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Abstract

A collection of verified functional data structures. The emphasis is
on conciseness of algorithms and succinctness of proofs, more in the
style of a textbook than a library of efficient algorithms.
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1 Binary Tree

theory Tree
imports Main
begin

datatype 'a tree =
is-Leaf: Leaf (()) |
Node (left: 'a tree) (val: 'a) (right: 'a tree) ((1{.,/ -,/ -)))
where
left Leaf = Leaf
| right Leaf = Leaf
datatype_compat tree
Can be seen as counting the number of leaves rather than nodes:

definition sizel :: ‘a tree = nat where
sizel t = sizet + 1

lemma sizel_simps|simp]:

sizel () = 1

sizel (l, z, r) = sizel | + sizel 1
by (simp_all add: sizel_def)

lemma size_0_iff Leaf: size t = 0 <— t = Leaf
by (cases t) auto

lemma neq_Leaf-iff: (t # ()) = 3lar. t = (I, a, r))
by (cases t) auto

lemma finite_set_tree[simp]: finite(set_tree t)
by (induction t) auto

lemma size_map_tree[simp]: size (map_tree ft) = size t
by (induction t) auto

lemma sizel_map_tree[simp|: sizel (map_tree ft) = sizel t
by (simp add: sizel_def)

1.1 The Height

class height = fixes height :: 'a = nat

instantiation tree :: (type)height
begin



fun height_tree :: 'a tree => nat where
height Leaf = 0 |
height (Node t1 a t2) = mazx (height t1) (height t2) + 1

instance ..
end

lemma height_map_tree[simp|: height (map_tree f t) = height t
by (induction t) auto

lemma sizel_height: size t + 1 < 2 " height (t::'a tree)
proof (induction t)
case (Node l a 1)
show Zcase
proof (cases height | < height )
case True
have size(Node l a r) + 1 = (size |l + 1) + (size r + 1) by simp
also have size | + 1 < 2 " height | by(rule Node.IH (1))
also have size 7 + 1 < 2 " height v by (rule Node.IH(2))
also have (2::nat) " height | < 2 ~ height r using True by simp
finally show ?thesis using True by (auto simp: maz_def mult_2)
next
case Fulse
have size(Node l a r) + 1 = (size |l + 1) + (size r + 1) by simp
also have size | + 1 < 2 " height | by(rule Node.IH (1))
also have size 7 + 1 < 2 " height r by (rule Node.IH(2))
also have (2::nat) " height r < 2 " height | using False by simp
finally show ?thesis using False by (auto simp: max_def mult_2)
qed
qed simp

1.2 The set of subtrees

fun subtrees :: 'a tree = 'a tree set where

subtrees () = {()} |

subtrees ((l, a, r)) = insert (l, a, r) (subtrees | U subtrees r)

lemma set_treeE: a € set_tree t = 31 r. (I, a, r) € sublrees t
by (induction t)(auto)

lemma Node_notin_subtrees_if [simp]: a ¢ set_tree t => Node | a v ¢ sub-
trees t



by (induction t) auto

lemma in_set_tree_if: (I, a, r) € subtrees t => a € set_tree t
by (metis Node_notin_subtrees_if )

1.3 List of entries

fun preorder :: 'a tree = 'a list where
preorder () =[] |
preorder (I, x, r) = x # preorder | Q preorder r

fun inorder :: 'a tree = 'a list where
inorder () =[] |
inorder (l, z, r) = inorder | Q [z] Q inorder r

lemma set_inorder[simp]: set (inorder t) = set_tree t
by (induction t) auto

lemma set_preorder([simp|: set (preorder t) = set_tree t
by (induction t) auto

lemma length_preorder[simp]: length (preorder t) = size t
by (induction t) auto

lemma length_inorder(simp]: length (inorder t) = size t
by (induction t) auto

lemma preorder_map: preorder (map_tree ft) = map f (preorder t)
by (induction t) auto

lemma inorder_map: inorder (map_tree ft) = map f (inorder t)
by (induction t) auto

1.4 Binary Search Tree predicate

fun (in linorder) bst :: 'a tree = bool where

bst () «— True |

bst (I, a, r) < bst Il A bst v N (Vz€set_tree l. x < a) N (VY zEset_tree .
a < )

In case there are duplicates:

fun (in linorder) bst_eq :: 'a tree = bool where

bst_eq () <— True |

bst_eq (l,a,r) +—

bst_eq I N\ bst_eq r N (Vxesettree I. x < a) N (Vaesettree r. a < x)



lemma (in linorder) bst_eq_if-bst: bst t —> bst_eq t
by (induction t) (auto)

lemma (in linorder) bst_eq_imp_sorted: bst_eq t = sorted (inorder t)
apply (induction t)

apply (simp)

by (fastforce simp: sorted_append sorted_Cons intro: less_imp_le less_trans)

lemma (in linorder) distinct_preorder_if_bst: bst t = distinct (preorder t)
apply (induction t)

apply simp

apply (fastforce elim: order.asym)

done

lemma (in linorder) distinct_inorder_if-bst: bst t = distinct (inorder t)
apply (induction t)

apply simp

apply (fastforce elim: order.asym)

done

1.5 The heap predicate

fun heap :: 'a::linorder tree = bool where
heap Leaf = True |
heap (Node Il m 1) =
(heap I A heap r N (Y € set_tree | U set_tree . m < z))

1.6 Function mirror

fun mirror :: 'a tree = 'a tree where
mirror () = Leaf |
mirror (l,x,r) = (mirror r, x, mirror l)

lemma mirror_Leaf [simp]: mirror t = () «— t = ()
by (induction t) simp_all

lemma size_mirror|[simp]: size(mirror t) = size t
by (induction t) simp_all

lemma sizel_mirror[simp]: sizel (mirror t) = sizel t
by (simp add: sizel_def)

lemma height_mirror|simp|: height(mirror t) = height t



by (induction t) simp_all

lemma inorder_mirror: inorder(mirror t) = rev(inorder t)
by (induction t) simp_all

lemma map_mirror: map_tree f (mirror t) = mirror (map_tree f t)
by (induction t) simp_all

lemma mirror_mirror|simpl: mirror(mirror t) = t
by (induction t) simp_all

end

2 Three-Way Comparison

theory Cmp
imports Main
begin

datatype cmp = LT | EQ | GT

class cmp = linorder +

fixes cmp :: 'a = 'a = cmp

assumes LT [simp]: emp zy = LT +— z < y
assumes EQ[simp]: cmpzy = EQ +— xz =y
assumes GT[simp]: cmpxy = GT «— 1z >y

lemma case_cmp_if [simp]: (case c of EQ = e | LT = 1| GT = g) =
(if ¢ = LT then [ else if c = GT then g else e)
by (simp split: cmp.split)

end

3 Lists Sorted wrt <

theory Sorted_Less
imports Less_False
begin

hide_const sorted

Is a list sorted without duplicates, i.e., wrt <7 Could go into theory List
under a name like sorted_less.



fun sorted :: 'a::linorder list = bool where
sorted [| = True |

sorted [x] = True |

sorted (z#y#zs) = (x < y A sorted(y#zs))

lemma sorted_Cons_iff:
sorted(z # xs) = (sorted zs N (Vy € set xs. x < y))
by (induction xs rule: sorted.induct) auto

lemma sorted_snoc_iff:
sorted(xzs @Q [z]) = (sorted zs N (Vy € set zs. y < x))
by (induction xs rule: sorted.induct) auto

lemma sorted_cons: sorted (x#xs) = sorted xs
by (simp add: sorted_Cons_iff )

lemma sorted_cons”: ASSUMPTION (sorted (z#xs)) = sorted xs
by (rule ASSUMPTION_D [THEN sorted_cons))

lemma sorted_snoc: sorted (zs @ [y]) = sorted xs
by (simp add: sorted_snoc_iff)

lemma sorted_snoc’s ASSUMPTION (sorted (zs @ [y])) = sorted zs
by (rule ASSUMPTION_D [THEN sorted_snoc))

lemma sorted_mid_iff:
sorted(zs Q y # ys) = (sorted(zs Q [y]) A sorted(y # ys))
by (induction xs rule: sorted.induct) auto

lemma sorted_mid_iff2:

sorted(z # zs Q y # ys) =

(sorted(z # xs) Nz < y A sorted(zs Q [y]) A sorted(y # ys))
by (induction zs rule: sorted.induct) auto

lemma sorted_mid_iff * NO_MATCH || ys =
sorted(zs Q y # ys) = (sorted(zs Q [y]) A sorted(y # ys))
by (rule sorted_mid_iff)

lemmas sorted_lems = sorted_mid_iff ' sorted_mid_iff2 sorted_cons’ sorted_snoc’
Splay trees need two additional sorted lemmas:

lemma sorted_snoc_le:
ASSUMPTION (sorted(zs Q [z])) = = < y = sorted (zs Q [y])
by (auto simp add: Sorted_Less.sorted_snoc_iff ASSUMPTION_def)



lemma sorted-Cons_le:
ASSUMPTION (sorted(z # xs)) = y < © = sorted (y # zs)
by (auto simp add: Sorted_Less.sorted_Cons_iff ASSUMPTION_def)

end

4 List Insertion and Deletion

theory List_Ins_Del
imports Sorted_Less
begin

4.1 Elements in a list

fun elems :: 'a list = 'a set where

elems [| = {} |

elems (z#xs) = Set.insert x (elems xs)

lemma elems_app: elems (zs Q ys) = (elems zs U elems ys)
by (induction xs) auto

lemma elems_eq_set: elems xs = set xs
by (induction xs) auto

lemma sorted_Cons_iff :
sorted(x # xs) = (sorted zs N (YVy € elems zs. x < y))
by (simp add: elems_eq_set Sorted_Less.sorted_Cons_iff)

lemma sorted_snoc_iff:
sorted(zs @Q [z]) = (sorted zs N (Vy € elems zs. y < x))
by (simp add: elems_eq_set Sorted_Less.sorted_snoc_iff)

The above two rules introduce quantifiers. It turns out that in practice
this is not a problem because of the simplicity of the ”isin” functions that
implement elems. Nevertheless it is possible to avoid the quantifiers with
the help of some rewrite rules:

lemma sorted_ConsD: sorted (y # zs) = = < y = = ¢ elems zs
by (auto simp: sorted_Cons_iff)

lemma sorted_snocD: sorted (zs Q [y]) = y < z = = ¢ elems zs
by (auto simp: sorted_snoc_iff)

lemmas elems_simps = sorted_lems elems_app



lemmas elems_simpsl = elems_simps sorted_Cons_iff sorted_snoc_iff
lemmas elems_simps?2 = elems_simps sorted_ConsD sorted_snocD

4.2 Inserting into an ordered list without duplicates:

fun ins_list :: 'a::linorder = 'a list = 'a list where
ins_list z [| = [z] |
ins_list x (a#txs) =
(if < a then z#a#txs else if z=a then aftxs else a # ins_list x xs)

lemma set_ins_list: elems (ins_list x xs) = insert x (elems xs)
by (induction xs) auto

lemma distinct_if sorted: sorted xs = distinct s

apply (induction xs rule: sorted.induct)

apply auto

by (metis in_set_conv_decomp_first less_imp_not_less sorted_mid_iff2)

lemma sorted_ins_list: sorted xs = sorted(ins_list x xs)
by (induction zs rule: sorted.induct) auto

lemma ins_list_sorted: sorted (zs Q [a]) =

ins_ list z (xs Q a # ys) =

(if x < a then ins_list z xs Q (a#tys) else xs Q ins_list x (aftys))
by (induction zs) (auto simp: sorted_lems)

In principle, sorted (?zs Q [?a]) = ins_list %z (%zs Q Pa # ?ys) = (if

?r < %a then ins_list %z %xs Q 2a # ?ys else ?xs Q ins_list %z (%a # %ys))
suffices, but the following two corollaries speed up proofs.
corollary ins_list_sortedl: sorted (zs Q [a]) = a < 2 =

ins_list x (zs Q a # ys) = xs Q ins_list x (a#ys)
by (auto simp add: ins_list_sorted)

corollary ins_list_sorted2: sorted (zs Q [a]) = = < a =
ins_list x (zs Q a # ys) = ins_list x zs Q (a#ys)
by (auto simp: ins_list_sorted)

lemmas ins_list_simps = sorted_lems ins_list_sortedl ins_list_sorted2
Splay trees need two additional ins_list lemmas:

lemma ins_list_Cons: sorted (z # xs) = ins_list t xs = © # xs
by (induction xs) auto

lemma ins_list_snoc: sorted (zs Q [z]) = ins_list © xs = zs Q [x]
by (induction xs) (auto simp add: sorted_mid_iff2)
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4.3 Delete one occurrence of an element from a list:

fun del_list :: 'a = 'a list = 'a list where
del list x [| =[] |
del list © (a#xs) = (if x=a then xs else a # del list x xs)

lemma del_list_idem: © ¢ elems xs = del_list v s = xs
by (induct xs) simp_all

lemma elems_del_list_eq:
distinct xs = elems (del_list z xs) = elems zs — {z}
apply (induct zs)
apply simp
apply (simp add: elems_eq_set)
apply blast
done

lemma sorted_del_list: sorted zs = sorted(del_list T xs)
apply (induction s rule: sorted.induct)

apply auto

by (meson order.strict_trans sorted_Cons_iff )

lemma del_list_sorted: sorted (zs Q a # ys) =

del list x (xs @ a # ys) = (if < a then del list z xs Q a # ys else zs @
del list x (a # ys))
by (induction xs)

(fastforce simp: sorted_lems sorted_Cons_iff elems_eq_set introl: del list_idem)-+

In principle, sorted (?zs @Q ?a # ?ys) = del list 2z (?xs Q %a # ?ys)
= (if %z < ?2a then del list %z %zs Q %a # ?ys else ?xs Q del_list ?x (?a #
?ys)) suffices, but the following corollaries speed up proofs.

corollary del_list_sortedl: sorted (xs Q a # ys) — a < r =
del list x (zs @Q a # ys) = xs Q del _list x (a # ys)
by (auto simp: del list_sorted)

corollary del_list_sorted2: sorted (xs Q a # ys) —= = < a =
del list x (zs Q a # ys) = del list z xs Q a # ys
by (auto simp: del list_sorted)

corollary del_list_sorted3:

sorted (xs Q a # ys Q b # 25) = ¢ < b =

del list x (zs @Q a # ys Q b # zs) = del list x (zs Q a # ys) Q b # zs
by (auto simp: del list_sorted sorted_lems)
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corollary del_list_sorteds:

sorted (xs Q a # ys Q b # 2s Q ¢ # us) —= z < ¢ =

del list z (xs Q@ a # ys Q b # 2zs Q ¢ # us) = del list z (xs Q a # ys Q
b# 2s) Qc # us

by (auto simp: del list_sorted sorted_lems)

corollary del_list_sorted5:
sorted (xs Q a # ys Qb # 2s Qc # us Qd # vs) =z < d =
del list x (zs Q@ a # ys Q b # 25 Q ¢ # us Q d # vs) =

del list x (zs Q a # ys Q b # 2zs Q ¢ # us) Q@ d # vs
by (auto simp: del_list_sorted sorted_lems)

lemmas del_list_simps = sorted_lems
del_list_sorted1
del_list_sorted2
del_list_sorted3
del_list_sorted/,
del_list_sorted5

Splay trees need two additional del_list lemmas:

lemma del_list_notin_Cons: sorted (x # zs) == del_list v s = zs
by (induction zs)(auto simp: sorted_Cons_iff)

lemma del_list_sorted_app:
sorted(zs Q [z]) = del list x (zs @ ys) = zs Q del_list x ys
by (induction zs) (auto simp: sorted_mid_iff2)

end

5 Implementing Ordered Sets

theory Set_by_Ordered
imports List_Ins_Del
begin

locale Set =

fixes empty :: 's

fixes insert :: 'a = 's = 's

fixes delete :: 'a = 's = s

fixes isin :: 's = 'a = bool

fixes set :: 's = 'a set

fixes invar :: 's = bool

assumes set_empty:  set empty = {}

assumes set_isin:  invar s = isin s ¢ = (z € set s)
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assumes set_insert: invar s = set(insert x s) = Set.insert x (set s)
assumes set_delete: invar s = set(delete © s) = set s — {z}
assumes invar_empty: invar empty

assumes invar_insert: invar s = invar(insert  s)

assumes invar_delete: invar s = invar(delete  s)

locale Set_by_Ordered =
fixes empty :: 't
fixes insert :: 'a::linorder = 't = 't
fixes delete :: 'a = 't = 't
fixes isin :: 't = 'a = bool
fixes inorder :: 't = 'a list
fixes inv :: 't = bool
assumes empty: inorder empty = ||
assumes isin: inv t A sorted(inorder t) =
isin t v = (x € elems (inorder t))
assumes insert: inv t A\ sorted(inorder t) =
inorder(insert © t) = ins_list = (inorder t)
assumes delete: inv t A sorted(inorder t) =
inorder(delete x t) = del_list x (inorder t)
assumes nv_empty: nv empty
assumes inv_insert: inv t A sorted(inorder t) = inv(insert z t)
assumes inv_delete: inv t A sorted(inorder t) = inv(delete x t)
begin

sublocale Set

empty insert delete isin elems o inorder At. inv t A sorted(inorder t)
proof (standard, goal_cases)

case I show ?Zcase by (auto simp: empty)
next

case 2 thus ?case by(simp add: isin)
next

case 3 thus ?case by(simp add: insert set_ins_list)
next

case (4 s z) thus ?case

using delete[OF 4, of x| by (auto simp: distinct_if sorted elems_del_list_eq)
next

case 5 thus ?case by(simp add: empty inv_empty)
next

case 6 thus ?case by(simp add: insert inv_insert sorted_ins_list)
next

case 7 thus “case by (auto simp: delete inv_delete sorted_del_list)
qged
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end

end

6 Tree Implementation of Sets

theory Tree_Set

imports
~~ /src/HOL/ Library/ Tree
Cmp
Set_by_Ordered

begin

fun isin :: ‘a::cmp tree = 'a = bool where
isin Leaf x = False |
isin (Node l a 1) z =
(case cmp = a of
LT = isinl x|
EQ = True |
GT = isinr x)

hide_const (open) insert

fun insert :: ‘a::emp = 'a tree = 'a tree where
insert x Leaf = Node Leaf x Leaf |
insert x (Node l a r) =
(case cmp = a of
LT = Node (insert x 1) a r |
EQ = Node l a1 |
GT = Node | a (insert x r))

fun del_min :: 'a tree = 'a x 'a tree where
del_min (Node l a 1) =
(if | = Leaf then (a,r) else let (z,1") = del.min 1 in (x, Node I’ a 1))

fun delete :: 'a::ecmp = 'a tree = 'a tree where
delete © Leaf = Leaf |
delete © (Node | a 1) =
(case cmp = a of
LT = Node (delete z 1) a r |
GT = Node l a (delete x 1) |
EQ = if r = Leaf then [ else let (a',r’) = del_min r in Node l a’ 1)
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6.1 Functional Correctness Proofs

lemma sorted(inorder t) = isin t x = (z € elems (inorder t))
by (induction t) (auto simp: elems_simps1)

lemma isin_set: sorted(inorder t) = isin t x = (x € elems (inorder t))
by (induction t) (auto simp: elems_simps2)

lemma inorder_insert:
sorted(inorder t) = inorder(insert x t) = ins_list x (inorder t)
by (induction t) (auto simp: ins_list_simps)

lemma del_minD:

delomin t = (z,t") = t # Leaf = = # inorder t' = inorder t
by (induction t arbitrary: t' rule: del_min.induct)

(auto simp: sorted_lems split: prod.splits if-splits)

lemma inorder_delete:
sorted(inorder t) = inorder(delete x t) = del_list © (inorder t)
by (induction t) (auto simp: del list_simps del_minD split: prod.splits)

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)

case 1 show Zcase by simp
next

case 2 thus ?case by(simp add: isin_set)
next

case 3 thus ?case by(simp add: inorder_insert)
next

case / thus ?case by(simp add: inorder_delete)
qed (rule Truel )+

end

7 Association List Update and Deletion

theory AList_Upd_Del
imports Sorted_Less
begin
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abbreviation sortedl ps = sorted(map fst ps)

Define own map_of function to avoid pulling in an unknown amount of
lemmas implicitly (via the simpset).

