sng) = (r,ve’;sny) |
_
me b (oe-m<pe>,c1) = (r,ves,sny) |
Seq:
[ meF (e1,c1) = (r,c2); me b (eg,c2) = 3] =
me F (e1; eg,c1) = c3 |
IfTrue:
[ met (b,c1) = (True,ca); me b (e1,c2) = ¢3 ] =
me F (IF b THEN e; ELSE 62,61) = C3 |
IfFalse:
[ me & (b,c1) — (False,c2); me = (e2,c2) = c3 | =
me (IF b THEN eq ELSE 62,01) = C3 ‘

me + (B bv,c) — (bv,c) |
me F (b,c1) — (bv,co) = me = (Not b,c1) — (—bv,c2) |

[ me F (b1,c1) — (bvi,c2); me b= (ba,c2) — (bua,c3) | =
me b (And by ba,c1) — (bviAbug,cs) |
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[ me - (e1,¢1) = (r1,c2); me b (eg,co) = (ra,c3) | =
me F (Eq ey ea,c1) — (r1=r2,c3)

code_pred (modes: i => i => o => bool) big_step .

Example: natural numbers encoded as objects with a predecessor field.
Null is zero. Method succ adds an object in front, method add adds as many
objects in front as the parameter specifies.

First, the method bodies:

definition
m_succ = ("s" = New)-"pred" :=V "this"; V "'s"

definition m_add =
IF Eq (V "param’) Null
THEN V "this"
ELSE V "this""succ”"<Null>-"add"<V "param’""pred'>

The method environment:

definition
menv = (Am. Null)("suce’ := m_suce, "add"” := m_add)

The main code, adding 1 and 2:

definition main =
"1 = Null-"suce”< Null>;
"2 =V "1 suce'< Null>;
V //2// . //add// <V //1 //>

Execution of semantics. The final variable environment and store are
converted into lists of references based on given lists of variable and field
names to extract.

values
{(r, map ve' ["17,7"2"), map (An. map (s’ n)["pred”)) [0..<n])|
rve' s’ n. menv = (main, Az. null, nth[], 0) = (r,ve’;s’,n)}

end
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