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Chapter 1

Linear Algebra

theory L2_Norm
imports Complex_Main
begin

1.1 L2 Norm

definition L2_set :: ("a = real) = 'a set = real where
L2set f A = sqrt (3. i€A. (fi)?)

lemma L2_set_cong:
[A=B;A\z.2 € B= fz =gua] = L2setfA = L2setgB
unfolding L2_set_def by simp

lemma L2_set_cong_simp:
[A=B; A\x.xz € B=simp=>fzx=guz] = L2setfA=L2setgB
unfolding L2_set_def simp_implies_def by simp

lemma L2_set_infinite [simp]: — finite A =—> L2.set fA =0
unfolding L2_set_def by simp

lemma L2_set_empty [simp]: L2-set f {} = 0
unfolding L2_set_def by simp

lemma L2_set_insert [simp]:
[finite F; a ¢ F] =
L2_set f (insert a F) = sqrt ((f a)? + (L2.set f F)?)
unfolding L2_set_def by (simp add: sum_nonneg)

lemma L2_set_nonneg [simp]: 0 < L2_set f A
unfolding L2_set_def by (simp add: sum_nonneg)

lemma L2.set 0:Vac€A. fa=0= L2setfA =10
unfolding L2_set_def by simp

25
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lemma L2_set_constant: L2_set (Az. y) A = sqrt (of-nat (card A)) * |yl
unfolding L2_set_def by (simp add: real_sqrt_mult)

lemma L2_set_mono:
assumes N\i. i € K = fi < gi
assumes N\i. i € K = 0 < fi
shows L2.set f K < L2.set g K
unfolding L2_set_def
by (simp add: sum_-nonneg sum_mono power-mono assms)

lemma L2_set_strict_mono:
assumes finite K and K # {}
assumes N\i. 1 € K = fi < gi
assumes A\i. i € K = 0 < [
shows L2.set f K < L2.set g K
unfolding L2_set_def
by (simp add: sum_strict_mono power_strict_mono assms)

lemma L2 _set_right_distrib:
0 <r=rxL2setfA=1L2set ( A\x.rTxfz)A
unfolding L2_set_def
apply (simp add: power_mult_distrib)
apply (simp add: sum_distrib_left [symmetric])
apply (simp add: real_sqrt_mult sum_nonneg)
done

lemma L2_set_left_distrib:
0<r= L2setfAxr=L2set (\e. fzxr)A
unfolding L2_set_def
apply (simp add: power_mult_distrib)
apply (simp add: sum_distrib_right [symmetric])
apply (simp add: real_sqrt_mult sum_nonneg)
done

lemma L2 set_eq 0_iff: finite A = L2.set fA =0 +— (Vaz€A. fz = 0)
unfolding L2_set_def
by (simp add: sum_-nonneg sum_nonneg_eq-0-iff)

proposition L2_set_triangle_ineq:
L2set (Mi. fi+gi) A< L2setfA+ L2setqgA
proof (cases finite A)
case Fulse
thus ?thesis by simp
next
case True
thus ?thesis
proof (induct set: finite)
case empty
show ?case by simp
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next
case (insert z F)
hence sqrt ((fz + g x)? + (L2.set (\i. fi + gi) F)?) <
sqrt ((fz + g )% + (L2-set f F + L2.set g F)?)
by (intro real_sqrt_le_mono add_left_mono power_mono insert
L2_set_nonneg add_increasing zero_le_power2)
also have
. < sqrt ((fz)? + (L2.set f F)?) + sqrt ((g z)? + (L2.set g F)?)
by (rule real_sqrt_sum_squares_triangle_ineq)
finally show ?Zcase
using insert by simp
qed
qed

lemma L2_set_le_sum [rule_format]:
(VieA. 0 < fi) — L2set fA < sum fA
apply (cases finite A)
apply (induct set: finite)
apply simp
apply clarsimp
apply (erule order_trans [OF sqrt_sum_squares_le_sum))
apply simp
apply simp
apply simp
done

lemma L2 _set le_sum_abs: L2set f A < (3 i€A. |f i)
apply (cases finite A)
apply (induct set: finite)
apply simp
apply simp
apply (rule order_trans |OF sqrt_sum_squares_le_sum_abs))
apply simp
apply simp
done

lemma L2_set_mult_ineq: (D 1€A. |fi| * |gi|) < L2set fA * L2set g A

apply (cases finite A)

apply (induct set: finite)

apply simp

apply (rule power2_le_imp_le, simp)
apply (rule order_trans)

apply (rule power_mono)

apply (erule add_left-mono)

apply (simp add: sum_nonneg)
apply (simp add: power2_sum)
apply (simp add: power_mult_distrib)
apply (simp add: distrib_left distrib_right)
apply (rule ord_le_eq_trans)

PRy
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apply (rule L2_set_mult_ineg_lemma)
apply simp_all
done

lemma member_le_L2_set: [finite A; i € A] = fi < L2.set f A
unfolding L2_set_def
by (auto introl: member_le_sum real_le_rsqrt)

end

1.2 Inner Product Spaces and Gradient Derivative

theory Inner_Product
imports Complex_Main
begin

1.2.1 Real inner product spaces

Temporarily relax type constraints for open, uniformity, dist, and norm.