hide_const (open) map_of

fun map_of :: (Yax’b)list = 'a = 'b option where
map_of [] = (Az. None) |
map-of ((a,b)#ps) = (Az. if x=a then Some b else map_of ps x)

Updating an association list:

fun upd_list :: 'a::linorder = 'b = (‘ax'b) list = ('ax’b) list where
upd-list z y [] = [(z,y)] |
upd_list x y ((a,b)#ps) =

(if < a then (z,y)#(a,b)#ps else

if © = a then (z,y)#ps else (a,b) # upd_list z y ps)

fun del list :: 'a::linorder = (‘ax'b)list = ('ax'b)list where
del list x [| =[] |
del list x ((a,b)#ps) = (if x = a then ps else (a,b) # dellist x ps)

7.1 Lemmas for map_of

lemma map_of-ins_list: map_of (upd_list z y ps) = (map_of ps)(z := Some

y)
by (induction ps) auto

lemma map_of_append: map_of (ps Q ¢s) z =
(case map_of ps © of None = map_of qs x | Some y = Some y)
by (induction ps)(auto)

lemma map_of None: sorted (x # map fst ps) = map_of ps t = None
by (induction ps) (auto simp: sorted_lems sorted_Cons_iff)

lemma map_of-None2: sorted (map fst ps Q [z]) = map_of ps © = None
by (induction ps) (auto simp: sorted_lems)

lemma map_of-del_list: sortedl ps —
map_of (del_list © ps) = (map_of ps)(z := None)
by (induction ps) (auto simp: map_of-None sorted_lems fun_eq_iff )

lemma map_of_sorted_Cons: sorted (a # map fst ps) —= = < a =
map_of ps £ = None
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by (meson less_trans map_of None sorted_Cons_iff )

lemma map_of_sorted_snoc: sorted (map fst ps Q [a]) = a < z =
map_of ps x = None
by (meson le_less_trans map_of-None2 not_less sorted_snoc_iff )

lemmas map_of_sorteds = map_of-sorted_Cons map_of-_sorted_snoc
lemmas map_of_simps = sorted_lems map_of-append map_of_sorteds

7.2 Lemmas for upd_list

lemma sorted_upd_list: sortedl ps = sortedl (upd_list x y ps)
apply (induction ps)

apply simp

apply(case_tac ps)

apply auto

done

lemma upd_list_sorted: sortedl (ps Q [(a,b)]) =
upd_list x y (ps Q (a,b) # gs) =
(if z < a then upd_list x y ps Q (a,b) # gs
else ps @ upd_list x y ((a,b) # g¢s))

by (induction ps) (auto simp: sorted_lems)

In principle, sorted1 (?ps Q [(%a, ?b)]) = upd_list %z %y (?ps Q (?a,
2b) # ?qs) = (if %z < %a then upd_list ?x 2y ?ps Q (%a, 7b) # ?qs else ?ps
Q@ upd_list 2z 2y ((%a, ?b) # ?qs)) suffices, but the following two corollaries
speed up proofs.

corollary upd_list_sortedl: [ sorted (map fst ps Q [a]); z < a | =
upd_list x y (ps Q (a,b) # g¢s) = wupd_list x y ps Q (a,b) # gs
by (auto simp: upd_list_sorted)

corollary upd_list_sorted2: [ sorted (map fst ps Q [a]); a < z | =
upd_list x y (ps @ (a,b) # qs) = ps Q upd_list x y ((a,b) # gs)

by (auto simp: upd_list_sorted)
lemmas upd_list_simps = sorted_lems upd_list_sortedl upd_list_sorted?2
Splay trees need two additional upd_list lemmas:

lemma upd_list_Cons:
sortedl ((z,y) # zs) = upd_list z y xs = (z,y) # x5
by (induction xs) auto

lemma upd_list_snoc:
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sortedl (zs Q [(z,y)]) = upd_list x y xs = xs Q [(z,y)]
by (induction xs) (auto simp add: sorted_mid_iff2)

7.3 Lemmas for del_list

lemma sorted_del_list: sortedl ps = sortedl (del_list = ps)
apply (induction ps)

apply simp

apply(case_tac ps)

apply auto

by (meson order.strict_trans sorted_Cons_iff)

lemma del_list_idem: © ¢ set(map fst xs) = del list x s = xs
by (induct xs) auto

lemma del_list_sorted: sortedl (ps Q (a,b) # ¢s) =
del list x (ps Q (a,b) # qs) =
(if x < a then del list x ps Q (a,b) # gs
else ps @ del_list = ((a,b) # qs))
by (induction ps)
(fastforce simp: sorted_lems sorted_Cons_iff intro!: del_list_idem)+

In principle, sortedl (?ps @ (%a, ?b) # ?qs) = del_list %z (?ps Q (?a,
70) # ?qs) = (if %z < %a then del list %z ?ps Q (?a, ?b) # %qs else 7ps Q
del list ?x ((?a, ?b) # ?qs)) suffices, but the following corollaries speed up
proofs.

corollary del_list_sorted!: sortedl (zs Q (a,b) # ys) = a < z =
del list x (zs @Q (a,b) # ys) = xzs Q del_list z ((a,b) # ys)
by (auto simp: del_list_sorted)

lemma del_list_sorted2: sortedl (zs Q (a,b) # ys) = z < a =
del list x (zs Q (a,b) # ys) = del list x zs Q (a,b) # ys
by (auto simp: del list_sorted)

lemma del_list_sorted3:

sortedl (xs @Q (a,a’) # ys Q (b,b)) # 25) = . < b =

del_list z (zs @Q (a,a’) # ys Q (b,b") # 2s) = del_list x (xs Q (a,a’) # ys)
Q@ (b,b") # 2zs
by (auto simp: del list_sorted sorted_lems)

lemma del list_sorted:
sortedl (xs @ (a,a’) # ys Q (b,b") # 2zs Q (¢c,¢) # us) = 2 < ¢ =
del_list x (zs @Q (a,a’) # ys Q (b,b") # 2s Q (c¢,¢’) # us) = del list © (zs
Q (a,a’) # ys @ (b,b) # 2s) Q (¢,¢’) # us
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by (auto simp: del_list_sorted sorted_lems)

lemma del_list_sorted5:

sortedl (zs @ (a,a’) # ys @ (b,b") # zs Q (¢,¢') # us Q (d,d) # vs)
— < d=

del list © (zs @ (a,a’) # ys @ (b,b") # 2s Q (¢,¢’) # us Q (d,d’) # vs)
- del_list x (zs Q (a,a’) # ys @ (b,b") # 2zs Q (¢,¢’) # us) Q (d,d") # wvs

by (auto simp: del_list_sorted sorted_lems)

lemmas del_list_simps = sorted_lems
del_list_sorted1
del_list_sorted2
del_list_sorted3
del_list_sorted,
del_list_sorted5

Splay trees need two additional del_list lemmas:

lemma del_list_notin_Cons: sorted (x # map fst xs) => del_list x xs = xs
by (induction zs)(auto simp: sorted_Cons_iff)

lemma del_list_sorted_app:
sorted(map fst xs Q [z]) = del_list © (xs Q ys) = zs Q del_list z ys
by (induction zs) (auto simp: sorted_mid_iff2)

end

8 Implementing Ordered Maps

theory Map_by_Ordered
imports AList_Upd_Del
begin

locale Map =

fixes empty :: 'm

fixes update :: 'a = 'b = 'm = 'm

fixes delete :: 'a = 'm = 'm

fixes lookup :: 'm = 'a = b option

fixes invar :: 'm = bool

assumes map_empty: lookup empty = (A_. None)

and map_update: invar m = lookup(update a b m) = (lookup m)(a :=
Some b)

and map_delete: invar m = lookup(delete a m) = (lookup m)(a := None)
and invar_empty: invar empty
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and invar_update: invar m = invar(update a b m)
and invar_delete: invar m = invar(delete a m)

locale Map_by_Ordered =
fixes empty :: 't
fixes update :: 'a::linorder = 'b = 't = 't
fixes delete :: 'a = 't = 't
fixes lookup :: 't = 'a = 'b option
fixes inorder :: 't = ('a % 'b) list
fixes inv :: 't = bool
assumes empty: inorder empty = ||
and lookup: inv t N\ sortedl (inorder t) —
lookup t a = map_of (inordert) a
and update: inv t A sortedl (inorder t) =
inorder(update a b t) = upd_list a b (inorder t)
and delete: inv t A sortedl (inorder t) =
inorder(delete a t) = del_list a (inorder t)
and inv_empty: inv empty
and inv_update: inv t A sortedl (inorder t) = inv(update a b t)
and inv_delete: inv t A sortedl (inorder t) = inv(delete a t)
begin

sublocale Map
empty update delete lookup A\t. inv t A sortedl (inorder t)
proof (standard, goal_cases)
case ! show ?case by (auto simp: lookup empty inv_empty)
next
case 2 thus ?case
by (simp add: fun_eq_iff update inv_update map_of-ins_list lookup sorted_upd_list)
next
case & thus ?case
by (simp add: fun_eq_iff delete inv_delete map_of-del_list lookup sorted_del_list)
next
case 4 thus ?case by(simp add: empty inv_empty)
next
case 5 thus ?case by(simp add: update inv_update sorted_upd_list)
next
case 6 thus ?case by (auto simp: delete inv_delete sorted_del_list)
qged

end

end

20



9 Unbalanced Tree as Map

theory Tree_Map
imports
Tree_Set
Map_by_Ordered
begin

fun lookup :: (‘a::empx’d) tree = 'a = 'b option where
lookup Leaf © = None |
lookup (Node l (a,b) ) z =
(case cmp x a of LT = lookup l x | GT = lookup r z | EQ = Some b)

fun update :: ‘a::emp = 'b = (‘ax’b) tree = ('ax’b) tree where
update x y Leaf = Node Leaf (x,y) Leaf |
update  y (Node | (a,b) r) = (case cmp x a of

LT = Node (update z y 1) (a,b) r |

EQ = Node l (z,y) r |

GT = Node l (a,b) (update z y 1))

fun delete :: ‘a::emp = (‘ax'b) tree = (‘ax’b) tree where
delete © Leaf = Leaf |
delete © (Node | (a,b) r) = (case cmp = a of
LT = Node (delete x 1) (a,b) r |
GT = Node | (a,b) (delete z r) |
EQ = if r = Leaf then | else let (ab’,r") = del_min r in Node | ab’ 1)

9.1 Functional Correctness Proofs

lemma lookup_map_of:
sortedl (inorder t) = lookup t © = map_of (inorder t) x
by (induction t) (auto simp: map_of-simps split: option.split)

lemma inorder_update:
sortedl (inorder t) = inorder(update a b t) = upd_list a b (inorder t)
by (induction t) (auto simp: upd_list_simps)

lemma inorder_delete:
sortedl (inorder t) = inorder(delete x t) = del_list x (inorder t)
by (induction t) (auto simp: del_list_simps del_minD split: prod.splits)

interpretation Map_by_Ordered

where empty = Leaf and lookup = lookup and update = update and delete
= delete
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and inorder = inorder and inv = A\_. True
proof (standard, goal_cases)

case 1 show Zcase by simp
next

case 2 thus ?case by(simp add: lookup-map_of)
next

case 3 thus ?case by(simp add: inorder_update)
next

case 4 thus ?case by(simp add: inorder_delete)
qed auto

end

theory Tree2
imports Main
begin

datatype ('a,’d) tree =

Leaf ({)) |
Node 'b ('a,’d)tree 'a ('a,’d) tree ((1{.,/ -,/ -,/ -)))

fun inorder :: ('a,’b)tree = 'a list where
inorder Leaf =[] |
inorder (Node _ 1 a r) = inorder | Q a # inorder r

fun height :: ('a,’d) tree = nat where
height Leaf = 0 |
height (Node _ | a ) = max (height ) (height r) + 1

end

10 Function 2zsin for Tree2

theory Isin2
imports

Tree2

Cmp

Set_by_Ordered
begin

fun isin :: ("a::emp,’d) tree = 'a = bool where
isin Leaf r = False |
isin (Node _ lar) z =

(case cmp = a of
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LT = isinlx |
EQ = True |
GT = isin rx)

lemma sorted(inorder t) = isin t x = (z € elems(inorder t))
by (induction t) (auto simp: elems_simps1)

lemma isin_set: sorted(inorder t) = isin t x = (z € elems(inorder t))
by (induction t) (auto simp: elems_simps2)

end

11 AVL Tree Implementation of Sets

theory AVL_Set
imports Cmp Isin2
begin

type_synonym ’a avl_tree = ('a,nat) tree
Invariant:

fun avl :: 'a avi_tree = bool where
avl Leaf = True |
avl (Node hlar) =
((height | = height r V height | = height r + 1 V height r = height | + 1)
A
h = max (height 1) (height r) + 1 A avll A avl )

fun ht :: 'a avi_tree = nat where
ht Leaf = 0 |
ht (Node hlar) =h

definition node :: 'a avi_tree = 'a = 'a avl_tree = 'a avl_tree where
node | a v = Node (max (htl) (htr) + 1) lar

definition balL :: 'a avl_tree = 'a = 'a avil_tree = 'a avi_tree where
balL lar =
(if ht | = ht r + 2 then
case | of
Node _ bl b br =
if ht bl < ht br then
case br of
Node _ ¢l ¢ cr = node (node bl b cl) ¢ (node cr a )
else node bl b (node br a )
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else node l a 1)

definition balR :: 'a avi_tree = 'a = 'a avi_tree = 'a avil_tree where
balRlar =
(if ht = ht | + 2 then
case r of
Node _ bl b br =
if ht bl > ht br then
case bl of
Node _ ¢l ¢ cr = node (node l a cl) ¢ (node cr b br)
else node (node [ a bl) b br
else node | a )

fun insert :: 'a::cmp = 'a avi_tree = 'a avi_tree where
insert x Leaf = Node 1 Leaf x Leaf |
insert x (Node h | a r) = (case cmp = a of

EQ = Node hlar |

LT = balL (insert z 1) a r |

GT = balR | a (insert x 1))

fun del_maz :: 'a avi_tree = 'a avi_tree * 'a where
del_maz (Node -l ar) =

(if r = Leaf then (l,a) else let (r';a’) = del_max rin (balL | a r'; a'))
lemmas del_maz_induct = del_maz.induct[case_names Node Leaf]

fun del_root :: 'a avi_tree = 'a avi_tree where

del_root (Node h Leaf a r) = 1 |

del_root (Node h l a Leaf) = 1 |

del_root (Node h l a 1) = (let (I, a’) = del_max [ in balR 1" a’ 1)

lemmas del_root_cases = del_root.cases[case_names Leaf-t Node_Leaf Node_Node]

fun delete :: ‘a::emp = 'a avil_tree = 'a avi_tree where
delete _ Leaf = Leaf |
delete © (Node hla ) =
(case cmp z a of
EQ = del_root (Node h lar) |
LT = balR (delete x 1) a1 |
GT = balL | a (delete z 1))

11.1 Functional Correctness Proofs

Very different from the AFP/AVL proofs
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11.1.1 Proofs for insert

lemma inorder_balL:
inorder (balL | a ) = inorder | Q@ a # inorder r
by (auto simp: node_def balL_def split:tree.splits)

lemma inorder_balR:
inorder (balR | a r) = inorder | Q a # inorder r
by (auto simp: node_def balR_def split:tree.splits)

theorem inorder_insert:

sorted(inorder t) = inorder(insert x t) = ins_list © (inorder t)
by (induct t)

(auto simp: ins_list_simps inorder_balL inorder_balR)

11.1.2 Proofs for delete

lemma inorder_del_mazxD:
[ delmaz t = (t',a); t # Leaf | =
inorder t' @ [a] = inorder t
by (induction t arbitrary: t' rule: del_maz.induct)
(auto simp: inorder_balL split: if_splits prod.splits tree.split)

lemma inorder_del_root:
inorder (del_root (Node h l a r)) = inorder | Q inorder r
by (induction Node h 1 a v arbitrary: | a v h rule: del_root.induct)
(auto simp: inorder_balL inorder_balR inorder_del_mazD split: if_splits prod.splits)

theorem inorder_delete:
sorted(inorder t) = inorder (delete x t) = del _list = (inorder t)
by (induction t)
(auto simp: del_list_simps inorder_balL inorder_balR
inorder_del_root inorder_del_maxD split: prod.splits)

11.1.3 Overall functional correctness

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)
case 1 show Zcase by simp
next
case 2 thus ?case by(simp add: isin_set)
next
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case 3 thus ?case by(simp add: inorder_insert)
next

case 4 thus ?case by(simp add: inorder_delete)
qed (rule Truel)+

11.2 AVL invariants
Essentially the AFP/AVL proofs

11.2.1 Insertion maintains AVL balance

declare Let_def [simp]

lemma [simp]: avl t = ht t = height t
by (induct t) simp_all

lemma height_balL:
[ height | = height r + 2; avl [; avl r | =
height (balL | a ) = height r + 2 V
height (balL | a v) = height r + 3
by (cases 1) (auto simp:node_def balL_def split:tree.split)

lemma height_balR:
[ height r = height | + 2; avl l; avl r | =
height (balR | a r) = height | + 2 V
height (balR | a ) = height | + 3
by (cases r) (auto simp add:node_def balR_def split:tree.split)

lemma [simp)|: height(node | a r) = max (height 1) (height r) + 1
by (simp add: node_def)

lemma avl_node:
[ avl l; avl r;
height I = height r V height | = height r + 1 V height r = height | + 1
] = avil(node l a 1)
by (auto simp add:maz_def node_def)

lemma height_balL2:

[ avl l; avl r; height | # height r + 2 | =

height (balL 1 a 1) = (1 4+ max (height ) (height r))
by (cases [, cases r) (simp_all add: balL_def)

lemma height_balR2:
[ avll; avlr; height r # height | + 2 | =
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height (balR | a ) = (1 + maz (height 1) (height 1))
by (cases l, cases 1) (simp_all add: balR_def)

lemma avl_balL:
assumes avl [ avl v and height | = height r V height | = height r + 1
V height r = height | + 1 V height | = height r + 2
shows avl(balL [ a r)
proof (cases 1)
case Leaf
with assms show ?thesis by (simp add: node_def balL_def)
next
case (Node In Il Ir Ih)
with assms show ?thesis
proof(cases height | = height r + 2)
case True
from True Node assms show ?thesis
by (auto simp: balL_def intro!: avi_node split: tree.split) arith+
next
case Fulse
with assms show ?thesis by (simp add: avi-node balL_def)
qed
qged

lemma avl_balR:
assumes avl | and avl r and height | = height r \V height | = height r +
1
V height r = height | + 1 V height r = height | + 2
shows avl(balR | a )
proof (cases )
case Leaf
with assms show ?thesis by (simp add: node_def balR_def)
next
case (Node rn rl rr rh)
with assms show ?thesis
proof(cases height r = height | + 2)
case True
from True Node assms show ?thesis
by (auto simp: balR_def intro!: avl_node split: tree.split) arith+
next
case Fulse
with assms show ?thesis by (simp add: balR_def avl_node)
qed
qged
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Insertion maintains the AVL property:

theorem avl_insert_auz:
assumes avl ¢
shows avl(insert z t)
(height (insert x t) = height t \/ height (insert x t) = height t + 1)
using assms
proof (induction t)
case (Node h la )
case 1
with Node show ?case
proof(cases © = a)
case True
with Node 1 show ?thesis by simp
next
case Fulse
with Node 1 show ?thesis
proof(cases x<a)
case True
with Node 1 show ?thesis by (auto simp add:avl_balL)
next
case Fulse
with Node 1 (x#a) show ?Zthesis by (auto simp add:avl_balR)
qed
qed
case 2
from 2 Node show ?case
proof(cases © = a)
case True
with Node 1 show ?thesis by simp
next
case Fulse
with Node 1 show ?thesis
proof(cases z<a)
case True
with Node 2 show ?thesis
proof (cases height (insert x 1) = height r + 2)
case False with Node 2 ¢z < a) show ?thesis by (auto simp:
height_balL2)
next
case True
hence (height (balL (insert x 1) a r) = height r + 2) V
(height (balL (insert x 1) a r) = height r + 3) (is YA V ?B)
using Node 2 by (intro height_balL) simp_all
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thus “thesis
proof
assume ?A
with 2 (z < @) show ?thesis by (auto)
next
assume B
with True 1 Node(2) (x < a) show ?thesis by (simp) arith
qged
qed
next
case False
with Node 2 show ?thesis
proof (cases height (insert x r) = height | + 2)
case Fulse
with Node 2 (=2 < a) show ?thesis by (auto simp: height_balR2)
next
case True
hence (height (balR | a (insert x r)) = height | + 2) V
(height (balR | a (insert x r)) = height | + 8) (is YA V ?B)
using Node 2 by (intro height_balR) simp_all
thus “thesis
proof
assume ?A
with 2 (-2 < a) show ?thesis by (auto)
next
assume B
with True 1 Node(4) (—z < a) show ?thesis by (simp) arith
qed
qed
qged
qged
qed simp_all