setup («Sign.add_const_constraint
(const_name (open), SOME typ (a::open set = bool)))

setup (Sign.add_const_constraint
(const_name dist), SOME typ a::dist = 'a = reab)

setup (Sign.add_const_constraint
(const_name wniformity>, SOME typ ('a:uniformity x 'a) filter))

setup (Sign.add_const_constraint
(const_name (norm), SOME typ (a::norm = reab)

class real_inner = real_vector + sgn_div_norm + dist_-norm + uniformity_dist +
open_uniformity +

fixes inner :: 'a = 'a = real

assumes inner-commaute: INNer T Yy = inner y T

and inner_add_left: inner (z + y) z = inner x z + inner y z

and inner_scaleR_left [simp]: inner (scaleR r z) y = r x (inner x y)

and inner_ge_zero [simp]: 0 < inner x x

and inner_eq_zero_iff [simp]: inner zx = 0 +— = 0

and norm_eq_sqrt_inner: norm x = sqrt (inner x )
begin

lemma inner_zero_left [simp]: inner 0 © = 0
using inner_add_left [of 0 0 z] by simp

lemma inner_minus_left [simp]: inner (— x) y = — inner z y
using inner_add_left [of x — z y] by simp



Inner_Product.thy 29

lemma inner_diff_left: inner (x — y) z = inner z z — inner y z
using inner_add_left [of x — y z] by simp

lemma inner_sum_left: inner (> xc€A. fz) y = (D xz€A. inner (fz) y)
by (cases finite A, induct set: finite, simp_all add: inner_add_left)

lemma all_zero_iff [simp]: (Y u. inner x u = 0) +— (z = 0)
by auto (use inner_eq_zero_iff in blast)

Transfer distributivity rules to right argument.

lemma inner_add_right: inner  (y + z) = inner z y + inner x z
using inner_add_left [of y z ] by (simp only: inner_commute)

lemma inner_scaleR_right [simp]: inner z (scaleR r y) = r x (inner z y)
using inner_scaleR_left [of r y ] by (simp only: inner_commute)

lemma inner_zero_right [simp|: inner x 0 = 0
using inner_zero_left [of x] by (simp only: inner_commute)

lemma inner_minus_right [simp]: inner x (— y) = — inner z y
using inner_minus_left [of y x] by (simp only: inner_commute)

lemma inner_diff-right: inner © (y — z) = inner x y — inner z z
using inner_diff-left [of y z z] by (simp only: inner_commute)

lemma inner_sum_right: inner x (> ycA. fy) = O ycA. inner z (fy))
using inner_sum_left [of f A z] by (simp only: inner_commute)

lemmas inner_add [algebra_simps] = inner_add_left inner_add_right
lemmas inner_diff [algebra_simps] = inner_diff_left inner_diff_right
lemmas inner_scaleR = inner_scaleR_left inner_scaleR_right

Legacy theorem names

lemmas inner_left_distrib = inner_add_left
lemmas inner_right_distrib = inner_add_right
lemmas inner_distrib = inner_left_distrib inner_right_distrib

lemma inner_gt_zero_iff [simp]: 0 < inner z x +— x # 0
by (simp add: order_less_le)

2

lemma power2_norm_eq_inner: (norm x)* = inner x

by (simp add: norm_eq_sqrt_inner)

Identities involving real multiplication and division.
lemma inner_mult_left: inner (of-real m x a) b = m * (inner a b)

by (metis real_inner_class.inner_scaleR_left scaleR_conv_of-real)

lemma inner_mult_right: inner a (of-real m * b) = m x (inner a b)
by (metis real_inner_class.inner_scaleR_right scaleR_conv_of_real)
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lemma inner_mult_left”: inner (a * of-real m) b = m x (inner a b)
by (simp add: of_real_def)

lemma inner_mult_right’: inner a (b * of-real m) = (inner a b) * m
by (simp add: of-real_def real_inner_class.inner_scaleR_right)

lemma Cauchy_Schwarz_ineq:
(inner x y)? < inner x x * inner y y
proof (cases)
assume y = 0
thus ?thesis by simp
next
assume y: y # 0
let r = inner zy / inner y y
have 0 < inner (x — scaleR ?r y) (z — scaleR ?r y)
by (rule inner_ge_zero)

also have ... = inner x z — inner y  * ?r
by (simp add: inner_diff)
also have ... = inner z  — (inner z y)? / inner y y

by (simp add: power2_eq_square inner_commute)
finally have 0 < inner z x — (inner z y)? / inner y y .
hence (inner x y)? / inner y y < inner v x
by (simp add: le_diff_eq)
thus (inner z y)? < inner x x * inner y y
by (simp add: pos_divide_le_eq y)
qed

lemma Cauchy_Schwarz_ineq2:
linner z y| < norm x % norm y
proof (rule power2_le_imp_le)
have (inner z y)? < inner x x x inner y y
using Cauchy_Schwarz_ineq .
thus |inner z y|? < (norm x * norm y)?
by (simp add: power_mult_distrib power2_norm_eq_inner)
show 0 < norm x % norm vy
unfolding norm_eq_sqrt_inner
by (intro mult_nonneg_nonneg real_sqrt_ge_zero inner_ge_zero)
qed

lemma norm_cauchy_schwarz: inner x y < norm x * norm y
using Cauchy_Schwarz_ineq2 [of = y] by auto

subclass real_normed_vector
proof
fix a :: real and z y :: 'a
show normz = 0 ¢— z = 0
unfolding norm_eq_sqrt_inner by simp
show norm (z + y) < norm x + norm y
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proof (rule power2_le_imp_le)

have inner z y < norm = * norm y
by (rule norm_cauchy_schwarz)

thus (norm (z + y))? < (norm z + norm y)?
unfolding power2_sum power2_-norm_eq_inner
by (simp add: inner_add inner_commute)

show 0 < norm x + norm y
unfolding norm_eq_sqrt_inner by simp

qged

have sqrt (a? * inner x ) = |a| * sqrt (inner = x)
by (simp add: real_sqrt-mult)

then show norm (a xg z) = |a| * norm z

unfolding norm_eq_sqrt_inner
by (simp add: power2_eq_square mult.assoc)
qed

end

lemma square_bound_lemma:
fixes z :: real
shows z < (1 4+ z) * (1 + z)
proof —
have (v + 1/2)?2 + 8/4 > 0
using zero_le_power2[of z+1/2] by arith
then show ?thesis
by (simp add: field_simps power2_eq_square)
qed

lemma square_continuous:

fixes e :: real

shows e > 0= 3d. 0 <dANVy. ly—z|<d—ly*xy—zxz <e)

using isCont_power|OF continuous_ident, of x, unfolded isCont_def LIM_eq, rule_format,
of e 2]

by (force simp add: power2_eq_square)

lemma norm_le: norm x < norm y <— inner x x < inner y y
by (simp add: norm_eq_sqrt_inner)

lemma norm_lt: norm x < norm y <— inner x x < inner y y
by (simp add: norm_eq_sqrt_inner)

lemma norm_eq: norm r = norm y <— inner T T = inner y y
apply (subst order_eq_iff)
apply (auto simp: norm_le)
done

lemma norm_eq_1: norm x = 1 <— innerx x = 1
by (simp add: norm_eq_sqrt_inner)
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lemma inner_divide_left:

fixes a :: 'a :: {real_inner,real_div_algebra}

shows inner (a / of-real m) b = (inner a b) / m

by (metis (no_types) divide_inverse inner_commute inner-scaleR_right mult.left_neutral
mult.right_neutral mult_scaleR_right of_real_inverse scaleR_conv_of-real times_divide_eq_left)

lemma inner_divide_right:
fixes a :: 'a :: {real_inner,real_div_algebra}
shows inner a (b / of-real m) = (inner a b) / m
by (metis inner_.commute inner_divide_left)

Re-enable constraints for open, uniformity, dist, and norm.

setup (Sign.add_const_constraint
(const_name open), SOME typ ('a::topological_space set = bool»)

setup (Sign.add_const_constraint
(const_name wniformity), SOME typ ('a:uniform_space x 'a) filter»)

setup (Sign.add_const_constraint
(const_name dist), SOME typ 'a::metric_space = 'a = real)

setup («Sign.add_const_constraint
(const_name (norm), SOME typ (a::real_normed_vector = real)

lemma bounded_bilinear_inner:
bounded_bilinear (inner::'a:real_inner = 'a = real)
proof
fix zyz:: 'aand r :: real
show inner (z + y) z = inner  z + inner y z
by (rule inner_add_left)
show inner x (y + z) = inner x y + inner = z
by (rule inner_add_right)
show inner (scaleR r z) y = scaleR r (inner x y)
unfolding real_scaleR_def by (rule inner_scaleR_left)
show inner x (scaleR ry) = scaleR r (inner x y)
unfolding real_scaleR_def by (rule inner_scaleR_right)
show 3 K. Vz y::'a. norm (inner z y) < norm x * norm y x K
proof
show Vz y::'a. norm (inner ¢ y) < norm & * norm y * 1
by (simp add: Cauchy-Schwarz_ineq2)
qed
qed

lemmas tendsto_inner [tendsto_intros] =
bounded_bilinear.tendsto [OF bounded_bilinear_inner]

lemmas isCont_inner [simp] =
bounded_bilinear.isCont [OF bounded_bilinear_inner
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lemmas has_derivative_inner [derivative_intros] =
bounded_bilinear. FDERIV [OF bounded_bilinear_inner]

lemmas bounded_linear_inner_left =
bounded_bilinear.bounded_linear_left [OF bounded_bilinear_inner]

lemmas bounded_linear_inner_right =
bounded_bilinear.bounded_linear_right [OF bounded_bilinear_inner]

lemmas bounded_linear_inner_left_comp = bounded_linear_inner_left{ THEN bounded_linear_compose|
lemmas bounded_linear_inner_right_comp = bounded_linear_inner_right[ THEN bounded_linear_compose]

lemmas has_derivative_inner_right [derivative_intros] =
bounded_linear.has_derivative [OF bounded_linear_inner_right)

lemmas has_derivative_inner_left [derivative_intros] =
bounded_linear.has_derivative [OF bounded_linear_inner_left]

lemma differentiable_inner [simp]:

f differentiable (at © within s) = g differentiable at x within s = (Az. inner (f
z) (g x)) differentiable at x within s

unfolding differentiable_def by (blast intro: has_derivative_inner)

1.2.2 Class instances

instantiation real :: real_inner
begin

definition inner_real_def [simp]: inner = (x)

instance
proof
fix xyzr:: real
show inner x y = inner y x
unfolding inner_real_def by (rule mult.commute)
show inner (z + y) z = inner  z + inner y z
unfolding inner_real_def by (rule distrib_right)
show inner (scaleR rz) y = r * inner c y
unfolding inner_real_def real_scaleR_def by (rule mult.assoc)
show 0 < inner z x
unfolding inner_real_def by simp
show innerzz =0 +— z =10
unfolding inner_real_def by simp
show norm z = sqrt (inner z x)
unfolding inner_real_def by simp
qed

end
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lemma
shows real_inner_1_left[simp]: inner 1 x = x
and real_inner_1_right[simp]: inner ¢ 1 = z
by simp_all