11.2.2 Deletion maintains AVL balance

lemma avl_del_maz:
assumes avl r and z # Leaf
shows avl (fst (del-maz x)) height x = height(fst (del-maz x)) V
height = = height(fst (del-maz z)) + 1
using assms
proof (induct x rule: del_max_induct)
case (Node hlar)
case |
thus ?case using Node
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by (auto simp: height_balL height_balL2 avl_balL
linorder_class.max.absorb1 linorder_class.mazx.absorb2
split:prod. split)
next
case (Node h lar)
case 2
let ?r' = fst (del_max 1)
from (avl ) Node 2 have avl | and avl r by simp_all
thus ?case using Node 2 height_balL[of | ?r' a] height_balL2[of | ?r' a
apply (auto split:prod.splits simp del:avl.simps) by arith+
qed auto

lemma avl_del_root:

assumes avl t and t # Leaf

shows avl(del_root t)
using assms
proof (cases t rule:del_root_cases)

case (Node_Node h lh ll In lr n vh rl ™0 171)

let Il = Node lh Il In Ir

let 9r = Node rh vl rn rr

let 1" = fst (del-maz ?1)

from (avl ) and Node_Node have avl ?r by simp

from (avl ) and Node_Node have avl ?] by simp

hence avl(?l") height 21 = height(?l") Vv

height 21 = height(?l’) + 1 by (rule avl_del_maz,simp)+

with (avl t) Node_Node have height ?l' = height ?r \/ height 1’ = height

r+ 1
V' height ?r = height 21" + 1 V height ?r = height ?l' + 2 by

fastforce

with <avl 21 (avl ?r) have avl(balR 21’ (snd(del-maz ?1)) ?r)

by (rule avl_balR)

with Node_Node show ?thesis by (auto split:prod.splits)

qed simp_all

lemma height_del_root:

assumes avl t and t # Leaf

shows height t = height(del_root t) \V height t = height(del_root t) + 1
using assms
proof (cases t rule: del_root_cases)

case (Node_Node h lh ll In lr n vh rl ™n r71)

let Il = Node lh Il In Ir

let 9r = Node rh vl rn rr

let 1’ = fst (del-maz ?1)

let 7t' = balR ?l’ (snd(del-max ?1)) ?r
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from <(avl ) and Node_Node have avl ?r by simp
from (avl ) and Node_Node have avl ?] by simp
hence avl(?l') by (rule avl_del_maz,simp)
have ’_height: height ?l = height 21’ \/ height ?] = height ?l’ + 1 using
(avl ?l) by (intro avl_del-max) auto
have t_height: height t = 1 + max (height ?1) (height ?r) using (avl ©
Node_Node by simp
have height t = height ?t' \/ height t = height ?t’ + 1 using <(avl ©
Node_Node
proof(cases height ?r = height 21’ + 2)
case Fulse
show ?thesis using 1’_height t_height False by (subst height_balR2[OF
(avl 21" (avl ?r) False])+ arith
next
case True
show ?thesis
proof(cases rule: disjE|OF height_balR[OF True <avl 21" <avl ?r), of snd
(del_maz ?1)]])
case 1
thus ?thesis using 1’_height t_height True by arith
next
case 2
thus ?thesis using 1’_height t_height True by arith
qed
qed
thus ?thesis using Node_Node by (auto split:prod.splits)
qed simp_all

Deletion maintains the AVL property:

theorem avl_delete_auzx:
assumes avl t
shows avl(delete x t) and height t = (height (delete x t)) V height t =
height (delete x t) + 1
using assms
proof (induct t)
case (Node h lnr)
case |
with Node show Zcase
proof(cases © = n)
case True
with Node 1 show ?thesis by (auto simp:avl_del_root)
next
case Fulse
with Node 1 show ?thesis
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proof(cases z<n)
case True
with Node 1 show ?thesis by (auto simp add:avi_balR)
next
case Fulse
with Node 1 x#n) show ?thesis by (auto simp add:avl_balL)
qed
qed
case 2
with Node show ?case
proof(cases © = n)
case True
with 7 have height (Node h I n r) = height(del_root (Node h I n r))
V height (Node h Il n r) = height(del_root (Node hln r)) + 1
by (subst height_del_root,simp_all)
with True show ?thesis by simp
next
case Fulse
with Node 1 show ?thesis
proof (cases z<n)
case True
show %thesis
proof (cases height r = height (delete z 1) + 2)
case False with Node 1 (x < n) show ?thesis by (auto simp: balR_def)
next
case True
hence (height (balR (delete z 1) n r) = height (delete x 1) + 2) V
height (balR (delete x 1) n r) = height (delete x 1) + 3 (is 74 V
?B)
using Node 2 by (intro height_balR) auto
thus ?thesis
proof
assume ¢4
with (z < n) Node 2 show ?thesis by (auto simp: balR_def)
next
assume ?B
with x < n) Node 2 show ?thesis by(auto simp: balR_def)
qed
qed
next
case Fulse
show %thesis
proof (cases height | = height (delete z ) + 2)
case Fualse with Node 1 (—z < n) (x # n) show ?thesis by (auto
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simp: balL_def)
next
case True
hence (height (balL I n (delete x r)) = height (delete x r) + 2) V
height (balL | n (delete x 1)) = height (delete x r) + 3 (is ?A V
?B)
using Node 2 by (intro height_balL) auto
thus ?thesis
proof
assume ¢A
with (—z < n) @ # n) Node 2 show ?thesis by (auto simp: balL_def)
next
assume ¢B
with (—z < n) @ # n) Node 2 show ?thesis by (auto simp: balL_def)
qged
qed
qged
qed
qed simp_all

end

12 Function lookup for Tree2

theory Lookup?2
imports

Tree2

Cmp

Map_by_Ordered
begin

fun lookup :: (Ya::emp * b, 'c) tree = 'a = 'b option where
lookup Leaf © = None |
lookup (Node _ 1 (a,b) r) z =
(case emp = a of LT = lookup l © | GT = lookup r x | EQ = Some b)

lemma lookup_map_of:
sortedl (inorder t) = lookup t © = map_of (inorder t) x

by (induction t) (auto simp: map_of_simps split: option.split)

end
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13 AVL Tree Implementation of Maps

theory AVL_Map
imports
AVL_Set
Lookup?2
begin

fun update :: ‘a::emp = 'b = (“ax’d) avi_tree = ('ax’b) avi_tree where
update x y Leaf = Node 1 Leaf (z,y) Leaf |
update x y (Node h 1 (a,b) r) = (case cmp z a of

EQ = Node hl (z,y) |

LT = balL (update z y 1) (a,b) r |

GT = balR I (a,b) (update x y 1))

fun delete :: 'a::emp = ("ax’d) avi_tree = ('ax'b) avl_tree where
delete _ Leaf = Leaf |
delete x (Node h 1 (a,b) r) = (case cmp z a of

EQ = del_root (Node h 1 (a,b) r) |

LT = balR (delete z 1) (a,b) r |

GT = balL I (a,b) (delete z 1))

13.1 Functional Correctness Proofs

theorem inorder_update:
sortedl (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
by (induct t) (auto simp: upd_list_simps inorder_balL inorder_balR)

theorem inorder_delete:
sortedl (inorder t) = inorder (delete x t) = del_list x (inorder t)
by (induction t)
(auto simp: del_list_simps inorder_balL inorder_balR
inorder_del_root inorder_del_maxD split: prod.splits)

interpretation Map_by_Ordered
where empty = Leaf and lookup = lookup and update = update and delete
= delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)
case 1 show Zcase by simp
next
case 2 thus ?case by(simp add: lookup_map_of)
next
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case 3 thus ?case by(simp add: inorder_update)
next

case 4 thus ?case by(simp add: inorder_delete)
qed auto

end

14 Red-Black Trees

theory RBT
imports Tree2
begin

datatype color = Red | Black
type_synonym ’a rbt = ('a,color)tree

abbreviation R where Rl ar = Node Redl a r
abbreviation B where Bl a r = Node Blackl a r

fun bal :: 'a rbt = 'a = 'a rbt = 'a rbt where

bal (R t1 a1l t2) a2 (R t3a3t4) =
bal (R (R t1 al t2) a21t3) a3 t) =

(Bt3a3t)) |
a2 (B t3 a3 t}) |

(B t1 al t2) a2 )
( ) )
B t3 a3 t}) |
)
)

R
R (B t1alt2
R
R
R

bal (R t1 al (R t2a2t3)) a3t4 = R (Btlalt2) a2 (
bal t1 al (R t2 a2 (Rt3a31t4)) = R (B tlal t2) a2 (Bt3a3t4) |
bal t1 al (R (R t2a21t3) a3t)) =R (Btlalt2) a2 (Bt3a3t}) |

bal t1 a t2 = B t1 a t2

fun paint :: color = 'a rbt = 'a rbt where
paint ¢ Leaf = Leaf |
paint ¢ (Node _lar) = Nodeclar

fun balL :: 'a rbt = 'a = 'a rbt = 'a rbt where

balL (R t1 xt2) yt3 = R (Btlzt2) yt3 |

balL bl z (B t1 yt2) = bal bl x (R t1 y t2) |

balL blz (R (Btlyt2)zt3) =R (Bblztl)y (bal t2 z (paint Red t3)) |
ball t1 x t2 = R t1 x t2

fun balR :: 'a bt = 'a = 'a rbt = 'a rbt where

balR t1 x (Rt2yt3) = Rtlxz (Bt2yt3) |

balR (B t1 z t2) y t3 = bal (R t1 z t2) y t3 |

balR (R t1 x (Bt2yt3)) zt4 = R (bal (paint Red t1) x t2) y (B t3 z t4) |
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balR t1 zt2 = R t1 z t2

fun combine :: 'a rbt = 'a rbt = 'a rbt where
combine Leaf t = t |
combine t Leaf =t |
combine (R t1 a t2) (Rt3ct)) =
(case combine t2 t3 of
Ru2bu3 = (R(Rtlau2)b(Ru3ct]))]
23 = Rtla (Rt23ct])) |
combine (B tl1 at2) (Bt3ct)) =
(case combine t2 t3 of
Rt2'bt3' = R (Btlat2)b (Bt3' ct]) ]|
t28 = ball t1 a (B t23 c t4)) |
combine t1 (R t2 a t3) = R (combine t1 t2) a t3 |
combine (R t1 a t2) t3 = R t1 a (combine t2 t3)

end

15 Red-Black Tree Implementation of Sets

theory RBT_ Set
imports

RBT

Cmp

Isin2
begin

fun ins :: ‘azzemp = 'a rbt = 'a rbt where
ins © Leaf = R Leaf © Leaf |
insx (Blar)=
(case cmp z a of
LT = bal (insxzl) ar |
GT = balla (insz ) |
EQ = Blar)|
inszx (Rlar)=
(case cmp = a of
LT = R (inszl) ar |
GT = Rla (inszr)|
EQ = Rlar)

definition insert :: ‘a::cmp = 'a rbt = 'a rbt where
insert x t = paint Black (ins x t)
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fun del :: 'a::emp = 'a rbt = 'a rbt
and delL :: 'a::cmp = 'a rbt = 'a = 'a rbt = 'a rbt
and delR :: 'a::emp = 'a rbt = 'a = 'a rbt = 'a rbt
where
del z Leaf = Leaf |
del z (Node _lar) =
(case cmp = a of
LT = delL zlar |
GT = delRxlar |
EQ = combine I 1) |
dellL x (B tl at2) bt3 = balL (del x (B tl a t2)) b t3 |
delLzlar =R (delzl)ar]
delR z t1 a (B t2bt8) = balR t1 a (del x (B t2bt3)) |
delRzlar=Rla (delzr)

definition delete :: ‘a::ecmp = 'a rbt = 'a rbt where
delete x t = paint Black (del z t)

15.1 Functional Correctness Proofs

lemma inorder_paint: inorder(paint ¢ t) = inorder t
by (induction t) (auto)

lemma inorder_bal:
inorder(bal | a ) = inorder | @ a # inorder r
by (induction | a r rule: bal.induct) (auto)

lemma inorder_ins:
sorted(inorder t) = inorder(ins z t) = ins_list x (inorder t)
by (induction z t rule: ins.induct) (auto simp: ins_list_simps inorder_bal)

lemma inorder_insert:
sorted(inorder t) = inorder(insert x t) = ins_list © (inorder t)
by (simp add: insert_def inorder_ins inorder_paint)

lemma inorder_balL:

inorder(balL | a v) = inorder | Q a # inorder r
by (induction | a r rule: balL.induct)(auto simp: inorder_bal inorder_paint)
lemma inorder_balR:

inorder(balR | a ) = inorder | @ a # inorder r

by (induction | a r rule: balR.induct) (auto simp: inorder_bal inorder_paint)

lemma inorder_combine:
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inorder(combine [ r) = inorder | Q inorder r
by (induction | r rule: combine.induct)
(auto simp: inorder_balL inorder_balR split: tree.split color.split)

lemma inorder_del:
sorted(inorder t) = inorder(del x t) = del_list = (inorder t)
sorted(inorder ) => inorder(dellL zl ar) =
del list x (inorder 1) Q a # inorder r
sorted(inorder r) => inorder(delR z l a r) =
inorder | @Q a # del list x (inorder r)
by (induction x t and =l a r and x [ a r rule: del_delL_delR.induct)
(auto simp: del_list_simps inorder_combine inorder_balL inorder_balR)

lemma inorder_delete:
sorted(inorder t) = inorder(delete x t) = del_list x (inorder t)
by (auto simp: delete_def inorder_del inorder_paint)

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)

case 1 show Zcase by simp
next

case 2 thus ?case by(simp add: isin_set)
next

case 3 thus ?case by(simp add: inorder_insert)
next

case 4 thus ?case by(simp add: inorder_delete)
qed auto

15.2 Structural invariants

fun color :: 'a rbt = color where
color Leaf = Black |
color (Node ¢ - _ ) = ¢

fun bheight :: 'a bt = nat where
bheight Leaf = 0 |
bheight (Node ¢ | z r) = (if ¢ = Black then Suc(bheight 1) else bheight 1)

fun inv! :: 'a rbt = bool where
invl Leaf = True |
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invl (Node clar) =
(invl I A invl v A (¢ = Black V color | = Black A color r = Black))

fun invi_root :: 'a rbt = bool — Weaker version where
invl_root Leaf = True |
invl_root (Node ¢ l a r) = (invl | A invl )

fun nv2 :: ‘a rbt = bool where
inv2 Leaf = True |
inv2 (Node ¢l z r) = (inv2 1 N inv2 r A bheight | = bheight 1)

lemma invi_rootl[simp]: invl t = invi_root t
by (cases t) simp+

definition rbt :: ‘a rbt = bool where
rbt t = (invl t A inv2t A color t = Black)

lemma color_paint_Black: color (paint Black t) = Black
by (cases t) auto

theorem rbi_Leaf: rbt Leaf
by (simp add: rbt_def)

lemma paint_invi_root: invl_root t = invi_root (paint c t)
by (cases t) auto

lemma invi_paint_Black: invl_root t = invl (paint Black t)
by (cases t) auto

lemma inv2_paint: inv2 t = inv2 (paint c t)
by (cases t) auto

lemma invi_bal: [invi_root l; invl_root r] = invl (bal l a r)
by (induct | a r rule: bal.induct) auto

lemma bheight_bal:
bheight | = bheight 1 = bheight (bal | a ) = Suc (bheight 1)

by (induct | a r rule: bal.induct) auto
lemma inv2_bal:

[ inv2 I; inv2 r; bheight | = bheight r | = inv2 (bal l a r)
by (induct | a r rule: bal.induct) auto
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15.2.1 Insertion

lemma invl_ins: assumes invl t

shows color t = Black = inv1 (ins x t) invl_root (ins x t)
using assms
by (induct x t rule: ins.induct) (auto simp: invi_bal)

lemma inv2_ins: assumes inv2 t
shows inv2 (ins z t) bheight (ins x t) = bheight t
using assms
by (induct x t rule: ins.induct) (auto simp: inv2_bal bheight_bal)

theorem rbt_ins: rbt t = rbt (insert x t)
by (simp add: inv1_ins inv2-ins color_paint_Black inv1_paint_Black inv2_paint

rbt_def insert_def)

end

16 Red-Black Tree Implementation of Maps

theory RBT _Map
imports
RBT_Set
Lookup?2
begin

fun upd :: 'a::emp = b = (‘ax’d) rbt = (‘ax’b) rbt where
upd x y Leaf = R Leaf (z,y) Leaf |
upd zy (Bl (a,b) r) = (case cmp x a of
LT = bal (upd z y 1) (a,b) r |
GT = ball (a,b) (upd zy ) |
EQ = Bl (z,y) r) |
upd z y (R 1 (a,b) ) = (case cmp z a of
LT = R (upd z y 1) (a,b) r |
GT = R (a,b) (upd z y r) |
EQ = Rl (z,y) 1)

definition update :: ‘a::cmp = 'b = (‘ax’d) rbt = (‘ax’b) rbt where
update x y t = paint Black (upd x y t)

fun del :: 'a::emp = ("ax’b)rbt = ('ax’'b)rbt

and delL :: 'a::emp = (Yax'b)rbt = 'ax'b = (Yax'b)rbt = ("ax'd)rbt
and delR :: 'a::emp = ("ax'b)rbt = 'ax'b = ("ax'b)rbt = ('ax'b)rbt

40



where
del x Leaf = Leaf |
del x (Node c t1 (a,b) t2) = (case cmp = a of
LT = delL z t1 (a,b) t2 |
GT = delR x t1 (a,b) t2 |
EQ = combine t1 t2) |
dellL z (Btl at2)bt3 = balL (del x (B tl at2)) bt3 |
delL z t1 at2 = R (del x t1) a 12 |
delR z t1 a (Bt2bt3) = balR t1 a (del x (B t2bt3)) |
delR x t1 a t2 = R t1 a (del x t2)

definition delete :: 'a::cmp = ("ax’d) rbt = (‘ax’b) rbt where
delete © t = paint Black (del z t)

16.1 Functional Correctness Proofs

lemma inorder_upd:

sorted1 (inorder t) = inorder(upd x y t) = upd_list x y (inorder t)
by (induction z y t rule: upd.induct)

(auto simp: upd_list_simps inorder_bal)

lemma inorder_update:
sortedl (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
by (simp add: update_def inorder_upd inorder_paint)

lemma inorder_del:
sortedl (inorder t1) = inorder(del x t1) = del_list x (inorder t1) and
sortedl (inorder t1) = inorder(dellL = t1 a t2) =
del_list x (inorder t1) Q a # inorder t2 and
sortedl (inorder t2) = inorder(delR = t1 a t2) =
inorder t1 Q a # del list z (inorder t2)
by (induction x t1 and z t1 a t2 and z t1 a t2 rule: del_delL_delR.induct)
(auto simp: del_list_simps inorder_combine inorder_balL inorder_balR)

lemma inorder_delete:
sortedl (inorder t) = inorder(delete x t) = del_list x (inorder t)
by (simp add: delete_def inorder_del inorder_paint)

interpretation Map_by_Ordered
where empty = Leaf and lookup = lookup and update = update and delete
= delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)
case 1 show ?case by simp
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next
case 2 thus ?case by(simp add: lookup-map_of)

next

case 3 thus ?case by(simp add: inorder_update)
next

case / thus ?case by(simp add: inorder_delete)
qed auto
end
17 2-3 Trees

theory Tree23
imports Main
begin

class height =
fixes height :: 'a = nat

datatype ‘a tree23 =

Leaf (() |
Node?2 'a tree23 'a 'a tree23 ((-, -, -)) |
Node3 'a tree23 'a 'a tree23 'a 'a tree23 ((_, , -, , 2))

fun inorder :: 'a tree23 = 'a list where

inorder Leaf =[] |

inorder(Node2 | a r) = inorder | Q a # inorder r |

inorder(Node3 | a m b r) = inorder | Q a # inorder m @ b # inorder r

instantiation tree23 :: (type)height
begin

fun height_tree23 :: 'a tree23 = nat where

height Leaf = 0 |

height (Node2 | _ r) = Suc(maz (height 1) (height 1)) |

height (Node3 1 - m _ 1) = Suc(maz (height l) (max (height m) (height r)))

instance ..

end
Balanced:

fun bal :: 'a tree23 = bool where
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bal Leaf = True |
bal (Node2 1 _ r) = (bal l & bal r & height | = height ) |
bal (Node3 1 _m _r) =
(bal I & bal m & bal r & height | = height m & height m = height r)

end

18 2-3 Tree Implementation of Sets

theory Tree23_Set
imports

Tree23

Cmp

Set_by_Ordered
begin

fun isin :: ‘a::emp tree23 = 'a = bool where
isin Leaf x = False |
isin (Node2l a r) x =
(case cmp = a of
LT = isinl x|
EQ = True |
GT = isinrx) |
isin (Node3 lambr)z =
(case cmp = a of
LT = isinlz |
EQ = True |
GT =
(case cmp x b of
LT = isin m x|
EQ = True |
GT = isinrx))

datatype ‘a up; = T; 'a tree23 | Up; 'a tree23 'a 'a tree23

fun tree; :: 'a up; = 'a tree23 where
tree; (T; t) =t |
tree; (Up; L ar) = Node2lar

fun ins :: ‘a::emp = 'a tree23 = 'a up; where
ins  Leaf = Up; Leaf x Leaf |
ins © (Node2 l ar) =

case cmp T a o
p
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LT =
(case ins z 1 of
T;1'=>T; (Node2l" ar)|
Up; 1112 => T; (Node311b12ar)) |
EQ = T; (Node2lzr) |
GT =
(case ins z r of
T; r'=> T; (Node2 l ar') |
Up; r1 br2 => T; (Node3 larlbr2))) |
ins x (Node3lambr)=
(case cmp = a of
LT =
(case ins z 1 of
T;1U'=>T; (Node31l"ambr)]|
Up; l1 ¢ 12 => Up; (Node2 11 ¢ 12) a (Node2 m b r)) |
EQ = T; (Node3lambr) |
GT =
(case cmp x b of
GT =
(case ins z r of
T; r'=> T; (Node3 1l ambr')|
Upi 1 ¢ r2 => Up; (Node2 1 a m) b (Node2 r1 c r2)) |
EQ = T; (Node31lambr) |
LT =
(case ins x m of
T; m'"=> T; (Node3lam'br)]|
Up; m1 ¢ m2 => Up; (Node2 1l a m1) ¢ (Node2 m2 b r))))

hide_const insert

definition insert :: 'a::cmp = 'a tree23 = 'a tree23 where
insert x t = tree;(ins x t)

datatype ‘a upg = T4 'a tree23 | Upg 'a tree23
fun treeyq :: 'a upy = 'a tree23 where

treeq (Tq t) =t |
treeq (Upg t) =t

fun node2! :: 'a upy = 'a = 'a tree23 = 'a upy where
node21 (T4 t1) a t2 = Ty(Node2 t1 a t2) |
node21 (Upg t1) a (Node2 t2 b t3) = Upg(Node3 t1 a t2 b t3) |
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node21 (Upg t1) a (Node3 t2 b t3 ¢ t4) = Ty(Node2 (Node2 t1 a t2) b
(Node2 t3 c t4))

fun node22 :: 'a tree23 = 'a = 'a upy = 'a upy where

node22 t1 a (T4 t2) = T4(Node2 t1 a t2) |

node22 (Node2 t1 b t2) a (Upg t3) = Upyg(Node3 t1 b t2 a t3) |

node22 (Node3 t1 b t2 ¢ t3) a (Upg t4) = Tq(Node2 (Node2 t1 b t2) ¢
(Node2 t3 a t}))

fun node3! :: 'a upy = 'a = 'a tree23 = 'a = 'a tree23 = 'a upy where
node31 (T4 t1) at2bt3 = Tq(Node3 t1 a t2 b t3) |

node81 (Upg t1) a (Node2 t2 b t3) ¢ t4 = T4(Node2 (Node3 t1 a t2 b t3)
ct4) |

node31 (Upg t1) a (Node3 t2 b t3 c t}) dt5 = Ty(Node3 (Node2 t1 a t2)
b (Node2 t3 c t}) d t5)

fun node32 :: 'a tree23 = 'a = 'a upg = 'a = 'a tree23 = 'a upy where
node32 t1 a (T4 t2) b t3 = Tq(Node3 t1 a t2 b t3) |

node32 t1 a (Upg t2) b (Node2 t3 ¢ t]) = Tq(Node2 t1 a (Node3 t2 b t3 ¢
1)) |

node32 t1 a (Upg t2) b (Node3 t3 ¢ t4 d t5) = Tq(Node3 t1 a (Node2 t2 b
t3) ¢ (Node2 t} d t5))

fun node33 :: 'a tree23 = 'a = 'a tree23 = 'a = 'a upy = 'a up; where
node331lamb (Tqr)= Ty Node3lambr)]|

node33 t1 a (Node2 t2 b t3) ¢ (Upg t4) = Tq(Node2 t1 a (Node3 t2 b t3 ¢
1)) |

node33 t1 a (Node3 t2 b t3 c t}) d (Upg t5) = Tq(Node3 t1 a (Node2 t2 b
t3) ¢ (Node2 t4 d t5))

fun del_.min :: 'a tree23 = 'a * 'a upy where

del_min (Node2 Leaf a Leaf) = (a, Upgq Leaf) |

del_min (Node3 Leaf a Leaf b Leaf) = (a, T 4(Node2 Leaf b Leaf)) |
del_min (Node2 1l a r) = (let (z,l") = del_min | in (z, node21 1" a r)) |
del_min (Node3 1 a m b r) = (let (x,l') = del-min | in (z, node31 1" a m b

r))

fun del :: 'a::cmp = 'a tree23 = 'a upy where
del © Leaf = T4 Leaf |
del x (Node2 Leaf a Leaf) =
(if © = a then Upy Leaf else T 3(Node2 Leaf a Leaf)) |
del © (Node3 Leaf a Leaf b Leaf) =
T4(if © = a then Node2 Leaf b Leaf else
if x = b then Node2 Leaf a Leaf
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else Node3 Leaf a Leaf b Leaf) |
del x (Node2lar) =
(case cmp = a of
LT = node21 (del zl) a r |
GT = node22 1 a (del z r) |
EQ = let (a',t) = del_min r in node22 1 a’ t) |
del x (Node3 lambr)=
(case cmp = a of
LT = node31 (del z 1) ambr |
EQ = let (a’;m') = del_min m in node32 1 a’ m' b r |
GT =
(case cmp x b of
LT = node32 1 a (delxm) br |
EQ = let (b',r") = del_min r in node33 L a m b’ r'|
GT = node33 1 amb (del z r)))

definition delete :: ‘a::cmp = 'a tree23 = 'a tree23 where
delete z t = treeq(del z t)

18.1 Functional Correctness

18.1.1 Proofs for isin

lemma sorted(inorder t) = isin t x = (z € elems (inorder t))

by (induction t) (auto simp: elems_simps1 ball_-Un)

lemma isin_set: sorted(inorder t) = isin t ¢ = (x € elems (inorder t))
by (induction t) (auto simp: elems_simps2)

18.1.2 Proofs for insert

lemma inorder_ins:
sorted(inorder t) = inorder(tree;(ins x t)) = ins_list x (inorder t)
by (induction t) (auto simp: ins_list_simps split: up;.splits)

lemma inorder_insert:
sorted(inorder t) = inorder(insert a t) = ins_list a (inorder t)
by (simp add: insert_def inorder_ins)

18.1.3 Proofs for delete

lemma inorder_node21: height r > 0 —>
inorder (treeq (node21 1" a r)) = inorder (treeq l') @ a # inorder r
by (induct " a r rule: node21.induct) auto
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lemma inorder_node22: height | > (0 =
inorder (treeq (node22 1 a r')) = inorder | @ a # inorder (treeq r')
by (induct | a r' rule: node22.induct) auto

lemma inorder_node31: height m > 0 —

inorder (treeq (node31 1" a m b r)) = inorder (treeq l') @ a # inorder m
Q b # inorder r
by (induct I a m b r rule: node31.induct) auto

lemma inorder_node32: height r > (0 —

inorder (treeq (node32 1 a m’br)) = inorder | @ a # inorder (treeq m’)
@ b # inorder r
by (induct [ a m’ b r rule: node32.induct) auto

lemma inorder_node33: height m > 0 —>

inorder (treeq (node33 1 a m b r')) = inorder | @ a # inorder m Q b #
inorder (treeq ')
by (induct I a m b r' rule: node33.induct) auto

lemmas inorder_nodes = inorder_-node21 inorder_node22
inorder_node31 inorder_node32 inorder_-node33

lemma del_minD:
del-min t = (z,t") = bal t = height t > 0 —>
z # inorder(treeq t') = inorder t

by (induction t arbitrary: t' rule: del_min.induct)
(auto simp: inorder_nodes split: prod.splits)

lemma inorder_del: [ bal t ; sorted(inorder t) | =
inorder(treeq (del z t)) = del_list x (inorder t)
by (induction t rule: del.induct)
(auto simp: del_list_simps inorder_nodes del_minD split: prod.splits)

lemma inorder_delete: | bal t ; sorted(inorder t) | =
inorder(delete x t) = del_list z (inorder t)
by (simp add: delete_def inorder_del)

18.2 Balancedness
18.2.1 Proofs for insert

First a standard proof that ins preserves bal.

instantiation up; :: (type)height
begin
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fun height_up; :: 'a up; = nat where
height (T; t) = height t |
height (Up; | a ) = height

instance ..
end

lemma bal_ins: bal t => bal (tree;(ins a t)) A height(ins a t) = height t
by (induct t) (auto split: up;.split)

Now an alternative proof (by Brian Huffman) that runs faster because
two properties (balance and height) are combined in one predicate.

inductive full :: nat = 'a tree23 = bool where

full 0 Leaf |

[full n 15 full n ] = full (Suc n) (Node2 lp r) |

[full n l; full n m; full n r] = full (Suc n) (Node3 lp m qr)

inductive_cases full_elims:
full n Leaf
full m (Node2 I p )
full m (Node3 lp m qr)

inductive_cases full_0_elim: full 0t
inductive_cases full_Suc_elim: full (Suc n) t

lemma full_0_iff [simp]: full 0t +— t = Leaf
by (auto elim: full_0_elim intro: full.intros)

lemma full Leaf iff [simp]: full n Leaf +— n = 0
by (auto elim: full_elims intro: full.intros)

lemma full_Suc_Node2_iff [simp]:
full (Suc n) (Node2lp 1) <— fullnl A full nr
by (auto elim: full_elims intro: full.intros)

lemma full_Suc_Node3_iff [simp]:
full (Suc n) (Node3 lp m qr)+— fullnl A fullnm A full nr
by (auto elim: full_elims intro: full.intros)

lemma full_imp_height: full n t = height t = n
by (induct set: full, simp_all)
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lemma full_imp_bal: full n t = bal t
by (induct set: full, auto dest: full_imp_height)

lemma bal_imp_full: bal t = full (height t) t
by (induct t, simp_all)

lemma bal_iff_full: bal t «— (I n. full n t)
by (auto elim!: bal_imp_full full_imp_bal)

The insert function either preserves the height of the tree, or increases it
by one. The constructor returned by the insert function determines which:
A return value of the form 7'; ¢ indicates that the height will be the same.
A value of the form Up; [ p r indicates an increase in height.

fun full; :: nat = 'a up; = bool where
fully n (T t) «— full n t |
fully n (Up; Lpr) «— fulln il A fullnr

lemma full;_ins: full n t = full; n (ins a t)
by (induct rule: full.induct) (auto split: up;.split)

The insert operation preserves balance.

lemma bal_insert: bal t = bal (insert a t)
unfolding bal_iff full insert_def

apply (erule exE)

apply (drule full;_ins [of - _ a])

apply (cases ins a t)

apply (auto intro: full.intros)

done

18.3 Proofs for delete

instantiation upy :: (type)height
begin

fun height_upg :: 'a upgy = nat where
height (T4 t) = height t |

height (Upgq t) = height t + 1
instance ..

end

lemma bal_tree;_node2l:
[bal r; bal (treeq l'); height r = height 1" | = bal (treeq (node21 1’ a 1))
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by (induct " a r rule: node21.induct) auto

lemma bal_tree _node22:
[bal(treeq r'); bal l; height r' = height 1 | = bal (treeq (node22 1 a r'))
by (induct | a r' rule: node22.induct) auto

lemma bal_tree;_node31:
[ bal (treeq 1); bal m; bal r; height I" = height r; height m = height r |
= bal (treeq (node31 1" a mbr))

by (induct " a m b r rule: node31.induct) auto

lemma bal_tree;_node32:
[ bal I; bal (treeq m’); bal r; height | = height r; height m’ = height r |
= bal (treeq (node32 1 am’'br))

by (induct [ a m’ b r rule: node32.induct) auto

lemma bal_treeg_node33:
[ bal I; bal m; bal(treeq r'); height | = height r'; height m = height r' ]
= bal (treeq (node33 1 a m b r'))

by (induct I a m b r' rule: node33.induct) auto

lemmas bals = bal_tree;_node21 bal_tree;_node22
bal_tree _node81 bal_tree _node32 bal_treey_noded3

lemma height’_node21:
height r > 0 = height(node21 1" a r) = maxz (height 1) (height ) + 1
by (induct " a r rule: node21.induct)(simp-_all)

lemma height’_node22:
height | > 0 = height(node22 1 a r') = mazx (height 1) (height r') + 1
by (induct | a r' rule: node22.induct)(simp_all)

lemma height’_node31:
height m > 0 = height(node31 lambr) =
maz (height 1) (max (height m) (height r)) + 1
by (induct | a m b r rule: node31.induct)(simp_all add: maz_def)

lemma height’_node32:
height r > 0 = height(node32 l a m b r) =
mazx (height 1) (maz (height m) (height r)) + 1
by (induct | a m b r rule: node32.induct)(simp_all add: max_def)

lemma height’_node33:
height m > 0 = height(node33 la m br) =
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mazx (height 1) (maz (height m) (height r)) + 1
by (induct | a m b r rule: node33.induct)(simp_all add: maz_def)

lemmas heights = height’_node21 height’_node22
height’_node31 height’_node32 height’_node33

lemma height_del_min:

del_min t = (z, t') = height t > 0 = bal t = height t' = height t
by (induct t arbitrary: x t’ rule: del_min.induct)

(auto simp: heights split: prod.splits)

lemma height_del: bal t = height(del © t) = height t
by (induction x t rule: del.induct)
(auto simp: heights max_def height_del_min split: prod.splits)

lemma bal_del_min:

[ delomin t = (z, t'); bal t; height t > 0 | = bal (treeq t')
by (induct t arbitrary: x t' rule: del_min.induct)

(auto simp: heights height_del_min bals split: prod.splits)

lemma bal_treey_del: bal t = bal(treey(del z t))
by (induction z t rule: del.induct)
(auto simp: bals bal_del_min height_del height_del_min split: prod.splits)

corollary bal_delete: bal t = bal(delete z t)
by (simp add: delete_def bal_treey_del)

18.4 Overall Correctness

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = bal
proof (standard, goal_cases)

case 2 thus ?case by(simp add: isin_set)
next

case 3 thus ?case by(simp add: inorder_insert)
next

case 4 thus ?case by(simp add: inorder_delete)
next

case 6 thus ?case by(simp add: bal_insert)
next

case 7 thus ?case by(simp add: bal_delete)
qged simp+
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end

19 2-3 Tree Implementation of Maps

theory Tree23_Map
imports
Tree23_Set
Map_by_Ordered
begin

fun lookup :: (Ya::emp * 'b) tree23 = 'a = b option where
lookup Leaf © = None |
lookup (Node2 1 (a,b) r) z = (case cmp x a of
LT = lookup | z |
GT = lookup r z |
EQ = Some b) |
lookup (Node3 1 (al,b1) m (a2,b2) r) x = (case cmp z al of
LT = lookup | x |
EQ = Some b1 |
GT = (case cmp z a2 of
LT = lookup m z |
EQ = Some b2 |
GT = lookup r x))

fun upd :: ‘a::emp = 'b = (‘ax'b) tree23 = ('ax’b) up; where
upd x y Leaf = Up; Leaf (z,y) Leaf |
upd x y (Node2 1l ab r) = (case cmp x (fst ab) of
LT = (case upd x y l of
T; l'"=> T; (Node2 1’ ab r)
| Up; 11 ab’ 12 => T; (Node3 11 ab’ 12 ab r)) |
EQ = T; (Node2l (z,y) r) |
GT = (case upd x y r of
T; r'=> T; (Node2 l ab ')
| Up; r1 ab’ r2 => T; (Node3 | ab r1 ab’ r2))) |
upd x y (Node3 | abl m ab2 r) = (case cmp = (fst abl) of
LT = (case upd x y | of
T;l'=> T; (Node3 1" abl m ab2 r)
| Up; 11 ab’ 12 => Up; (Node2 11 ab’ 12) abl (Node2 m ab2 r)) |
EQ = T; (Node3 1 (z,y) m ab2r) |
GT = (case cmp z (fst ab2) of
LT = (case upd x y m of
T; m"=> T; (Node3 1 abl m’ ab2 r)
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| Upi m1 ab’ m2 => Up; (Node2 | abl m1) ab’ (Node2 m2
ab2r)) |
EQ = T; (Node3 | abl m (z,y) r) |
GT = (case upd x y r of
T; r"=> T; (Node3 1l abl m ab2 r’)
| Upi r1 ab’ r2 => Up; (Node2 1 abl m) ab2 (Node2 r1 ab’

r2))))

definition update :: 'a::cmp = 'b = ("ax'd) tree23 = (‘ax’b) tree23 where
update a b t = tree;(upd a b t)

fun del :: 'a::emp = ("ax’d) tree23 = (‘ax’b) upy where
del © Leaf = T4 Leaf |
del © (Node2 Leaf abl Leaf) = (if x=fst abl then Upy Leaf else T j(Node2
Leaf abl Leaf)) |
del x (Node3 Leaf abl Leaf ab2 Leaf) = T4(if z=fst abl then Node2 Leaf
ab2 Leaf
else if x=fst ab2 then Node2 Leaf abl Leaf else Node3 Leaf abl Leaf ab2
Leaf) |
del x (Node2 | abl r) = (case cmp = (fst abl) of
LT = node21 (del z 1) abl r |
GT = node22 1 abl (del z r) |
EQ = let (abl';t) = del_min r in node22 1 abl’t) |
del x (Node3 | abl m ab2 r) = (case cmp z (fst abl) of
LT = node31 (del 1) abl m ab2 r |
EQ = let (abl’;m’) = del_min m in node32 1 abl1’ m’ ab2 r |
GT = (case cmp x (fst ab2) of
LT = node32 1 abl (del x m) ab2 r |
EQ = let (ab2’,r') = del-min r in node33 1 abl m ab2’ r' |
GT = node33 1 abl m ab2 (del x 1)))

definition delete :: 'a::cmp = ("ax’d) tree23 = ('ax'b) tree23 where
delete z t = treeq(del z t)

19.1 Functional Correctness

lemma lookup_map_of:
sortedl (inorder t) = lookup t © = map_of (inorder t) x
by (induction t) (auto simp: map_of_simps split: option.split)

lemma inorder_upd:
sortedl (inorder t) = inorder(tree;(upd z y t)) = upd_list x y (inorder t)
by (induction t) (auto simp: upd_list_simps split: up;.splits)
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corollary inorder_update:
sortedl (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
by (simp add: update_def inorder_upd)

lemma inorder_del: [ bal t ; sortedl (inorder t) | =
inorder(treeq (del z t)) = del_list x (inorder t)
by (induction t rule: del.induct)
(auto simp: del_list_simps inorder_nodes del_minD split: prod.splits)

corollary inorder_delete: [ bal t ; sortedI (inorder t) | =
inorder(delete x t) = del_list z (inorder t)
by (simp add: delete_def inorder_del)