instantiation complex :: real_inner
begin

definition inner_complex_def:
mnerzy = Rex « Rey + Imx x Im y

instance
proof
fix x y z :: complex and r :: real
show inner x y = inner y x
unfolding inner_complez_def by (simp add: mult.commute)
show inner (z + y) z = inner  z + inner y z
unfolding inner_complex_def by (simp add: distrib_right)
show inner (scaleR rz) y = r * inner z y
unfolding inner_complex_def by (simp add: distrib_left)
show 0 < inner z x
unfolding inner_complex_def by simp
show innerzz =0 +— z =0
unfolding inner_complex_def
by (simp add: add_-nonneg_eq_0-iff complex_eq_iff)
show norm z = sqrt (inner z x)
unfolding inner_complex_def norm_complex_def
by (simp add: power2_eq_square)
qed

end

lemma complex_inner_1 [simp]: inner 1 © = Re x
unfolding inner_complex_def by simp

lemma complez_inner_1_right [simp]: inner x 1 = Re x
unfolding inner_complex_def by simp

lemma complex_inner_i_left [simp]: inner i z = Im x
unfolding inner_complex_def by simp

lemma complex_inner_i_right [simp]: inner x i = Im x
unfolding inner_complex_def by simp

lemma dot_square_norm: inner r z = (norm )>

by (simp only: power2_-norm_eq_inner)
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lemma norm_eq_square: norm z = a +— 0 < a A inner x ¢ = a’

by (auto simp add: norm_eq_sqrt_inner)

lemma norm_le_square: norm z < a +— 0 < a A inner vz < a?
apply (simp add: dot_square_norm abs_le_square_iff [symmetric])
using norm_ge_zero|of x]
apply arith
done

lemma norm_ge_square: norm x > a <— a < 0 V inner r z > a?
apply (simp add: dot_square_norm abs_le_square_iff [symmetric])
using norm_ge_zero|of x]
apply arith
done

lemma norm_lt_square: norm r < a +— 0 < a A inner z z < a®
by (metis not_le norm_ge_square)

lemma norm_gt_square: norm x > a +— a < 0 V inner t > a®
by (metis norm_le_square not_less)

Dot product in terms of the norm rather than conversely.

lemmas inner_simps = inner_add_left inner_add_right inner_diff_right inner_diff_left
inner_scaleR_left inner_scaleR_right

lemma dot_norm: inner x y = ((norm (z + y))?> — (norm z)? — (norm y)?) / 2
by (simp only: power2_norm_eq_inner inner_simps inner_commute) auto

lemma dot_norm_neg: inner zy = (((norm z)* + (norm y)?) — (norm (z — y))?)
/2
by (simp only: power2_norm_eq_inner inner_simps inner_commute)
(auto simp add: algebra_simps)

lemma of-real_inner_1 [simp]:
inner (of-real x) (1 :: 'a :: {real_inner, real_normed_algebra_1}) = x
by (simp add: of_real_def dot_square_norm,)

lemma summable_of-real_iff :

summable (Ax. of-real (f x) :: 'a :: {real_normed_algebra_1,real_inner}) «—
summable f
proof

assume *: summable (Az. of-real (f ) :: 'a)

interpret bounded_linear Az::'a. inner z 1

by (rule bounded_linear_inner_left)

from summable [OF *] show summable f by simp

ged (auto intro: summable_of-real)
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1.2.3 Gradient derivative

definition
gderiv ::
['a::real_inner = real, 'a, 'a] = bool
((GDERIV (0)/ ())/ > (1) [1000, 1000, 60] 60)
where
GDERIV fx :> D <— FDERIV fx :> (Ah. inner h D)

lemma gderiv_deriv [simp]: GDERIV fx :> D +— DERIV fz :> D
by (simp only: gderiv_def has_field_derivative_def inner_real_def mult_commaute_abs)

lemma GDERIV_DERIV_compose:
[GDERIV fx :> df; DERIV g (f z) :> dg]
= GDERIV (A\z. g (fz)) x :> scaleR dg df
unfolding gderiv_def has_field_derivative_def
apply (drule (1) has_derivative_compose)
apply (simp add: ac_simps)
done

lemma has_derivative_subst: [FDERIV fz :> df; df = d] = FDERIV fz :> d
by simp

lemma GDERIV_subst: [GDERIV fx :> df; df = d] = GDERIV fz :> d
by simp

lemma GDERIV_const: GDERIV (Az. k) x :> 0
unfolding gderiv_def inner_zero_right by (rule has_derivative_const)

lemma GDERIV_add:
[GDERIV fz :> df; GDERIV g x :> dg]
= GDERIV (\z. fz 4+ gz) x> df + dg
unfolding gderiv_def inner_add_right by (rule has_derivative_add)

lemma GDERIV_minus:
GDERIV fz :> df = GDERIV (Az. — fz) z :> — df
unfolding gderiv_def inner_minus_right by (rule has_derivative_minus)

lemma GDERIV_diff:
[GDERIV fx :> df; GDERIV g x :> dg]
= GDERIV (Mz. fxz — gz) xz:>df — dg
unfolding gderiv_def inner_diff-right by (rule has_derivative_diff )

lemma GDERIV_scaleR:
[DERIV fx :> df; GDERIV g z :> dg]
= GDERIV (Az. scaleR (fz) (g z)) =
> (scaleR (f z) dg + scaleR df (g x))
unfolding gderiv_def has_field_derivative_def inner_add_right inner_scaleR_right
apply (rule has_derivative_subst)
apply (erule (1) has_derivative_scaleR)
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apply (simp add: ac_simps)
done