19.2 Balancedness

lemma bal_upd: bal t = bal (tree;(upd x y t)) A height(upd x y t) = height
t
by (induct t) (auto split: up;.split)

corollary bal_update: bal t => bal (update x y t)
by (simp add: update_def bal_upd)

lemma height_del: bal t = height(del x t) = height t
by (induction x t rule: del.induct)
(auto simp add: heights mazx_def height_del_min split: prod.split)

lemma bal_tree;_del: bal t = bal(treeq(del = t))
by (induction x t rule: del.induct)
(auto simp: bals bal_del_min height_del height_del_min split: prod.split)

corollary bal_delete: bal t = bal(delete z t)
by (simp add: delete_def bal_treeq_del)

19.3 Overall Correctness

interpretation Map_by_Ordered
where empty = Leaf and lookup = lookup and update = update and delete
= delete
and inorder = inorder and inv = bal
proof (standard, goal_cases)
case 2 thus ?case by(simp add: lookup_map_of)
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next

case 3 thus ?case by(simp add: inorder_update)
next

case / thus ?case by(simp add: inorder_delete)
next

case 6 thus ?case by(simp add: bal_update)
next

case 7 thus ?case by(simp add: bal_delete)
qed simp+

end

20 2-3-4 Trees
theory Tree234
imports Main

begin

class height =
fixes height :: 'a = nat

datatype ’a tree23) =

Leaf (()) |
Node2 'a tree234 'a 'a tree234 ((_, _, 2)) |
Node3 'a tree234 'a 'a tree23 'a 'a tree23) ((-, - - - ) |

Node4 'a tree23] 'a 'a tree234 'a 'a tree234 'a 'a tree23/
(<77 =y Ty Ty Ty ) 7>)

fun inorder :: 'a tree23/ = 'a list where

inorder Leaf =[] |

inorder(Node2 | a r) = inorder | Q a # inorder r |

inorder(Node3 I a m b r) = inorder | @ a # inorder m @ b # inorder r |
inorder(Node l a m b n cr) = inorder | Q a # inorder m @Q b # inorder
n Q ¢ # inorder r

instantiation tree234 :: (type)height
begin

fun height_tree23/ :: 'a tree23/ = nat where

height Leaf = 0 |

height (Node2 1 _ r) = Suc(maxz (height 1) (height r)) |

height (Node3 1 - m _ 1) = Suc(maz (height l) (max (height m) (height r)))
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|
height (Node4 1 - m _n _r) = Suc(max (height 1) (mazx (height m) (max

(height n) (height ))))
instance ..

end
Balanced:

fun bal :: 'a tree234 = bool where

bal Leaf = True |

bal (Node2l _ r) = (bal I & bal r & height | = height ) |

bal (Node3 1 - m _r) = (bal | & bal m & bal r & height | = height m &
height m = height r) |

bal (Node4 I - m _n _r) = (bal l & bal m & bal n & bal r & height | =
height m & height m = height n & height n = height r)

end

21 2-3-4 Tree Implementation of Sets

theory Tree234_Set
imports

Tree234

Cmp

../ Data_Structures/ Set_by_Ordered
begin

21.1 Set operations on 2-3-4 trees

fun isin :: ‘a::emp tree234 = 'a = bool where
isin Leaf r = False |
isin (Node2lar) z =
(case emp z a of LT = isin lx | EQ = True | GT = isin r z) |
isin (Node3 lambr)z =
(case cmp z a of LT = isinlz | EQ = True | GT = (case cmp x b of
LT = isin mz | EQ = True | GT = isinrx)) |
isin (Node4 t1 a t2bt3 ct}) v =
(case cmp z b of
LT =
(case cmp = a of
LT = isin t1 x|
EQ = True |
GT = isin t2 z) |
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EQ = True |
GT =
(case cmp x ¢ of
LT = isin t3 x|
EQ = True |
GT = isin t} x))

datatype ‘a up; = T; 'a tree234 | Up; 'a tree23] 'a 'a tree23),

fun tree; :: 'a up; = 'a tree23/ where
tree; (T; t) =t |
tree; (Up; lar) = Node2l ar

fun ins :: ‘a::emp = 'a tree234 = 'a up; where
ins x Leaf = Up; Leaf x Leaf |
ins x (Node2 l ar) =
(case cmp = a of
LT = (case ins z | of
T;1'"=> T; (Node2l' ar)
| Up; 11612 =>T; (Node311b12ar))|
EQ = T; (Node2lzr) |
GT = (case ins z r of
T; r'=> T; (Node2 1l ar’)
| Up; r1 br2 => T; (Node3 larlbr2))) |
ins x (Node3 lambr)=
(case emp = a of
LT = (case ins z | of
T; 1'"=> T; (Node3 1" ambr)
| Up; 11 ¢ 12 => Up; (Node2 11 ¢ 12) a (Node2 m b r)) |
EQ = T, (Node31lambr) |
GT = (case cmp x b of
GT = (case ins x r of
T; r'=>T; (Node3 lambr'
| Up; r1 ¢ r2 => Up; (Node2 1l a m) b (Node2 rl c r2)) |
EQ = T; (Node31lambr) |
LT = (case ins x m of
T; m'"=> T; (Node3lam'br)
| Upi m1 ¢ m2 => Up; (Node2 1l a m1) ¢ (Node2 m2 b
) |
ins © (Node t1 a t2 b t3 ct}) =
(case cmp = b of
LT =
(case cmp = a of
LT =
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(case ins z t1 of
T;t=>T; (Nodejtat2bt3ct])|
Upi lyr => Up; (Node2lyr) a (Node3 t2bt3cts))]
EQ = T; (Node4 t1 at2bt3ct4) |
GT =
(case ins z t2 of
T;t=>T; (Nodej tl atbt3ctq)|
Up; Ly r=> Up; (Node2tl al)y (Node3 rbt3ct)))]
EQ = T; (Nodej t1 a t2 b t3 ¢ t}) |
GT =
(case cmp x ¢ of
LT =
(case ins z t3 of
T;t=>T; (Nodej tl at2btcts)]
Upi lyr => Up; (Node2 t1 a t2) b (Node3 lyrcts))|
EQ = T; (Node4 t1 a t2 b t3 c t}) |
GT =
(case ins x t4 of
T;t=> T; (Nodej tl at2bt3ct)]
Upi Ly r => Up; (Node2 t1 a t2) b (Node3 t3 clyr))))

hide_const insert

definition insert :: ‘a::cmp = 'a tree23} = 'a tree23/ where
insert x t = tree;(ins x t)

datatype ‘a upg = T4 'a tree234 | Upg 'a tree23),

fun treey :: 'a upg = 'a tree23/ where
treeq (Tqt) =1 |
treeq (Upg t) =t

fun node2l :: 'a upg = 'a = 'a tree234 = 'a upy where

node21 (T4 1) ar = Ty(Node2lar) |

node21 (Upg 1) a (Node2 lr b rr) = Upy(Node3 1 a lr b rr) |

node21 (Upg 1) a (Node3 lr b mr ¢ rr) = T 3(Node2 (Node2 l alr) b (Node2
mr c rr)) |

node21 (Upq t1) a (Noded t2 b t3 ¢ t4 d t5) = Ty(Node2 (Node2 t1 a t2)
b (Node3 t3 ¢ t4 d t5))

fun node22 :: 'a tree23} = 'a = 'a upy = 'a up; where

node22 1l a (Tq r) = Tq(Node2l ar) |

node22 (Node2 ll b rl) a (Upg r) = Upg(Node3 Il b 1l ar) |

node22 (Node3 1l b mlcrl) a (Upg r) = Tq(Node2 (Node2 1l b ml) ¢ (Node2
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rlar)) |
node22 (Node4 t1 a t2 b t3 c t4) d (Upg t5) = Tq(Node2 (Node2 t1 a t2)
b (Node3 t3 ¢ t4 d t5))

fun node31 :: 'a upg = 'a = 'a tree23} = 'a = 'a tree234 = 'a upy where
node31 (T4 t1) at2bt3 = Ty(Node3 t1 a t2 b t3) |

node31 (Upq t1) a (Node2 t2 b t3) ¢ t4 = T4(Node2 (Node3 t1 a t2 b t3)
ct4) |

node31 (Upgq t1) a (Node3 t2 b t3 c t4) d t5 = T4g(Node3 (Node2 t1 a t2)
b (Node2 t3 c t4) d t5) |

node31 (Upq t1) a (Node t2 b t3 c t4 dt5) e t6 = Ty(Node3 (Node2 t1 a
t2) b (Node3 t3 c t4 d t5) e t6)

fun node32 :: 'a tree23} = 'a = 'a upy = 'a = 'a tree234 = 'a upy where
node32 t1 a (T4 t2) b t3 = Ty(Node3 t1 a t2 b t3) |

node32 t1 a (Upgq t2) b (Node2 t3 c t4) = Tq(Node2 t1 a (Node3 t2 b t3 ¢
t4)) |

node32 t1 a (Upgq t2) b (Node3 t3 c t4 d t5) = T4(Node3 t1 a (Node2 t2 b
t3) ¢ (Node2 t4 d t5)) |

node32 t1 a (Upq t2) b (Node4 t3 c t4 d t5 e t6) = T4g(Node3 t1 a (Node2
t2 b t3) ¢ (Node3 t4 d t5 e t6))

fun node33 :: 'a tree23} = 'a = 'a tree23} = 'a = 'a upy = 'a upy where
node331amb (Tqr)= Tqy(Node3lambr)]|

node33 t1 a (Node2 t2 b t3) ¢ (Upg t4) = Tq(Node2 t1 a (Node3 t2 b t3 ¢
t4)) |

node33 t1 a (Node3 t2 b t3 ¢ t4) d (Upg t5) = Ta(Node3 t1 a (Node2 t2 b
t3) ¢ (Node2 t4 d t5)) |

node33 t1 a (Node4 t2 b t3 c t4 dt5) e (Upg t6) = Tq(Node3 t1 a (Node2
t2 b t3) ¢ (Node3 t4 d t5 e t6))

fun node4! :: 'a upg = 'a = 'a tree234 = 'a = 'a tree234 = 'a = a
tree23/ = 'a upy where

node41 (Tq t1) at2bt3 ct) = Ty(Node t1 a t2bt3 ct)) |

node41 (Upg t1) a (Node2 t2 b t3) ¢ t4 d t5 = Tq(Node3 (Node3 t1 a t2
bt3) ctsdtd) |

node41 (Upg t1) a (Node3 t2 b t3 ct4) dt5 e t6 = Ty(Nodes (Node2 t1 a
t2) b (Node2 t3 c t4) d t5 e t6) |

node41 (Upg t1) a (Node4 t2 b t3 c t4 dt5) e t6 ft7 = Ty(Nodej (Node2
t1 a t2) b (Node3 t3 c t4 d t5) e t6 f t7)

fun node4?2 :: 'a tree234 = 'a = 'a upg = 'a = 'a tree234 = 'a = a

tree234 = 'a upy where
node42 tl1 a (T4 t2) b t3 ct4 = Tq(Nodej t1 at2bt3cts) |
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node42 (Node2 t1 a t2) b (Upq t3) c t4 dt5 = T4(Node3 (Node3 t1 a t2b
t3) c t4 d t5) |

node42 (Node3 t1 a t2 b t3) ¢ (Upq t4) d t5 e t6 = Ty(Node4 (Node2 t1 a
t2) b (Node2 t3 c t4) d t5 e t6) |

node42 (Node4 t1 a t2bt3 ct4) d (Upg t5) e t6 ft7 = Ty(Nodej (Node2
t1 a t2) b (Node3 t3 c t4 d t5) e t6 f t7)

fun node43 :: 'a tree234 = 'a = 'a tree234 = 'a = 'a upg = 'a = a
tree234 = 'a upgy where

node43 t1 a t2b (Tq t3) c t4 = Ty(Nodej t1 a t2 b t3 c t}) |

node43 t1 a (Node2 t2 b t3) ¢ (Upq t4) d t5 = Tq(Node3 t1 a (Node3 t2 b
t3cts) did) |

node43 t1 a (Node3 t2 b t3 c t4) d (Upg t5) e t6 = Ty(Nodej t1 a (Node2
t2 b t3) ¢ (Node2 t4 d t5) e t6) |

node43 t1 a (Node t2 b t3 ¢ t4 d t5) e (Upg t6) ft7 = Ty4(Node4 t1 a
(Node2 t2 b t3) ¢ (Node3 t4 d t5 e t6) ft7)

fun node4/ :: 'a tree234 = 'a = 'a tree23) = 'a = 'a tree23} = 'a = a
upg = 'a upgy where

nodefd t1 a t2 b t3 ¢ (Tq t}) = Ta(Nodej t1 a t2 b 13 ¢ t) |

node44 t1 a t2 b (Node2 t3 c t4) d (Upq t5) = T4(Node3 t1 a t2 b (Node3
t9 ¢ t4 d t5)) |

node44 t1 a t2 b (Node3 t3 ¢ t} d t5) e (Upgq t6) = Ta(Nodej t1 a t2 b
(Node2 t3 c t4) d (Node2 t5 e t6)) |

node44 t1 a t2 b (Node4 t3 c tf d t5 e t6) f (Upg t7) = Tq(Nodej t1 a t2
b (Node2 t3 c t}) d (Node3 t5 e t6 f t7))

fun del_min :: 'a tree234 = 'a * 'a up; where

del_min (Node2 Leaf a Leaf) = (a, Upq Leaf) |

del_min (Node3 Leaf a Leaf b Leaf) = (a, T4(Node2 Leaf b Leaf)) |
del_min (Nodej Leaf a Leaf b Leaf ¢ Leaf) = (a, Tq(Node3 Leaf b Leaf ¢
Leaf)) |

del_min (Node2 l a ) = (let (z,l") = del-min lin (z, node21 ' a 1)) |
del_min (Node3 1l a m b r) = (let (z,l') = del_min 1 in (z, node31 1" a m b
r) |

del_min (Node4 l a m b n cr) = (let (z,l') = del_min 1 in (z, nodefl I’ a
mbmncr))

fun del :: 'a::emp = 'a tree23/ = 'a up; where
del k Leaf = T4 Leaf |
del k (Node2 Leaf p Leaf) = (if k=p then Upgq Leaf else T 3(Node2 Leaf p
Leaf)) |
del k (Node3 Leaf p Leaf q Leaf) = T 4(if k=p then Node2 Leaf q Leaf
else if k=q then Node2 Leaf p Leaf else Node3 Leaf p Leaf q Leaf) |
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del k (Nodej Leaf a Leaf b Leaf ¢ Leaf) =
T4(if k=a then Node3 Leaf b Leaf ¢ Leaf else
if k=b then Node3 Leaf a Leaf ¢ Leaf else
if k=c then Node3 Leaf a Leaf b Leaf
else Node4 Leaf a Leaf b Leaf ¢ Leaf) |
del k (Node2 l a r) = (case cmp k a of
LT = node21 (del k1) ar |
GT = node22 1 a (del k) |
EQ = let (a';t) = del-min rin node22 1 a’ t) |
del k (Node3 1l ambr) = (case cmp k a of
LT = node31 (del k1) ambr |
EQ = let (a’,m’) = del_min m in node32 1 a" m' b r |
GT = (case cmp k b of
LT = node32 1 a (del km) b r |
EQ = let (b',r') = del_min r in node33 1 a m b’ r'|
GT = node33 1 amb (del kr))) |
del k (Nodej lambncr)= (case cmp k b of
LT = (case cmp k a of
LT = nodef1 (delkl) ambncr |
EQ = let (a’,m’) = del_min m in node421a’ m’bncr
GT = node42la (delkm) bncr)]|
EQ = let (b',n") = del_min n in node43lamb' n' cr|
GT = (case cmp k ¢ of
LT = nodef31lamb (delkn)cr |
EQ = let (¢',r") = del-min rin nodef4 lambnc' r'|
GT = nodej4 lambnc (delkr)))

definition delete :: ‘a::ecmp = 'a tree234 = 'a tree23/ where
delete © t = treeq(del z t)

21.2 Functional correctness

21.2.1 Functional correctness of isin:

lemma sorted(inorder t) = isin t x = (z € elems (inorder t))

by (induction t) (auto simp: elems_simps1 ball_-Un)

lemma isin_set: sorted(inorder t) = isin t ¢ = (x € elems (inorder t))
by (induction t) (auto simp: elems_simps2)
21.2.2 Functional correctness of insert:

lemma inorder_ins:
sorted(inorder t) = inorder(tree;(ins x t)) = ins_list x (inorder t)
by (induction t) (auto, auto simp: ins_list_simps split: up;.splits)
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lemma inorder_insert:
sorted(inorder t) = inorder(insert a t) = ins_list a (inorder t)
by (simp add: insert_def inorder_ins)

21.2.3 Functional correctness of delete

lemma inorder_node21: height r > (0 —
inorder (treeq (node21 1" a r)) = inorder (treeq l') @Q a # inorder r
by (induct " a r rule: node21.induct) auto

lemma inorder_node22: height | > (0 =
inorder (treeq (node22 1 a r')) = inorder | @Q a # inorder (treeq r’)
by (induct | a r' rule: node22.induct) auto

lemma inorder_node31: height m > 0 —

inorder (treeq (node31 1" a m b r)) = inorder (treeq l') @ a # inorder m
Q@ b # inorder r
by (induct I a m b r rule: node31.induct) auto

lemma inorder_node32: height r > 0 —>
inorder (treeq (node32 1 a m’ b r)) = inorder | Q a # inorder (treeq m’)

@ b # inorder r
by (induct I a m’ b r rule: node32.induct) auto

lemma inorder_node33: height m > 0 —

inorder (treeq (node33 1 a m b r')) = inorder | @ a # inorder m Q b #
inorder (treeq ')
by (induct I a m b r' rule: node33.induct) auto

lemma inorder_node41: height m > 0 —

inorder (treeq (node411" ambn cr)) = inorder (treeq 1) @ a # inorder
m Q b # inorder n Q ¢ # inorder r
by (induct I’ a m b n ¢ r rule: nodef1.induct) auto

lemma inorder_node42: height | > 0 =
inorder (treeq (node42 1 am b n cr)) = inorder | Q a # inorder (treeq

m) Q b # inorder n Q ¢ # inorder r
by (induct I a m b n ¢ r rule: node42.induct) auto

lemma inorder_node43: height m > 0 —>

inorder (treeq (node43 1 a m bn cr)) = inorder | Q a # inorder m Q b
# inorder(treeg n) Q ¢ # inorder r
by (induct I a m b n ¢ r rule: node43.induct) auto
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lemma inorder_node44: height n > 0 =

inorder (treeq (nodef4 la m bn cr)) = inorder | Q a # inorder m Q b
# inorder n Q c¢ # inorder (treeq r)
by (induct I a m b n ¢ r rule: node44 .induct) auto

lemmas inorder_nodes = inorder-node21 inorder_node22
inorder_node31 inorder_node32 inorder_node33
inorder_node4 1 inorder_node42 inorder_node43 inorder_node44

lemma del_minD:
del_min t = (z,t') = bal t = height t > 0 =
z # inorder(treeq t') = inorder t

by (induction t arbitrary: t' rule: del_min.induct)
(auto simp: inorder-nodes split: prod.splits)

lemma inorder_del: | bal t ; sorted(inorder t) | =
inorder(treeq (del z t)) = del_list x (inorder t)
by (induction t rule: del.induct)
(auto simp: inorder_nodes del_list_simps del-minD split: prod.splits)

lemma inorder_delete: | bal t ; sorted(inorder t) | =
inorder(delete x t) = del_list z (inorder t)

by (simp add: delete_def inorder_del)

21.3 Balancedness

21.3.1 Proofs for insert

First a standard proof that ins preserves bal.

instantiation up; :: (type)height

begin

fun height_up; :: 'a up; = nat where
height (T; t) = height t |

height (Up; | a r) = height [
instance ..

end

lemma bal_ins: bal t = bal (tree;(ins a t)) A height(ins a t) = height t
by (induct t) (auto, auto split: up;.split)
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Now an alternative proof (by Brian Huffman) that runs faster because
two properties (balance and height) are combined in one predicate.

inductive full :: nat = 'a tree23/ = bool where

full 0 Leaf |

[full n 1; full n ] = full (Suc n) (Node2lp r) |

[full n l; full n m; full n r] = full (Suc n) (Node3 lp m qr) |

[full n l; full n m; full n m’; full n r] = full (Suc n) (Nodej I p m ¢ m’
q'r)

inductive_cases full_elims:
full n Leaf
full m (Node2 I p 1)
full m (Node3 lp m qr)
full n (Nodef lp m qgm'q'r)

inductive_cases full_0_elim: full 0t
inductive_cases full_Suc_elim: full (Suc n) t

lemma full 0_iff [simp]: full 0t +— t = Leaf
by (auto elim: full_0_elim intro: full.intros)

lemma full_Leaf_iff [simp]: full n Leaf <— n = 0
by (auto elim: full_elims intro: full.intros)

lemma full_Suc_Node2_iff [simp]:
full (Suc n) (Node2lpr)<— fullnl A fullnr

by (auto elim: full_elims intro: full.intros)

lemma full_Suc_Node3_iff [simp]:
full (Suc n) (Node3lpmqr)<«— fullnl A fulln m A fullnr
by (auto elim: full_elims intro: full.intros)

lemma full_Suc_Nodej_iff [simp]:

full (Suc n) (Node4 lpmqgm’'q' r)+— fullnl A fullnm A full n m’
A full mr

by (auto elim: full_elims intro: full.intros)

lemma full_imp_height: full n t = height t = n
by (induct set: full, simp_all)

lemma full_imp_bal: full n t = bal t
by (induct set: full, auto dest: full_imp_height)
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lemma bal_imp_full: bal t = full (height t) t
by (induct t, simp_all)

lemma bal_iff_full: bal t «— (In. full nt)
by (auto elim!: bal_-imp_full full_imp_bal)

The insert function either preserves the height of the tree, or increases it
by one. The constructor returned by the insert function determines which:
A return value of the form T'; ¢ indicates that the height will be the same.
A value of the form Up; [ p r indicates an increase in height.

primrec full; :: nat = 'a up; = bool where
fully n (T t) «— fulln t |
fully n (Up; Lpr) «— fulln il A fullnr

lemma full;_ins: full n t = full; n (ins a t)
by (induct rule: full.induct) (auto, auto split: up;.split)

The insert operation preserves balance.

lemma bal_insert: bal t = bal (insert a t)
unfolding bal_iff_full insert_def

apply (erule exE)

apply (drule full;_ins [of - _ a])

apply (cases ins a t)

apply (auto intro: full.intros)

done

21.3.2 Proofs for delete

instantiation upy :: (type)height
begin

fun height_upg :: 'a upg = nat where
height (T4 t) = height t |
height (Upq t) = height t + 1
instance ..
end
lemma bal_treey_node21:
[bal r; bal (treeq 1); height r = height | | = bal (treeq (node21 1 a 1))

by (induct | a r rule: node21 .induct) auto

lemma bal_treeg_node22:
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[bal(treeq r); bal l; height v = height | | = bal (treeq (node22 1 a 1))
by (induct | a r rule: node22.induct) auto

lemma bal_treey_noded1:
[ bal (treeq 1); bal m; bal r; height | = height r; height m = height r |
= bal (treeq (node31 1l a m b r))

by (induct | a m b r rule: node31.induct) auto

lemma bal_tree;_node32:
[ bal 1; bal (treeq m); bal r; height | = height r; height m = height r |
= bal (treeq (node32 1 a m b r))

by (induct | a m b r rule: node32.induct) auto

lemma bal_treey_node33:
[ bal I; bal m; bal(treeq r); height | = height r; height m = height r |
= bal (treeq (node33 1 a m b r))

by (induct | a m b r rule: node33.induct) auto

lemma bal_tree;_node41:

[ bal (treeq 1); bal m; bal n; bal r; height | = height r; height m = height
r; height n = height r |

= bal (treeq (node41 lambncr))
by (induct l a m b n ¢ r rule: node41.induct) auto

lemma bal_treey_node42:

[ bal I; bal (treeq m); bal n; bal r; height | = height r; height m = height
r; height n = height r |

= bal (treeq (node42lambncr))
by (induct I a m b n ¢ r rule: node42.induct) auto

lemma bal_treey_node4 3:

[ bal I; bal m; bal (treeq n); bal r; height | = height r; height m = height
r; height n = height r |

= bal (treeq (node43 1 ambmncr))
by (induct I a m b n ¢ r rule: node43.induct) auto

lemma bal_treeg_node44:

[ bal I; bal m; bal n; bal (treeq r); height | = height r; height m = height
r; height n = height r |

= bal (treeq (node44 lambncr))
by (induct I a m b n ¢ r rule: node44.induct) auto

lemmas bals = bal_treeg_node21 bal_treey_node22
bal_tree _node31 bal_tree _node32 bal_tree;_node33
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bal_treeg_noded1 bal_treeg_nodel2 bal_treey_nodel8 bal_treey_nodel

lemma height_node21:
height r > 0 = height(node21 | a r) = maz (height 1) (height r) + 1
by (induct | a r rule: node21 .induct)(simp_all add: max.assoc)

lemma height_node22:
height | > 0 = height(node22 | a r) = max (height 1) (height r) + 1
by (induct | a r rule: node22.induct)(simp_all add: max.assoc)

lemma height_node31:
height m > 0 = height(node31 lambr) =
maz (height 1) (max (height m) (height r)) + 1
by (induct | a m b r rule: node31.induct)(simp_all add: maz_def)

lemma height_node32:
height r > 0 = height(node32 l a m b r) =
mazx (height 1) (maz (height m) (height r)) + 1
by (induct | a m b r rule: node32.induct)(simp_all add: max_def)

lemma height_node33:
height m > 0 = height(node33 la m br) =
maz (height 1) (mazx (height m) (height r)) + 1
by (induct | a m b r rule: node33.induct)(simp_all add: maz_def)

lemma height_node41:

height m > 0 = height(nodef1 lambncr) =

mazx (height 1) (maz (height m) (maz (height n) (height r))) + 1
by (induct I a m b n ¢ r rule: node41.induct)(simp-all add: maz_def)

lemma height_node42:

height | > 0 = height(nodef2lambmncr) =

mazx (height 1) (maz (height m) (maz (height n) (height r))) + 1
by (induct I a m b n ¢ r rule: node42.induct)(simp_all add: maz_def)

lemma height_node43:

height m > 0 = height(node43 lambncr) =

max (height 1) (max (height m) (maz (height n) (height r))) + 1
by (induct l a m b n ¢ r rule: node43.induct)(simp_all add: max_def)

lemma height_node44:

height n > 0 = height(node44 la mbncr) =

mazx (height 1) (maz (height m) (maz (height n) (height r))) + 1
by (induct I a m b n ¢ r rule: node44.induct)(simp-all add: maz_def)
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lemmas heights = height_node21 height_node22
height_node31 height_node32 height_node33
height_node41 height_node42 height_node43 height_node44

lemma height_del_min:

del-min t = (z, t') = height t > 0 = bal t = height t' = height t
by (induct t arbitrary: x t' rule: del_min.induct)

(auto simp: heights split: prod.splits)

lemma height_del: bal t = height(del x t) = height t
by (induction x t rule: del.induct)
(auto simp add: heights height_del_min split: prod.split)

lemma bal_del_min:

[ delmin t = (z, t'); bal t; height t > 0 | = bal (treeq t’)
by (induct t arbitrary: z t' rule: del_min.induct)

(auto simp: heights height_del_min bals split: prod.splits)

lemma bal_treey_del: bal t = bal(treeq(del = t))
by (induction z t rule: del.induct)
(auto simp: bals bal_del_min height_del height_del_min split: prod.split)

corollary bal_delete: bal t = bal(delete z t)
by (simp add: delete_def bal_treey_del)

21.4 Overall Correctness

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = bal
proof (standard, goal_cases)

case 2 thus ?case by(simp add: isin_set)
next

case 3 thus ?case by(simp add: inorder_insert)
next

case 4 thus ?case by(simp add: inorder_delete)
next

case 6 thus ?case by(simp add: bal_insert)
next

case 7 thus ?case by(simp add: bal_delete)
qged simp+
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end

22 2-3-4 Tree Implementation of Maps

theory Tree234_Map
imports

Tree234_Set

../ Data_Structures /| Map_by_Ordered
begin

22.1 Map operations on 2-3-4 trees

fun lookup :: (Ya::emp * 'b) tree234 = 'a = 'b option where
lookup Leaf © = None |
lookup (Node2 1 (a,b) r) z = (case cmp x a of
LT = lookup | z |
GT = lookup r z |
EQ = Some b) |
lookup (Node3 1 (al,b1) m (a2,b2) r) x = (case cmp z al of
LT = lookup | x |
EQ = Some b1 |
GT = (case cmp z a2 of
LT = lookup m x |
EQ = Some b2 |
GT = lookup r x)) |
lookup (Node4 t1 (al,b1) t2 (a2,b2) t3 (a3,b3) t4) © = (case cmp z a2 of
LT = (case cmp z al of
LT = lookup t1 z | EQ = Some b1 | GT = lookup t2 x) |
EQ = Some b2 |
GT = (case cmp x a3 of
LT = lookup t3 = | EQ = Some b3 | GT = lookup t4 x))

fun upd :: ‘az:emp = b = (‘ax'b) tree23/ = ('ax’d) up; where
upd x y Leaf = Up; Leaf (z,y) Leaf |
upd z y (Node2 [ ab ) = (case cmp x (fst ab) of
LT = (case upd z y | of
T;1U'=> T; (Node2l’ ab r)
| Upi I1 ab’ 12 => T; (Node3 11 ab’ 12 ab r)) |
EQ = T; (Node2l (z,y) r) |
GT = (case upd z y r of
T; r"=> T; (Node2 l ab ')
| Up; 1 ab’ 2 => T; (Node3 l ab r1 ab’ 12))) |
upd x y (Node3 | abl m ab2 r) = (case cmp = (fst abl) of
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LT = (case upd x y | of
T;l'=> T; (Node3 l' abl m ab2 r)
| Upi 11 ab’ 12 => Up; (Node2 l1 ab’ 12) abl (Node2 m ab2 1)) |
EQ = T; (Node3 1 (z,y) m ab2r) |
GT = (case cmp = (fst ab2) of
LT = (case upd x y m of
T; m"=> T; (Node3 1 abl m’ ab2 r)
| Upi m1 ab’ m2 => Up; (Node2 | abl m1) ab’ (Node2 m2
ab2r)) |
EQ = T; (Node3 l abl m (z,y) r) |
GT = (case upd z y r of
T; r'=> T; (Node3 1l abl m ab2 r’)
| Upi r1 ab’ r2 => Up; (Node2 1l abl m) ab2 (Node2 r1 ab’
r2)))) |
upd x y (Node4 t1 abl t2 ab2 t3 ab3 t4) = (case cmp x (fst ab2) of
LT = (case cmp z (fst abl) of
LT = (case upd x y t1 of
T; t1'"=> T; (Node4 t1" abl t2 ab2 t3 ab3 t4)
| Up; t11 q t12 => Up; (Node2 t11 q t12) abl (Node3 t2 ab2
t3 ab3 t4)) |
EQ = T; (Nodej t1 (x,y) t2 ab2 t3 ab3 t4) |
GT = (case upd z y t2 of
T; t2' => T; (Nodej t1 abl t2' ab2 t3 ab3 t4)
| Up; t21 q t22 => Up,; (Node2 t1 abl t21) q (Node3 t22 ab2
t3 ab3 t}))) |
EQ = T; (Nodej t1 abl t2 (z,y) t3 ab3 t}) |
GT = (case cmp = (fst ab3) of
LT = (case upd x y t3 of
T; t3" = T; (Nodej t1 abl t2 ab2 t3' ab3 t4)
| Up; t31 q t32 => Up; (Node2 t1 abl t2) ab2(xqx) (Node3
t31 q t32 ab3 1)) |
EQ = T; (Nodej t1 abl t2 ab2 t3 (z,y) t4) |
GT = (case upd z y t4 of
T; t}' => T; (Nodej t1 abl t2 ab2 t3 ab3 t4’)
| Upi t41 q t42 => Up; (Node2 t1 abl t2) ab2 (Node3 t3 ab3

t41 q t42))))

definition update :: ‘a::emp = b = (‘ax’d) tree23) = ('ax'b) tree234
where
update x y t = tree;(upd = y t)

fun del :: 'a::emp = (‘ax’d) tree23} = ('ax’d) up; where

del  Leaf = T4 Leaf |
del © (Node2 Leaf abl Leaf) = (if x=fst abl then Upg Leaf else T j(Node2
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Leaf abl Leaf)) |
del © (Node3 Leaf abl Leaf ab2 Leaf) = T4(if x=fst abl then Node2 Leaf
ab2 Leaf
else if x=fst ab2 then Node2 Leaf abl Leaf else Node3 Leaf abl Leaf ab2
Leaf) |
del © (Nodej Leaf abl Leaf ab2 Leaf ab3 Leaf) =
Ti(if x = fst abl then Node3 Leaf ab2 Leaf ab3 Leaf else
if © = fst ab2 then Node8 Leaf abl Leaf ab8 Leaf else
if © = fst ab3 then Node3 Leaf abl Leaf ab2 Leaf
else Node4 Leaf abl Leaf ab2 Leaf ab3 Leaf) |
del z (Node2 1 abl ) = (case cmp x (fst abl) of
LT = node21 (del z 1) abl r |
GT = node22 1 abl (del z r) |
EQ = let (abl';t) = del_min r in node22 1 abl’t) |
del x (Node3 | abl m ab2 r) = (case cmp z (fst abl) of
LT = node31 (del 1) abl m ab2 r |
EQ = let (abl’;m’) = del_min m in node32 1 abl1’ m’ ab2 r |
GT = (case cmp x (fst ab2) of
LT = node32 1 abl (del x m) ab2 r |
EQ = let (ab2',r") = del-min r in node33 1 abl m ab2’ r'|
GT = node33 1 abl m ab2 (del x 1))) |
del x (Node4 t1 abl t2 ab2 t3 ab3 t4) = (case cmp = (fst ab2) of
LT = (case cmp z (fst abl) of
LT = nodej1 (del z t1) abl t2 ab2 t3 ab3 t4 |
EQ = let (ab’t2') = del_min t2 in node42 t1 ab’ t2' ab2 t3 ab3 t4

GT = node42 t1 abl (del z t2) ab2 t3 ab3 t4) |
EQ = let (ab';t3') = del_min t3 in node3 t1 abl t2 ab’ t3' ab3 t4 |
GT = (case cmp x (fst ab3) of
LT = nodef3 t1 abl t2 ab2 (del x t3) ab3 t4 |
EQ = let (ab';t4") = del-min tj in node44 t1 abl t2 ab2 t3 ab’' t}']
GT = node44 t1 abl t2 ab2 t3 ab3 (del x t})))

definition delete :: 'a::emp = ("ax’d) tree234 = ('ax'b) tree23/ where
delete x t = treey(del x t)

22.2 Functional correctness

lemma lookup_map_of:
sorted1 (inorder t) = lookup t © = map_of (inorder t) x
by (induction t) (auto simp: map_of_simps split: option.split)

lemma inorder_upd:
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sorted1 (inorder t) = inorder(tree;(upd a b t)) = upd_list a b (inorder t)
by (induction t)
(auto simp: upd_list_simps, auto simp: upd_list_simps split: up;.splits)

lemma inorder_update:
sorted1 (inorder t) = inorder(update a b t) = upd_list a b (inorder t)
by (simp add: update_def inorder_upd)

lemma inorder_del: | bal t ; sortedl (inorder t) | =
inorder(treeq (del x t)) = del_list z (inorder t)
by (induction t rule: del.induct)
((auto simp: del_list_simps inorder_nodes del_minD split: prod.splits)[1])+

lemma inorder_delete: | bal t ; sorted! (inorder t) | =
inorder(delete x t) = del_list z (inorder t)
by (simp add: delete_def inorder_del)

22.3 Balancedness

lemma bal_upd: bal t = bal (tree;(upd x y t)) A height(upd x y t) = height
t
by (induct t) (auto, auto split: up;.split)

lemma bal_update: bal t = bal (update z y t)
by (simp add: update_def bal_upd)

lemma height_del: bal t = height(del z t) = height t
by (induction x t rule: del.induct)
(auto simp add: heights height_del_min split: prod.split)

lemma bal_treey_del: bal t = bal(treeq(del z t))
by (induction z t rule: del.induct)
(auto simp: bals bal_del_min height_del height_del_min split: prod.split)

corollary bal_delete: bal t = bal(delete z t)
by (simp add: delete_def bal_treey_del)
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22.4 Overall Correctness

interpretation Map_by_Ordered
where empty = Leaf and lookup = lookup and update = update and delete
= delete
and inorder = inorder and inv = bal
proof (standard, goal_cases)

case 2 thus ?case by(simp add: lookup_map_of)
next

case 3 thus ?case by(simp add: inorder_update)
next

case 4 thus ?case by(simp add: inorder_delete)
next

case 0 thus ?case by(simp add: bal_update)
next

case 7 thus ?case by(simp add: bal_delete)
qed simp+

end

23 1-2 Brother Tree Implementation of Sets

theory Brotheri2_Set
imports

Cmp

Set_by_Ordered
begin

23.1 Data Type and Operations

datatype ‘a bro =
NO |
N1 'a bro |
N2 'a bro 'a 'a bro |

L2 'a |
N3 'a bro 'a 'a bro 'a 'a bro

fun inorder :: 'a bro = 'a list where

inorder NO = ] |

inorder (N1 t) = inorder t |

inorder (N2 1 a r) = inorder | Q a # inorder r |

inorder (L2 a) = [a] |

inorder (N3 t1 al t2 a2 t3) = inorder t1 Q al # inorder t2 Q a2 # inorder
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t3

fun isin :: 'a bro = 'a::cmp = bool where
isin NO © = False |
isin (N1t) x = isintz |
isin (N2 lar)z =
(case cmp = a of
LT = isinlz |
EQ = True |
GT = isin r 1)

fun ni :: 'a bro = 'a bro where

nl (L2 a) = N2 NO a NO |

nl (N3 t1 al 12 a2 t3) = N2 (N2 t1 al 12) a2 (N1 t3) |
nlt= N1t

hide_const (open) insert

locale insert
begin

fun n2 :: 'a bro = 'a = 'a bro = 'a bro where

n2 (L2 al) a2t = N3 NO al NO a2t |

n2 (N3 t1 al t2 a2 t3) a3 (N1 t}) = N2 (N2 t1 al t2) a2 (N2 t3 a3 t{) |
n2 (N3 t1 al t2 a2 t3) a3 t§ = N3 (N2 t1 al t2) a2 (N1 t3) a3 t} |

n2 tl al (L2 a2) = N3 t1 al NO a2 NO |

n2 (N1t1) al (N3t2a2t3a3t)) = N2 (N2l alt2) a2 (N2t3a3t}) |
n2t1 al (N3 2 a2 t3 a3 tj) = N3 t1 al (N1 t2) a2 (N2 t3 a3 t/) |
n2tl at2 = N2tl at?

fun ins :: ‘a::emp = 'a bro = 'a bro where
ins t NO = L2 x|
ins x (N1t) =nl (inszt) |
insx (N2lar)=
(case cmp = a of
LT = n2 (inszl) ar |
EQ = N2lar|
GT = n2la (inszr))

fun tree :: 'a bro = 'a bro where

tree (L2 a) = N2 NO a NO |

tree (N3 t1 al t2 a2 t3) = N2 (N2 t1 al t2) a2 (N1 t3) |
treet =t
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definition insert :: ‘a::cmp = 'a bro = 'a bro where
insert x t = tree(ins x t)

end

locale delete
begin

fun n2 :: 'a bro = 'a = 'a bro = ’'a bro where
n2 (N1 t1) al (N1 t2) = N1 (N2 t1 al t2) |
n2 (N1 (N1 t1)) al (N2 (N1 t2) a2 (N2 t3 a3 t/)) =
NI (N2 (N2 t1 al t2) a2 (N2 3 a3 t})) |
n2 (N1 (N1 t1)) al (N2 (N2 t2 a2 t3) a3 (N1 t})) =
N1 (N2 (N2 t1 al t2) a2 (N2 t3 a3 t})) |
n2 (N1 (N1 t1)) al (N2 (N2 t2 a2 t3) a3 (N2 t} af t5)) =
N2 (N2 (N1 t1) al (N2 12 a2 t3)) a3 (N1 (N2t} aj t5)) |
(N2 (N1 t1) al (N2 t2 a2 t3)) a3 (NI (N1 t})) =
(