lemma GDERIV_mult:
[GDERIV fz :> df; GDERIV g x :> dg]
= GDERIV (A\z. fz % gx) x :> scaleR (f ) dg + scaleR (g x) df
unfolding gderiv_def
apply (rule has_derivative_subst)
apply (erule (1) has_derivative_mult)
apply (simp add: inner_add ac_simps)
done

lemma GDERIV _inverse:
[GDERIV fa > df; fa # 0]
= GDERIV (A\z. inverse (f z)) z :> — (inverse (f z))? *r df
by (metis DERIV_inverse GDERIV_DERIV_compose numerals(2))

lemma GDERIV_norm:
assumes z # 0 shows GDERIV (Az. norm z) x :> sgn x
unfolding gderiv_def norm_eq_sqrt_inner
by (rule derivative_eq_intros | force simp add: inner_commute sgn_div_norm
norm_eq_sqrt_inner assms)+

lemmas has_derivative_norm = GDERIV_norm [unfolded gderiv_def]

bundle inner_syntaxr begin
notation inner (infix - 70)
end

bundle no_inner_syntax begin
no_notation inner (infix - 70)
end

end

1.3 Cartesian Products as Vector Spaces

theory Product_Vector
imports
Complex_Main
HOL- Library. Product_Plus
begin

lemma Times_eq_image_sum:
fixes S :: 'a :: comm_monoid_add set and T :: 'b :: comm_monoid_add set
shows S x T ={u+v|uv.uve Az (z, 0)) ‘SAvePair0‘T}
by force
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1.3.1 Product is a Module

locale module_prod = module_pair begin

definition scale :: ‘a = 'b x 'c = 'b x ¢
where scale a v = (s1 a (fst v), s2 a (snd v))

lemma scale_prod: scale z (a, b) = (sl z a, s2 z b)
by (auto simp: scale_def)

sublocale p: module scale
proof ged (simp_all add: scale_def
m1.scale_left_distrib m1.scale_right_distrib m2.scale_left_distrib m2.scale_right_distrib)

lemma subspace_Times: m1.subspace A =—> m2.subspace B = p.subspace (A x
B)

unfolding m1.subspace_def m2.subspace_def p.subspace_def

by (auto simp: zero_prod_def scale_def)

lemma module_hom_fst: module_hom scale s1 fst
by unfold_locales (auto simp: scale_def)

lemma module_hom_snd: module_hom scale s2 snd
by unfold_locales (auto simp: scale_def)

end
locale vector_space_prod = vector_space_pair begin
sublocale module_prod s1 s2

rewrites module_hom = Vector_Spaces.linear

by unfold_locales (fact module_hom_eq_linear)

sublocale p: vector_space scale by unfold_locales (auto simp: algebra_simps)

lemmas linear_fst = module_hom_fst
and linear_snd = module_hom_snd

end

1.3.2 Product is a Real Vector Space

instantiation prod :: (real_vector, real_vector) real_vector
begin

definition scaleR_prod_def:
scaleR r A = (scaleR r (fst A), scaleR r (snd A))

lemma fst_scaleR [simp]: fst (scaleR r A) = scaleR 1 (fst A)
unfolding scaleR_prod_def by simp
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lemma snd_scaleR [simp]: snd (scaleR r A) = scaleR r (snd A)
unfolding scaleR_prod_def by simp

proposition scaleR_Pair [simp]: scaleR 1 (a, b) = (scaleR r a, scaleR r b)
unfolding scaleR_prod_def by simp

instance
proof
fixab:real and zy :: ‘a X 'b
show scaleR a (z + y) = scaleR a © + scaleR a y
by (simp add: prod_eq_iff scaleR_right_distrib)
show scaleR (a + b) x = scaleR a © + scaleR b x
by (simp add: prod_eq_iff scaleR_left_distrib)
show scaleR a (scaleR b x) = scaleR (a * b) z
by (simp add: prod_eq_iff)
show scaleR 1 z =z
by (simp add: prod_eq_iff)
qed

end

lemma module_prod_scale_eq_scaleR: module_prod.scale (xgr) (xr) = scaleR
apply (rule ext) apply (rule ext)
apply (subst module_prod.scale_def)
subgoal by unfold_locales
by (simp add: scaleR_prod_def)

interpretation real_vector?: vector_space_prod scaleR::_=_=>"a::real_vector scaleR::_=_="b::real_vector
rewrites scale = ((xg)::.=_=("a x 'b))
and module.dependent (xg) = dependent
and module.representation (xg) = representation
and module.subspace (xg) = subspace
and module.span (xg) = span
and vector_space.extend_basis (xg) = extend_basis
and vector_space.dim (xgr) = dim
and Vector_Spaces.linear (xgr) (xr) = linear
subgoal by unfold_locales
subgoal by (fact module_prod_scale_eq_scaleR)
unfolding dependent_raw_def representation_raw_def subspace_raw_def span_raw_def
extend_basis_raw_def dim_raw_def linear_def
by (rule refl)+

1.3.3 Product is a Metric Space

instantiation prod :: (metric_space, metric_space) dist
begin

definition dist_prod_def|[code del]:
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dist z y = sqrt ((dist (fst ) (fst y))? + (dist (snd z) (snd y))?)

instance ..
end

instantiation prod :: (metric_space, metric_space) uniformity_dist
begin

definition [code del]:
(uniformity :: (('a x 'b) x (‘a x 'b)) filter) =
(INF ec{0 <..}. principal {(z, y). dist zy < e})

instance
by standard (rule uniformity_prod_def)
end

declare uniformity_Abort[where ‘a='a :: metric_space X 'b :: metric_space, code]

instantiation prod :: (metric_space, metric_space) metric_space
begin

proposition dist_Pair_Pair: dist (a, b) (¢, d) = sqrt ((dist a ¢)* + (dist b d)?)
unfolding dist_prod_def by simp

lemma dist_fst_le: dist (fst z) (fst y) < dist x y
unfolding dist_prod_def by (rule real_sqrt_sum_squares_gel)

lemma dist_snd_le: dist (snd z) (snd y) < dist z y
unfolding dist_prod_def by (rule real_sqrt_sum_squares_ge2)

instance
proof
fixzy:'ax'd
show distzy=0<+— =1y
unfolding dist_prod_def prod_eq_iff by simp
next
fixzyz:'ax'b
show dist v y < dist x z + dist y 2
unfolding dist_prod_def
by (intro order_trans [OF _ real_sqrt_sum_squares_triangle_ineq]
real_sqrt_le_mono add-mono power-mono dist_triangle2 zero_le_dist)
next
fix S :: ("a x 'b) set
have *: open S «— (Vz€S. Je>0.Vy. distyz < e — y € 9)
proof
assume open S show VzeS. de>0.Vy. distyx < e —y €S
proof
fix © assume z € S
obtain A B where open A open Bxr € A x BAXx BCS
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using (open S) and € S) by (rule open_prod_elim)
obtain r where r: 0 < rVy. disty (fstz) <r —y € A
using <open A> and ¢ € A x B) unfolding open_dist by auto
obtain s where s: 0 < s Vy. dist y (sndz) < s — y € B
using (open B> and x € A x B) unfolding open_dist by auto
let e = minrs
have 0 < %e A (Vy. distyx < %e — y € )
proof (intro alll impI conjl)
show 0 < min r s by (simp add: r(1) s(1))
next
fix y assume dist yz < minr s
hence dist y x < rand dist y x < s
by simp_all
hence dist (fst y) (fst ) < r and dist (snd y) (snd z) < s
by (auto intro: le_less_trans dist_fst_le dist_snd_le)
hence fst y € A and sndy € B
by (simp_all add: r(2) s(2))
hence y € A x B by (induct y, simp)
with (A x B C S) show y € S ..
qed
thus Je>0. Vy. distyz <e—ye S ..
qed
next
assume *: VzeS. Jex>0.Vy. dist yx < e — y € S show open S
proof (rule open_prod_intro)
fix z assume z € S
then obtain e where 0 < eand S:Vy. distyz <e — y €S
using * by fast
define r where r = ¢ / sqrt 2
define s where s = ¢ / sqrt 2
from (0 < e have 0 < rand 0 < s
unfolding r_def s_def by simp_all
from (0 < e) have e = sqrt (r? + s?)
unfolding r_def s_def by (simp add: power_divide)
define A where A = {y. dist (fstz) y < r}
define B where B = {y. dist (snd z) y < s}
have open A and open B
unfolding A_def B_def by (simp_all add: open_ball)
moreover have r € A x B
unfolding A_def B_def mem_Times_iff
using (0 < m and 0 < s by simp
moreover have A x B C §
proof (clarify)
fix a b assume ¢ € Aand b € B
hence dist a (fst ) < r and dist b (snd z) < s
unfolding A_def B_def by (simp_all add: dist_commute)
hence dist (a, b) = < e
unfolding dist_prod_def (e = sqrt (r? + s))
by (simp add: add_strict_mono power_strict_mono)
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thus (a, b) € S
by (simp add: S)
qed
ultimately show 34 B. open A A open BAx € A x BANAXx B C S by
fast
qed
qed
show open S = (Vz€S. YV (2, y) in uniformity. ' =z — y € S)
unfolding x eventually_uniformity_metric
by (simp del: split_paired_All add: dist_prod_def dist_commute)
qed

end
declare [[code abort: dist::('a::metric_spacex'b::metric_space)=("ax'b) = real]]

lemma Cauchy_fst: Cauchy X = Cauchy (An. fst (X n))
unfolding Cauchy_def by (fast elim: le_less_trans [OF dist_fst_le])

lemma Cauchy_snd: Cauchy X = Cauchy (An. snd (X n))
unfolding Cauchy_def by (fast elim: le_less_trans [OF dist_snd_le])

lemma Cauchy_Pair:
assumes Cauchy X and Cauchy Y
shows Cauchy (An. (X n, Y n))
proof (rule metric_.Cauchyl)
fix r :: real assume 0 < r
hence 0 < r / sqrt 2 (is 0 < %s) by simp
obtain M where M: Vm>M.Vn>M. dist (X m) (X n) < %
using metric_CauchyD [OF (Cauchy X) <0 < ?s)] ..
obtain N where N: YVm>N.Vn>N. dist (Y m) (Y n) < %s
using metric_CauchyD [OF (Cauchy Y) (0 < ?9] ..
have Vm>maz M N.Vn>maz M N. dist (X m, Ym) (Xn, Yn)<r
using M N by (simp add: real_sqrt_sum_squares_less dist_Pair_Pair)
then show 3n0. Vm>n0. Vn>n0. dist (X m, Ym) (Xn, Yn) <r..
qed