\S)

n
N1 (N2 (N2 t1 al t2) a2 (N2 t3 a3 t4)) |

n2 (N2 (N2 t1 al t2) a2 (N1 t3)) a3 (N1 (N1 t4)) =
N1 (N2 (N2 t1 al t2) a2 (N2 t3 a3 t)) |

n2 (N2 (N2 t1 al t2) a2 (N2 t3 a3 t4)) a5 (N1 (NI t5)) =
N2 (N1 (N2 t1 al t2)) a2 (N2 (N2 t3 a3 t{) a5 (N1 t5)) |

n2tl al t2 = N2 t1 al 12

fun del_min :: 'a bro = ("a x 'a bro) option where
del_min NO = None |
del_min (N1 t) =
(case del_min t of
None = None |
Some (a, t") = Some (a, N1 t")) |
del_min (N2 t1 a t2) =
(case del_min t1 of
None = Some (a, N1 t2) |
Some (b, t1') = Some (b, n2 t1' a t2))

fun del :: 'a::cmp = 'a bro = 'a bro where
del - NO — N0 |
del z (N1t) = NI (delzt)|
delz (N2lar)=
(case cmp = a of

LT = n2 (delzl) ar |

GT = n2la (delzr)]|

EQ = (case del_min r of

None = N11 |
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Some (b, ') = n21b ')

fun tree :: 'a bro = 'a bro where
tree (N1t) =1t |
treet =t

definition delete :: ‘a::cmp = 'a bro = 'a bro where
delete a t = tree (del a t)

end

23.2 Invariants

fun B :: nat = 'a bro set

and U : nat = 'a bro set where

B0 ={N0} |

B (Suc h) ={ N2t1at2|tlat2.

t1€e BhUUhANt2€ BhVitl € BhAt2€ BhUUHh}|
Uo={}|

U (Suc h) = NI ‘B h

abbreviation Th =B hU Uh

fun Bp :: nat = 'a bro set where
Bp 0 =B0UL2*‘UNIV |
Bp (Suc 0) = B (Suc 0) U {N3 NO a NO b NO|a b. True} |
Bp (Suc(Suc h)) = B (Suc(Suc h)) U
{N3t1at2bt3|tl1at2bt3. t1 € B (Such) At2 € U (Such) A t3 €
B (Suc h)}

fun Um :: nat = 'a bro set where
Um 0 = {} |
Um (Suc h) = N1 ‘T h

23.3 Functional Correctness Proofs

23.3.1 Proofs for isin

lemma
t € T h = sorted(inorder t) = isin t © = (z € elems(inorder t))
by (induction h arbitrary: t) (fastforce simp: elems_simps1 split: if_splits)+

lemma isin_set: t € T h —

sorted(inorder t) = isin t ¢ = (z € elems(inorder t))
by (induction h arbitrary: t) (auto simp: elems_simps?2 split: if_splits)
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23.3.2 Proofs for insertion

lemma inorder_-nl: inorder(nl t) = inorder t
by (induction t rule: nl.induct) (auto simp: sorted_lems)

context insert
begin

lemma inorder_n2: inorder(n2 1 a r) = inorder | Q a # inorder r
by (cases (l,a,r) rule: n2.cases) (auto simp: sorted_lems)

lemma inorder_tree: inorder(tree t) = inorder t
by (cases t) auto

lemma inorder_ins: t € T h =
sorted(inorder t) = inorder(ins a t) = ins_list a (inorder t)
by (induction h arbitrary: t) (auto simp: ins_list_simps inorder_nl inorder-n2)

lemma inorder_insert: t € T h =
sorted(inorder t) = inorder(insert a t) = ins_list a (inorder t)
by (simp add: insert_def inorder_ins inorder_tree)

end

23.3.3 Proofs for deletion

context delete
begin

lemma inorder_tree: inorder(tree t) = inorder t
by (cases t) auto

lemma inorder_n2: inorder(n2 1l a r) = inorder | Q a # inorder r
by (induction | a r rule: n2.induct) (auto)

lemma inorder_del_min:
t € Th = (del_min t = None <— inorder t = [|) A
(del_min t = Some(a,t’) — inorder t = a # inorder t')
by (induction h arbitrary: t a t') (auto simp: inorder_n2 split: option.splits)

lemma inorder_del:
t € T h = sorted(inorder t) = inorder(del x t) = del_list x (inorder

t)

by (induction h arbitrary: t) (auto simp: del list_simps inorder_-n2
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inorder_del_min[OF Unl1] inorder_del_min[OF Unl2] split: option.splits)

lemma inorder_delete:
t € T h = sorted(inorder t) = inorder(delete z t) = del_list x (inorder

£)

by (simp add: delete_def inorder_del inorder_tree)

end

23.4 Invariant Proofs
23.4.1 Proofs for insertion

lemma nil_type: t € Bp h = n1t € T (Suc h)
by (cases h rule: Bp.cases) auto

context insert
begin

lemma tree_type: t € Bp h = tree t € B h U B (Suc h)
by (cases h rule: Bp.cases) auto

lemma n2_type:
(t1 € BphANt2 € Th— n2tl at2 € Bp (Such)) A
(t1 € ThANt2 € Bph — n2tl at2 € Bp (Suc h))
apply(cases h rule: Bp.cases)
apply (auto)[2]
apply (rule conjl impl | erule conjE exE imageE | simp | erule disjE)+
done

lemma Bp_if B:t € Bh=—t € Bph
by (cases h rule: Bp.cases) simp_all

An automatic proof:

lemma
(te Bh— inszt € Bph)AN(t€ Uh — insxzt € Th)
apply (induction h arbitrary: t)
apply (simp)
apply (fastforce simp: Bp_if B n2_type dest: nl_type)
done

A detailed proof:

lemma ins_type:
showst € Bh=— insaxte€ Bphandte Uh= inszt e Th
proof (induction h arbitrary: t)
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case (
{ case I thus ?case by simp
next
case 2 thus ?case by simp }
next
case (Suc h)
{ case I
then obtain t1 a t2 where [simp]: t = N2 t1 o t2 and
t1:t1 € Thand t2: t2 € Thand t12: t1 € BhV t2 € Bh
by auto
{ assume z < a
hence ?case «— n2 (ins x t1) a t2 € Bp (Suc h) by simp
also have ...
proof cases
assume 1 € B h
with ¢2 show ?thesis by (simp add: Suc.IH (1) n2_type)
next
assume t1 ¢ B h
hence 1: t1 € Uh and 2: t2 € B h using t1 t12 by auto
show ?thesis by (metis Suc.IH(2)[OF 1] Bp_if-B[OF 2] n2_type)
qed
finally have ?case .
}
moreover
{ assume a < z
hence ?case «— n2 t1 a (ins z t2) € Bp (Suc h) by simp
also have ...
proof cases
assume t2 € B h
with t1 show ?thesis by (simp add: Suc.IH (1) n2_type)
next
assume (2 ¢ B h
hence 1: t1 € Bh and 2: t2 € U h using t2 t12 by auto
show ?thesis by (metis Bp_if B[OF 1] Suc.IH(2)[OF 2] n2_type)
qed
}
moreover
{ assume z = a
from 7 have t € Bp (Suc h) by(rule Bp_if-B)
hence ?case using (x = a) by simp
}
ultimately show ?case by auto
next
case 2 thus ?case using Suc(1) ni_type by fastforce }
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qed

lemma insert_type:
t € Bh=insertxt € BhU B (Suc h)
unfolding insert_def by (metis ins_type(1) tree_type)

end

23.4.2 Proofs for deletion

lemma B_simps|simp]:
N1t e B h = False
L2y € B h = False
(N3 t1 al t2 a2 t3) € B h = False
N)Oe Bh+—h=10
by (cases h, auto)+

context delete
begin

lemma n2_typel:

[t1 € Un h; t2 € Bh] = n2tl at2 € T (Suc h)
apply(cases h rule: Bp.cases)
apply auto[2]
apply (erule exE bexE conjE imageE | simp | erule disjE)+
done

lemma n2_type2:

[t1 e Bh;t2€ Unh] = n2tlat2e T (Such)
apply(cases h rule: Bp.cases)
apply auto|2]
apply(erule exE bexE conjE imageE | simp | erule disjE)+
done

lemma n2_type3:

[t1 e Th;t2e€ Th] = n2tlat2 e T (Such)
apply(cases h rule: Bp.cases)
apply auto[2]
apply(erule exE bexE conjE imageE | simp | erule disjE)+
done

lemma del_minNoneNO: [t € B h; del-min t = None] = t = NO
by (cases t) (auto split: option.splits)
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lemma del_minNoneN1 : [t € U h; del_min t = None] = t = N1 NO
by (cases h) (auto simp: del_minNoneNO split: option.splits)

lemma del_min_type:
t € Bh = del_min t = Some (a,t") = t'€ Th
t € Uh = delmin t = Some (a, t') = t' € Um h
proof (induction h arbitrary: t a t’)
case (Suc h)
{ case 1
then obtain ¢1 a t2 where [simp]: t = N2 {1 a t2 and
t12:t1 € Tht2 € Thtl € BhV t2 € Bh
by auto
show “case
proof (cases del_min t1)
case None
show “thesis
proof cases
assume t1 € B h
with del_minNoneNO[OF this None| 1 show ?thesis by (auto)
next
assume t1 ¢ B h
thus ?thesis using 1 None by (auto)
qed
next
case [simp]: (Some bt’)
obtain b t1’ where [simp]: bt' = (b,t1’) by fastforce
show ?thesis
proof cases
assume t1 € B h
from Suc.IH(1)[OF this] 1 have t1’' € T h by simp
from n2_type3[OF this t12(2)] 1 show ?Zthesis by auto
next
assume t1 ¢ B h
hence t1: t1 € U h and t2: t2 € B h using t12 by auto
from Suc.IH(2)[OF t1] have t1' € Um h by simp
from n2_typel |[OF this t2] 1 show ?thesis by auto
qed
qed
}
{ case 2
then obtain ¢! where [simp|: t = N1 t1 and t1: t1 € B h by auto
show Zcase
proof (cases del_min t1)
case None
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with del_minNoneNO[OF t1 None] 2 show ?thesis by(auto)
next

case [simp]: (Some bt')

obtain b t1’ where [simp]: bt' = (b,t1’) by fastforce

from Suc.IH(1)[OF t1] have t1’ € T h by simp

thus “thesis using 2 by auto
qed

}

qed auto

lemma del_type:
t€e Bh=delzte Th
teUh=delzt e Unh
proof (induction h arbitrary: z t)
case (Suc h)
{ case I
then obtain [ a r where [simp]: ¢ = N2 1 a r and
Ir:le Thre Thle BhV re Bhby auto
{ assume z < a
have Zcase
proof cases
assume [ € B h
from n2_type3[OF Suc.IH(1)[OF this] ir(2)]
show ?thesis using (z<a) by(simp)
next
assume | ¢ B h
hence | € U h r € B h using Ir by auto
from n2_typel[OF Suc.IH(2)[OF this(1)] this(2)]
show ?thesis using (z<a) by(simp)
qed
} moreover
{ assume z > a
have Zcase
proof cases
assume r € B h
from n2_type3[OF Ir(1) Suc.IH(1)[OF this|]
show ?thesis using (z>a) by(simp)
next
assume r ¢ B h
hence | € B hr € U h using Ir by auto
from n2_type2[OF this(1) Suc.IH(2)[OF this(2)]]
show ?thesis using (z>a) by(simp)
qed
} moreover
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{ assume [simp]: z=a
have ?case
proof (cases del_min r)
case None
show ?thesis
proof cases
assume r € B h
with del_minNoneNO|[OF this None| Ir show ?thesis by(simp)
next
assume r ¢ B h
hence r € U h using Ir by auto
with del_minNoneN1[OF this None] Ir(3) show ?thesis by (simp)
qged
next
case [simp]: (Some br')
obtain b r’ where [simp]: br’ = (b,r’) by fastforce
show ?thesis
proof cases
assume r € B h
from del_min_type(1)[OF this] n2_type3[OF Ir(1)]
show ?thesis by simp
next
assume 7 ¢ B h
hence | € B h and r € U h using Ir by auto
from del_min_type(2)[OF this(2)] n2_type2[OF this(1)]
show ?thesis by simp
qed
qed
} ultimately show ?case by auto
}
{ case 2 with Suc.IH(1) show Zcase by auto }
qed auto

lemma tree_type: t € T (h+1) = treet : B (h+1) U B h
by (auto)

lemma delete_type: t € B h = delete vt € Bh U B(h—1)
unfolding delete_def
by (cases h) (simp, metis del_type(1) tree_type Suc_eq_plusl diff-Suc_1)

end
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23.5 Overall correctness

interpretation Set_by_Ordered
where empty = NO and isin = isin and insert = insert.insert
and delete = delete.delete and inorder = inorder and inv = At. 3h. t €
Bh
proof (standard, goal_cases)
case 2 thus ?case by(auto intro!: isin_set)
next
case 3 thus ?case by(auto intro!: insert.inorder_insert)
next
case 4 thus ?case by(auto intro!: delete.inorder_delete)
next
case 6 thus ?case using insert.insert_type by blast
next
case 7 thus “case using delete.delete_type by blast
qed auto

end

24 1-2 Brother Tree Implementation of Maps

theory Brotheri2_Map
imports
Brother12_Set
Map_by_Ordered
begin

fun lookup :: (‘a x 'b) bro = 'a::emp = b option where
lookup NO x = None |
lookup (N1 t) z = lookup t z |
lookup (N21 (a,b) r) xz =
(case cmp = a of
LT = lookup l z |
EQ = Some b |
GT = lookup r z)

locale update = insert
begin

fun upd :: ‘az:emp = 'b = (‘ax'b) bro = ('ax'b) bro where
upd x y NO = L2 (z,y) |

upd zy (N1t)=nl (upd z yt) |

upd x y (N21 (a,b) r) =
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(case cmp = a of
LT = n2 (upd z y 1) (a,b) r |
EQ = N2 (a,y) r |
GT = n21l (a,b) (upd z y 1))

definition update :: ‘a::cmp = b = (‘ax’d) bro = (‘ax’b) bro where
update x y t = tree(upd = y t)

end

context delete
begin

fun del :: ‘a::emp = ("ax’d) bro = (‘ax’b) bro where
del - NO — NO |
del z (N1t) = NI (delzt)|
del z (N21 (a,b) ) =
(case cmp = a of
LT = n2 (del z 1) (a,b) r |
GT = n21l (a,b) (del z 1) |
EQ = (case del_min r of
None = N11 |
Some (ab, r’) = n2 1 ab r'))

definition delete :: 'a::cmp = ("ax’b) bro = ("ax’b) bro where
delete a t = tree (del a t)

end

24.1 Functional Correctness Proofs
24.1.1 Proofs for lookup

lemma lookup_map_of: t € T h =
sorted1 (inorder t) = lookup t © = map_of (inorder t) x
by (induction h arbitrary: t) (auto simp: map_of-simps split: option.splits)

24.1.2 Proofs for update
context update

begin

lemma inorder_upd: t € T h —
sorted1 (inorder t) = inorder(upd x y t) = upd_list x y (inorder t)
by (induction h arbitrary: t) (auto simp: upd_list_simps inorder_n1 inorder-n2)
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lemma inorder_update: t € T h =
sortedl (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
by (simp add: update_def inorder_upd inorder_tree)

end

24.1.3 Proofs for deletion

context delete
begin

lemma inorder_del:
t € T h = sortedl (inorder t) = inorder(del z t) = del_list x (inorder

t)
by (induction h arbitrary: t) (auto simp: del_list_simps inorder_n2
inorder_del_min[OF Unl1] inorder_del_min[OF UnlI2] split: option.splits)

lemma inorder_delete:
t € T h = sortedl (inorder t) = inorder(delete x t) = del_list x (inorder

t)

by (simp add: delete_def inorder_del inorder_tree)

end

24.2 Invariant Proofs
24.2.1 Proofs for update

context update
begin

lemma upd_type:
(te Bh— updzxyte Bph)AN(t€ Uh — updzyte Th)
apply (induction h arbitrary: t)
apply (simp)
apply (fastforce simp: Bp_if B n2_type dest: nl_type)
done

lemma update_type:
t € Bh = updatezyt € Bh U B (Suc h)
unfolding update_def by (metis upd_type tree_type)

end
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24.2.2 Proofs for deletion

context delete
begin

lemma del_type:
teBh=delzteTh
te Uh= delxt e Unh
proof (induction h arbitrary: z t)
case (Suc h)
{ case 1
then obtain [ a b  where [simp]: t = N2 (a,b) r and
Ir:le Thre Thle BhV r e Bh by auto
{ assume z < a
have ?case
proof cases
assume | € B h
from n2_type3[OF Suc.IH(1)[OF this] lr(2)]
show ?thesis using (x<a) by(simp)
next
assume [ ¢ B h
hence [ € Uh r € B h using Ir by auto
from n2_typel[OF Suc.IH(2)[OF this(1)] this(2)]
show ?thesis using (x<a) by(simp)
qed
} moreover
{ assume z > «
have ?case
proof cases
assume r € B h
from n2_type3[OF Ir(1) Suc.IH(1)[OF this]]
show ?thesis using (z>a) by (simp)
next
assume 7 ¢ B h
hence | € Bhr € U h using Ir by auto
from n2_type2|OF this(1) Suc.IH(2)[OF this(2)]]
show ?thesis using (z>a) by (simp)
qed
} moreover
{ assume [simp]: z=a
have ?case
proof (cases del_min r)
case None
show ?thesis
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proof cases
assume r € B h
with del_minNoneNO|[OF this None| Ir show ?thesis by(simp)
next
assume r ¢ B h
hence r € U h using Ir by auto
with del_minNoneN1[OF this None] Ir(3) show ?thesis by (simp)
qged
next
case [simp]: (Some br’)
obtain b r’ where [simp]: br’ = (b,r’) by fastforce
show ?thesis
proof cases
assume r € B h
from del_min_type(1)[OF this] n2_type3[OF Ir(1)]
show ?thesis by simp
next
assume 7 ¢ B h
hence | € Bh and r € U h using Ir by auto
from del_min_type(2)[OF this(2)] n2-type2[OF this(1)]
show ?thesis by simp
qged
qed
} ultimately show ?case by auto
}
{ case 2 with Suc.IH(1) show ?Zcase by auto }
qed auto

lemma delete_type:
t € Bh = deletext € BhU B(h—1)
unfolding delete_def
by (cases h) (simp, metis del_type(1) tree_type Suc_eq_plusl diff Suc_1)

end

24.3 Overall correctness

interpretation Map_by_Ordered
where empty = NO and lookup = lookup and update = update.update
and delete = delete.delete and inorder = inorder and inv = At. Jh. t €
Bh
proof (standard, goal_cases)

case 2 thus ?case by(auto intro!: lookup-map_of )
next
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case 3 thus ?case by(auto intro!: update.inorder_update)
next

case 4 thus ?case by(auto intro!: delete.inorder_delete)
next

case 6 thus ?case using update.update_type by (metis Un_iff)
next

case 7 thus “case using delete.delete_type by blast
qed auto

end

25 AA Tree Implementation of Sets

theory AA_Set
imports

Isin2

Cmp
begin

type_synonym ‘a aa_tree = (‘a,nat) tree

fun Wl :: 'a aa_tree = nat where
Wl Leaf = 0 |
Wl (Node lv _ _ _) = lv

fun skew :: ‘a aa_tree = 'a aa_tree where
skew (Node lva (Node lvb t1 b t2) a t3) =
(if lva = lwb then Node lva t1 b (Node lva t2 a t3) else Node lva (Node lvb
t1bt2) ats) |
skew t =t

fun split :: 'a aa_tree = 'a aa_tree where
split (Node lva t1 a (Node lvb t2 b (Node lvc t3 ¢ t}))) =
(if va = lwb A lwb = lvc (x lva = lve suffices *)
then Node (lva+1) (Node lva t1 a t2) b (Node lva t3 ¢ t4)
else Node lva t1 a (Node lwb t2 b (Node lvc t3 ¢ t4))) |
splitt =t

hide_const (open) insert
fun insert :: ‘a::emp = 'a aa_tree = 'a aa_tree where

insert x Leaf = Node 1 Leaf x Leaf |
insert x (Node lv t1 a t2) =
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(case cmp = a of
LT = split (skew (Node lv (insert x t1) a t2)) |
GT = split (skew (Node lv t1 a (insert x t2))) |
EQ = Node lv t1 x t2)

fun del_maz :: 'a aa_tree = 'a aa_tree * 'a where
del_mazx (Node lv | a Leaf) = (l,a) |
del_mazx (Node lvl a r) = (let (r';b) = del_maz r in (Node vl a r', b))

fun sngl :: 'a aa_tree = bool where

sngl Leaf = False |

sngl (Node - _ _ Leaf) = True |

sngl (Node lva _ _ (Node lvb _ _ _)) = (lva > lvb)

definition adjust :: 'a aa_tree = 'a aa_tree where
adjust t =
(case t of
Node v lxz r =
(if Wl >=lw—1 AN lwlr >= lv—1 then t else
if Wwlr < lv—1 A sngl l then skew (Node (lv—1) lx 1) else
if wlr < lv—1
then case I of
Node lva t1 a (Node lvb t2 b t3)
= Node (lvb+1) (Node lva t1 a t2) b (Node (lv—1) t3 z r) |
_ =t (% unreachable x)
else
if Wl r < lv then split (Node (lv—1) lx )
else
case 1 of
Leaf = Leaf (x unreachable %) |
Node lvb t1 b t4 =
(case t1 of
Node lva t2 a t3
= Node (lva+1) (Node (lv—1) lz t2) a
(split (Node (if sngl t1 then lva—1 else lva) t3 b t4))
| - = t (*x unreachable x))))

fun delete :: 'a::emp = 'a aa_tree = 'a aa_tree where
delete _ Leaf = Leaf |
delete © (Node vl ar) =
(case cmp = a of
LT = adjust (Node lv (delete x 1) ar) |
GT = adjust (Node lv 1 a (delete z 1)) |
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EQ = (if | = Leaf then r
else let (1,b) = del_max | in adjust (Node lv I b r)))