1.3.4 Product is a Complete Metric Space

instance prod :: (complete_space, complete_space) complete_space
proof
fix X :: nat = ’'a x 'b assume Cauchy X
have 1: (An. fst (X n)) —— lim (An. fst (X n))
using Cauchy_fst [OF (Cauchy X)]
by (simp add: Cauchy-convergent_iff convergent_LIMSEQ_iff)
have 2: (An. snd (X n)) —— lim (An. snd (X n))
using Cauchy_snd [OF (Cauchy X))
by (simp add: Cauchy_convergent_iff convergent_ LIMSEQ_iff)
have X —— (lim (An. fst (X n)), lim (An. snd (X n)))
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using tendsto_Pair [OF 1 2] by simp
then show convergent X
by (rule convergentl)
qed

1.3.5 Product is a Normed Vector Space

instantiation prod :: (real_normed_vector, real_normed_vector) real_normed_vector
begin

definition norm_prod_def[code del]:
norm x = sqrt ((norm (fst z))® + (norm (snd z))?)

definition sgn_prod_def:
sgn (z::'a x 'b) = scaleR (inverse (norm x))

proposition norm_Pair: norm (a, b) = sqrt ((norm a)? + (norm b)?)
unfolding norm_prod_def by simp

instance
proof
fixr:realand zy :: 'a x b
show normz = 0 <— z = 0
unfolding norm_prod_def
by (simp add: prod_eq_iff)
show norm (z + y) < norm x + norm y
unfolding norm_prod_def
apply (rule order_trans [OF _ real_sqrt_sum_squares_triangle_ineq))
apply (simp add: add_mono power-mono norm_triangle_ineq)
done
show norm (scaleR r z) = |r| * norm
unfolding norm_prod_def
apply (simp add: power_mult_distrib)
apply (simp add: distrib_left [symmetric])
apply (simp add: real_sqrt-mult)
done
show sgn x = scaleR (inverse (norm z)) x
by (rule sgn_prod_def)
show dist x y = norm (z — y)
unfolding dist_prod_def norm_prod_def
by (simp add: dist-norm)
qed

end
declare [[code abort: norm::('a::real_normed_vectorx'b::real_normed_vector) = real])

instance prod :: (banach, banach) banach ..
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Pair operations are linear

lemma bounded_linear_fst: bounded_linear fst
using fst_add fst_scaleR
by (rule bounded_linear_intro [where K=1], simp add: norm_prod_def)

lemma bounded_linear_snd: bounded_linear snd
using snd_add snd_scaleR
by (rule bounded_linear_intro [where K=1], simp add: norm_prod_def)

lemmas bounded_linear_fst_comp = bounded_linear_fst| THEN bounded_linear_compose]
lemmas bounded_linear_snd_comp = bounded_linear_snd| THEN bounded_linear_compose]

lemma bounded_linear_Pair:
assumes f: bounded_linear f
assumes ¢: bounded_linear g
shows bounded_linear (Az. (f x, g x))
proof
interpret f: bounded_linear f by fact
interpret g: bounded_linear g by fact
fix x y and r :: real
show (f (z+y), g (x+y)=(fz,92)+ (fy, 9y)
by (simp add: f.add g.add)
show (f (r xgp z), g (r xg x)) =71 x5 (fz, g x)
by (simp add: f.scale g.scale)
obtain Kf where 0 < Kf and norm_f: Az. norm (f ) < norm z x Kf
using f.pos_bounded by fast
obtain Kg where 0 < Kg and norm_g: Az. norm (g ) < norm z * Kg
using g.pos_bounded by fast
have Vz. norm (fz, g z) < norm z * (Kf + Kg)
apply (rule alll)
apply (simp add: norm_Pair)
apply (rule order_trans [OF sqrt_add_le_add_sqrt], simp, simp)
apply (simp add: distrib_left)
apply (rule add-mono [OF norm_f norm_g])
done
then show 3 K. Vz. norm (fz, gz) < normz * K ..
qged

Frechet derivatives involving pairs

proposition has_derivative_Pair [derivative_intros]:
assumes f: (f has_derivative f') (at x within s)
and g: (g has_derivative g’) (at x within s)
shows ((\z. (f z, g )) has_derivative (Ah. (f' h, g’ h))) (at z within s)
proof (rule has_deriwativel_sandwich|of 1))
show bounded_linear (Ah. (f' h, g’ h))
using f g by (intro bounded_linear_Pair has_derivative_bounded_linear)

let ?Rf = \y. fy — fz — f' (y — 2)
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let Rg=Ay. gy —gz — g’ (y — z)
let 2R =Xy. (fy,9y) — (fz,92) — (f' (v — ), ¢’ (y — x)))

show ((Ay. norm (?Rf y) / norm (y — =) + norm (?Rg y) / norm (y — x))
—— 0) (at z within )
using f g by (intro tendsto_add_zero) (auto simp: has_deriwative_iff-norm)

fix y :: ‘a assume y # z
show norm (?R y) / norm (y — z) < norm (?Rf y) / norm (y — =) + norm
(?Rg y) / norm (y — )
unfolding add_divide_distrib [symmetric]
by (simp add: norm_Pair divide_right_-mono order_trans [OF sqrt_add_le_add_sqrt])
qed simp

lemma differentiable_Pair [simp, derivative_intros]:
f differentiable at x within s = ¢ differentiable at z within s =
(Az. (fz, g x)) differentiable at x within s
unfolding differentiable_def by (blast intro: has_derivative_Pair)

lemmas has_derivative_fst [derivative_intros] = bounded_linear.has_derivative [OF
bounded_linear_fst]
lemmas has_derivative_snd [derivative_intros] = bounded_linear.has_derivative [OF
bounded_linear_snd)

lemma has_derivative_split [derivative_intros|:

((Ap. f (fst p) (snd p)) has_derivative f') F = ((A(a, b). f a b) has_derivative
/) F

unfolding split_beta’ .