25.1 Functional Correctness
25.1.1 Proofs for insert

lemma inorder_split: inorder(split t) = inorder t
by (cases t rule: split.cases) (auto)

lemma inorder_skew: inorder(skew t) = inorder t
by (cases t rule: skew.cases) (auto)

lemma inorder_insert:
sorted(inorder t) = inorder(insert x t) = ins_list © (inorder t)
by (induction t) (auto simp: ins_list_simps inorder_split inorder_skew)

25.1.2 Proofs for delete

lemma del_maxD:

[ delmaz t = (t',x); t # Leaf | = inorder t' Q [z] = inorder t
by (induction t arbitrary: t' rule: del_maz.induct)

(auto simp: sorted_lems split: prod.splits)

lemma inorder_adjust: t # Leaf = inorder(adjust t) = inorder t
by (induction t)
(auto simp: adjust_def inorder_skew inorder_split split: tree.splits)

lemma inorder_delete:
sorted(inorder t) = inorder(delete x t) = del_list = (inorder t)
by (induction t)
(auto simp: del_list_simps inorder-adjust del-maxD split: prod.splits)

25.2 Overall correctness

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert and delete =
delete
and inorder = inorder and inv = A_. True
proof (standard, goal_cases)
case 1 show Zcase by simp
next
case 2 thus ?case by(simp add: isin_set)
next
case 3 thus ?case by(simp add: inorder_insert)
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next
case / thus ?case by(simp add: inorder_delete)
qed auto

end

26 AA Implementation of Maps

theory AA_Map
imports
AA_Set
Lookup2
begin

fun update :: 'a::emp = b = ('ax’b) aa_tree = ('ax’b) aa_tree where
update © y Leaf = Node 1 Leaf (z,y) Leaf |
update  y (Node lv t1 (a,b) t2) =
(case cmp = a of
LT = split (skew (Node lv (update x y t1) (a,b) t2)) |
GT = split (skew (Node lv t1 (a,b) (update z y t2))) |
EQ = Node lv t1 (z,y) t2)

fun delete :: ‘a::emp = ("ax’db) aa_tree = ('ax’b) aa_tree where
delete _ Leaf = Leaf |
delete  (Node lv 1 (a,b) ) =
(case cmp = a of

LT = adjust (Node lv (delete x 1) (a,b) r) |

GT = adjust (Node lv 1 (a,b) (delete z 1)) |

EQ = (if | = Leaf then r

else let (I';ab") = del_maz 1 in adjust (Node lv 1" ab’ r)))

26.1 Functional Correctness Proofs

theorem inorder_update:
sorted1 (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
by (induct t) (auto simp: upd_list_simps inorder_split inorder_skew)

theorem inorder_delete:

sortedl (inorder t) = inorder (delete x t) = del_list = (inorder t)
by (induction t)

(auto simp: del list_simps inorder-adjust del-maxD split: prod.splits)

interpretation Map_by_Ordered
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where empty = Leaf and lookup = lookup and update = update and delete
= delete
and inorder = inorder and inv = A\_. True
proof (standard, goal_cases)

case 1 show Zcase by simp
next

case 2 thus ?case by(simp add: lookup-map_of)
next

case 3 thus ?case by(simp add: inorder_update)
next

case 4 thus ?case by(simp add: inorder_delete)
qed auto

end

27 Splay Tree Implementation of Sets

theory Splay_Set

imports
~~ /src/HOL/ Library/ Tree
Set_by_Ordered
Cmp

begin

function splay :: 'a::linorder = 'a tree = 'a tree where

splay a Leaf = Leaf |

splay a (Node t1 a t2) = Node t1 a t2 |

a<b = splay a (Node (Node t1 a t2) b t3) = Node t1 a (Node t2 b t3) |
z<a = splay © (Node Leaf a t) = Node Leaf a t |

r<a = x<b = splay © (Node (Node Leaf a t1) b t2) = Node Leaf a
(Node t1 b t2) |

r<a = x<b = t1 # Leaf =

splay x (Node (Node t1 a t2) b t3) =

(case splay x t1 of Node t11 y t12 = Node t11 y (Node t12 a (Node t2 b
t3))) |

a<z => £<b = splay x (Node (Node t1 a Leaf) b t2) = Node t1 a (Node
Leaf b t2) |

a<r = x<b = t2 # Leaf —

splay = (Node (Node t1 a t2) b t3) =

(case splay = t2 of Node t21 y t22 = Node (Node t1 a t21) y (Node t22 b
t3)) |

a<b = splay b (Node t1 a (Node t2 b t3)) = Node (Node t1 a t2) b t3 |
a<r = splay © (Node t a Leaf) = Node t a Leaf |
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a<y = x<b = t2 # Leaf =
splay x (Node t1 a (Node t2 b t3)) =
(case splay = t2 of Node t21 y t22 = Node (Node t1 a t21) y (Node t22 b

t3)) |

a<z = x<b = splay = (Node t1 a (Node Leaf b t2)) = Node (Node t1
a Leaf) b t2 |

a<z = b<wx = splay v (Node t1 a (Node t2 b Leaf)) = Node (Node t1
a t2) b Leaf |

a<r = b<x = t3 # Leaf =

splay = (Node t1 a (Node t2 b t3)) =

(case splay = t3 of Node t31 y t32 = Node (Node (Node t1 a t2) b t31) y
£32)

apply (atomize_elim)

apply (auto)

apply (subst (asm) neq-Leaf-iff)
apply (auto)

apply (metis tree.exhaust less_linear)+
done

termination splay
by lexicographic_order

lemma case_tree_cong:
[z=2a%y=y"2=2"] = case_tree x y z = case_tree z' y' 2’
by auto

lemma splay_code: splay (x::-::cmp) t = (case t of Leaf = Leaf |
Node al a ar = (case cmp x a of
EQ =t |
LT = (case al of
Leaf =t |
Node bl b br = (case cmp z b of
EQ = Node bl b (Node br a ar) |
LT = if bl = Leaf then Node bl b (Node br a ar)
else case splay = bl of
Node bll y blr = Node bll y (Node blr b (Node br a ar)) |
GT = if br = Leaf then Node bl b (Node br a ar)
else case splay x br of
Node brl y brr = Node (Node bl b brl) y (Node brr a ar))) |
GT = (case ar of
Leaf =t |
Node bl b br = (case cmp x b of
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EQ = Node (Node al a bl) b br |
LT = if bl = Leaf then Node (Node al a bl) b br
else case splay x bl of
Node bll y blr = Node (Node al a bll) y (Node blr b br) |
GT = if br=Leaf then Node (Node al a bl) b br
else case splay x br of
Node bll y blr = Node (Node (Node al a bl) b bll) y bir))))
by (auto cong: case_tree_cong split: tree.split)

definition is_root :: 'a = 'a tree = bool where
is_root x t = (case t of Leaf = False | Node l a v = = = a)

definition isin t © = is_root x (splay = t)
hide_const (open) insert

fun insert :: ‘a::emp = 'a tree = 'a tree where
msert x t =
(if t = Leaf then Node Leaf x Leaf
else case splay = t of
Node l a r =
case cmp z a of
EQ = Node l ar |
LT = Node l x (Node Leaf a ) |
GT = Node (Node | a Leaf) 1)

fun splay_max :: 'a tree = 'a tree where
splay-maz Leaf = Leaf |
splay_maz (Node | b Leaf) = Node | b Leaf |
splay-maz (Node | b (Node rl c rr)) =
(if rr = Leaf then Node (Node | b rl) ¢ Leaf
else case splay_mazx rr of
Node rrl m rrr = Node (Node (Node 1 b rl) ¢ rrl) m rrr)

definition delete :: ‘a::linorder = 'a tree = 'a tree where
delete x t =
(if t = Leaf then Leaf
else case splay = t of Node l a r =
ifr=a
then if | = Leaf then r else case splay-maz | of Node I’ m r' = Node I’
mr

else Node | a )
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27.1 Functional Correctness Proofs

lemma splay_Leaf-iff : (splay a t = Leaf) = (t = Leaf)
by (induction a t rule: splay.induct) (auto split: tree.splits)

lemma splay_maz_Leaf iff: (splay-maz t = Leaf) = (t = Leaf)
by (induction t rule: splay-mazx.induct)(auto split: tree.splits)

27.1.1 Proofs for isin

lemma
splay x t = Node | a 1 = sorted(inorder t) =
z € elems (inorder t) «— z=a
by (induction z t arbitrary: | a r rule: splay.induct)
(auto simp: elems_simps1 splay_Leaf_iff ball_Un split: tree.splits)

lemma splay_elemsD:
splay x t = Node | a r = sorted(inorder t) =
z € elems (inorder t) <— r=a
by (induction z t arbitrary: | a r rule: splay.induct)
(auto simp: elems_simps2 splay_Leaf iff split: tree.splits)

lemma isin_set: sorted(inorder t) = isin t x = (x € elems (inorder t))
by (auto simp: isin_def is_root_def splay_elemsD splay_Leaf-iff split: tree.splits)

27.1.2 Proofs for insert

lemma inorder_splay: inorder(splay x t) = inorder t
by (induction z t rule: splay.induct)
(auto simp: neq_Leaf iff split: tree.split)

lemma sorted_splay:
sorted(inorder t) = splay v t = Node l a r =
sorted(inorder | Q z # inorder r)
unfolding inorder_splay|of x t, symmetric]
by (induction z t arbitrary: | a r rule: splay.induct)
(auto simp: sorted_lems sorted_Cons_le sorted_snoc_le splay_Leaf iff split:
tree.splits)

lemma inorder_insert:
sorted(inorder t) = inorder(insert z t) = ins_list x (inorder t)
using inorder_splay|of x t, symmetric| sorted_splay|of t x]
by (auto simp: ins_list_simps ins_list_Cons ins_list_snoc neq_Leaf_iff split: tree.split)
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27.1.3 Proofs for delete

lemma inorder_splay-mazD:
splay-maz t = Node | a r = sorted(inorder t) =
inorder | Q [a] = inorder t N\ r = Leaf
by (induction t arbitrary: | a r rule: splay-max.induct)
(auto simp: sorted_lems splay-mazx_Leaf-iff split: tree.splits if-splits)

lemma inorder_delete:
sorted(inorder t) = inorder(delete x t) = del_list = (inorder t)

using inorder_splay|of x t, symmetric| sorted_splay|of t x]

by (auto simp: del_list_simps del_list_sorted_app delete_def
del_list_notin_Cons inorder_splay_maxD splay_Leaf_iff splay_max_Leaf iff
split: tree.splits)

27.1.4 Overall Correctness

interpretation Set_by_Ordered
where empty = Leaf and isin = isin and insert = insert
and delete = delete and inorder = inorder and inv = A_. True
proof (standard, goal_cases)
case 2 thus ?case by(simp add: isin_set)
next
case 3 thus ?case by(simp add: inorder_insert del: insert.simps)
next
case / thus ?case by(simp add: inorder_delete)
qed auto

end

28 Splay Tree Implementation of Maps

theory Splay_Map
imports
Splay_Set
Map_by_Ordered
begin

function splay :: ‘a::linorder = (‘ax'b) tree = ('ax’b) tree where

splay x Leaf = Leaf |

x = fst a = splay x (Node t1 a t2) = Node t1 a t2 |

z = fsta = z < fst b = splay © (Node (Node t1 a t2) b t3) = Node t1
a (Node t2 b t3) |

z < fst a = splay x (Node Leaf a t) = Node Leaf a t |
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x < fst a = x < fst b = splay x (Node (Node Leaf a t1) b t2) = Node
Leaf a (Node t1 b t2) |

T < fsta =z < fst b = t1 # Leaf —

splay x (Node (Node t1 a t2) b t3) =

(case splay x t1 of Node t11 y t12 = Node t11 y (Node t12 a (Node t2 b
9))) |
fsta <z = x < fst b = splay x (Node (Node t1 a Leaf) b t2) = Node
t1 a (Node Leaf b t2) |
fsta <z =z < fstb = t2 # Leaf =

splay = (Node (Node t1 a t2) b t3) =

(case splay = t2 of Node t21 y t22 = Node (Node t1 a t21) y (Node t22 b
3)) |
fst a < x = z = fst b = splay = (Node t1 a (Node t2 b t3)) = Node
(Node t1 a t2) b t3 |
fst a < x = splay = (Node t a Leaf) = Node t a Leaf |
fsta<z= z < fstb = t2 # Leaf =

splay x (Node t1 a (Node t2 b t3)) =

(case splay = t2 of Node t21 y t22 = Node (Node t1 a t21) y (Node t22 b
1)) |
fsta <z = x < fst b = splay x (Node t1 a (Node Leaf b t2)) = Node
(Node t1 a Leaf) b t2 |

fsta < x = fstb <z = splay x (Node t1 a (Node t2 b Leaf)) = Node
(Node t1 a t2) b Leaf |

fsta<zxz= fstb<zx=— t3 # Leaf =

splay x (Node t1 a (Node t2 b t3)) =

(case splay = t3 of Node t31 y t32 = Node (Node (Node t1 a t2) b t31) y
t32)

apply (atomize_elim)

apply (auto)

apply (subst (asm) neq-Leaf-iff)

apply (auto)

apply (metis tree.exhaust surj_pair less_linear)+
done

termination splay
by lexicographic_order

lemma splay_code: splay (z::_::cmp) t = (case t of Leaf = Leaf |
Node al a ar = (case cmp z (fst a) of
EQ =t |
LT = (case al of
Leaf =t |
Node bl b br = (case cmp x (fst b) of
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EQ = Node bl b (Node br a ar) |
LT = if bl = Leaf then Node bl b (Node br a ar)
else case splay x bl of
Node bll y blr = Node bll y (Node blr b (Node br a ar)) |
GT = if br = Leaf then Node bl b (Node br a ar)
else case splay x br of
Node brl y brr = Node (Node bl b brl) y (Node brr a ar))) |
GT = (case ar of
Leaf =t |
Node bl b br = (case cmp = (fst b) of
EQ = Node (Node al a bl) b br |
LT = if bl = Leaf then Node (Node al a bl) b br
else case splay = bl of
Node bll y blr = Node (Node al a bll) y (Node blr b br) |
GT = if br=Leaf then Node (Node al a bl) b br
else case splay x br of
Node bll y blr = Node (Node (Node al a bl) b bll) y bir))))

by (auto cong: case_tree_cong split: tree.split)

definition lookup :: (‘ax'b)tree = 'a::linorder = 'b option where lookup t
Tr =

(case splay z t of Leaf = None | Node _ (a,b) - = if z=a then Some b
else None)

hide_const (open) insert

fun update :: 'a::linorder = 'b = ('ax’b) tree = (‘ax’b) tree where
update v y t = (if t = Leaf then Node Leaf (z,y) Leaf
else case splay x t of
Node l a r = if x = fst a then Node | (z,y) r
else if v < fst a then Node | (z,y) (Node Leaf a r) else Node (Node l a
Leaf) (z,y) 7)

definition delete :: 'a::linorder = ('ax'b) tree = (‘ax'b) tree where
delete v t = (if t = Leaf then Leaf
else case splay = t of Node l a r =
ifc = fsta
then if | = Leaf then r else case splay-mazx | of Node I" m r' = Node I’
mr
else Node | a )

28.1 Functional Correctness Proofs

lemma splay_Leaf-iff: (splay x t = Leaf) = (t = Leaf)
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by (induction z t rule: splay.induct) (auto split: tree.splits)

28.1.1 Proofs for lookup

lemma splay_map_of_inorder:

splay © t = Node | a 1 = sortedl (inorder t) =

map_of (inorder t) x = (if © = fst a then Some(snd a) else None)
by (induction x t arbitrary: 1 a r rule: splay.induct)

(auto simp: map-of-simps splay-Leaf-iff split: tree.splits)

lemma lookup_eq:
sorted1 (inorder t) = lookup t © = map_of (inorder t) x
by (auto simp: lookup_def splay_Leaf-iff splay-map_of-inorder split: tree.split)

28.1.2 Proofs for update

lemma inorder_splay: inorder(splay x t) = inorder t
by (induction z t rule: splay.induct)
(auto simp: neq_Leaf_iff split: tree.split)

lemma sorted_splay:
sortedl (inorder t) = splay x t = Node |l a 1 =
sorted(map fst (inorder 1) Q z # map fst (inorder 1))
unfolding inorder_splay|of x t, symmetric]
by (induction z t arbitrary: 1 a r rule: splay.induct)
(auto simp: sorted_lems sorted_Cons_le sorted_snoc_le splay-Leaf-iff split:
tree.splits)

lemma inorder_update:

sorted1 (inorder t) = inorder(update x y t) = upd_list x y (inorder t)
using inorder_splay[of x t, symmetric] sorted_splay[of t x]
by (auto simp: upd_list_simps upd_list_Cons upd_list_snoc neq_Leaf_iff split:
tree.split)

28.1.3 Proofs for delete

lemma inorder_splay-mazD:
splay-maz t = Node | a r = sortedl (inorder t) =
inorder | @Q [a] = inorder t N\ r = Leaf
by (induction t arbitrary: | a r rule: splay_max.induct)
(auto simp: sorted_lems splay-max_Leaf-iff split: tree.splits if_splits)

lemma inorder_delete:

sortedl (inorder t) = inorder(delete x t) = del_list x (inorder t)
using inorder_splay|of x t, symmetric| sorted_splay|of t x]
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by (auto simp: del_list_simps del_list_sorted_app delete_def
del_list_notin_Cons inorder_splay_maxD splay_Leaf_iff splay_max_Leaf iff
split: tree.splits)

28.1.4 Overall Correctness

interpretation Map_by_Ordered
where empty = Leaf and lookup = lookup and update = update
and delete = delete and inorder = inorder and inv = A_. True
proof (standard, goal_cases)

case 2 thus ?case by(simp add: lookup_eq)
next

case 3 thus ?case by(simp add: inorder_update del: update.simps)
next

case / thus ?case by(simp add: inorder_delete)
qed auto

end

29 Bibliographic Notes

Red-black trees The insert function follows Okasaki [5], the delete func-
tion Kahrs [3, 4].

2-3 trees Equational definitions were given by Hoffmann and O’Donnell [2]
(only insertion) and Reade [8]. Our formalisation is based on the teaching
material by Turbak [11] .

1-2 brother trees They were invented by Ottmann and Six [6, 7]. The
functional version is due to Hinze [1].

Splay trees They were invented by Sleator and Tarjan [10]. Our formal-
isation follows Schoenmakers [9].
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