Vector derivatives involving pairs

lemma has_vector_derivative_Pair|derivative_intros]:
assumes (f has_vector_derivative f') (at x within s)
(g has_vector_derivative g') (at x within s)
shows ((Az. (f z, g x)) has_vector_derivative (f', g')) (at x within s)
using assms
by (auto simp: has_vector_derivative_def introl: derivative_eq_intros)

lemma
fixes z :: 'a::real_normed_vector
shows norm_Pairl [simp]: norm (0,z) = norm x
and norm_Pair2 [simp]: norm (z,0) = norm x
by (auto simp: norm_Pair)

lemma norm_commute: norm (z,y) = norm (y,z)
by (simp add: norm_Pair)

lemma norm_fst_le: norm © < norm (z,y)
by (metis dist_fst_le fst_conv fst_zero norm_conv_dist)
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lemma norm_snd_le: norm y < norm (x,y)
by (metis dist_snd_le snd_conv snd_zero norm_conv_dist)

lemma norm_Pair_le:
shows norm (z, y) < norm x + norm y
unfolding norm_Pair
by (metis norm_ge_zero sqrt_sum_squares_le_sum,)

lemma (in vector_space_prod) span_Times_singl: p.span ({0} x B) = {0} x
vs2.span B
apply (rule p.span_unique)
subgoal by (auto intro!: vsl.span_base vs2.span_base)
subgoal using vs!.subspace_single_0 vs2.subspace_span by (rule subspace_Times)
subgoal for T
proof safe
fix b
assume subset_T: {0} x B C T and subspace: p.subspace T and b_span: b €
vs2.span B
then obtain ¢ r where b: b = (D> act. 7 a *b a) and ¢: finite t t C B
by (auto simp: vs2.span_ezplicit)
have (0, b) = (3 bet. scale (rb) (0, b))
unfolding b scale_prod sum_prod
by simp
also have ... € T
using (¢t C B) subset.T
by (auto introl: p.subspace_sum p.subspace_scale subspace)
finally show (0, b) € T .
qed
done

lemma (in vector_space_prod) span_Times_sing2: p.span (A x {0}) = vsl.span A
x {0}
apply (rule p.span_unique)
subgoal by (auto intro!: vsl.span_base vs2.span_base)
subgoal using vs!.subspace_span vs2.subspace_single_0 by (rule subspace-Times)
subgoal for T
proof safe
fix a
assume subset_.T: A x {0} C T and subspace: p.subspace T and a_span: a €
vsl.span A
then obtain ¢ » where a: a = (3 a€t. r a *xa o) and ¢: finite t t C A
by (auto simp: vsl.span_explicit)
have (a, 0) = (3" a€t. scale (1 a) (a, 0))
unfolding a scale_prod sum_prod
by simp
also have ... € T
using ¢ C A subset.T
by (auto introl: p.subspace_sum p.subspace_scale subspace)
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finally show (a, 0) € T .
qed
done

1.3.6 Product is Finite Dimensional

lemma (in finite_dimensional_vector_space) zero_not_in_Basis[simp|: 0 ¢ Basis
using dependent_zero local.independent_Basis by blast

locale finite_dimensional_vector_space_prod = vector_space_prod + finite_dimensional_vector_space_pair
begin

definition Basis_pair = Bl x {0} U {0} x B2

sublocale p: finite_dimensional_vector_space scale Basis_pair
proof unfold_locales
show finite Basis_pair
by (auto introl: finite_cartesian_product vs1.finite_Basis vs2.finite_Basis simp:
Basis_pair_def)
show p.independent Basis_pair
unfolding p.dependent_def Basis_pair_def
proof safe
fix a
assume a: a € B1
assume (a, 0) € p.span (B1 x {0} U {0} x B2 — {(a, 0)})
also have BI x {0} U {0} x B2 — {(a, 0)} = (BI — {a}) x {0} U {0} x
B2
by auto
finally show Fulse
using a vsi.dependent_def vsl.independent_Basis
by (auto simp: p.span_Un span_Times_singl span_Times_sing2)
next
fix b
assume b: b € B2
assume (0, b) € p.span (B1 x {0} U {0} x B2 — {(0, b)})
also have (B1 x {0} U {0} x B2 — {(0, b)}) = B1 x {0} U {0} x (B2 —
{v})
by auto
finally show Fulse
using b vs2.dependent_def vs2.independent_Basis
by (auto simp: p.span_Un span_Times_singl span_Times_sing2)
qed
show p.span Basis_pair = UNIV
by (auto simp: p.span_Un span_Times_sing2 span_Times_singl vsl.span_Basis
vs2.span_Basis
Basis_pair_def')
qed

proposition dim_Times:
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assumes vsl.subspace S vs2.subspace T
shows p.dim(S x T) = vsl.dim S + vs2.dim T
proof —
interpret p1: Vector_Spaces.linear s1 scale (A\z. (z, 0))
by unfold_locales (auto simp: scale_def)
interpret pairl: finite_dimensional_vector_space_pair (xa) Bl scale Basis_pair
by unfold_locales
interpret p2: Vector_Spaces.linear s2 scale (Az. (0, x))
by unfold_locales (auto simp: scale_def)
interpret pair2: finite_dimensional_vector_space_pair (xb) B2 scale Basis_pair
by unfold_locales
have ss: p.subspace ((A\z. (z, 0)) *S) p.subspace (Pair 0 ‘ T)
by (rule pI.subspace_image p2.subspace_image assms)+
have p.dim(S x T) = p.dim({u + v |uv. v € (A\z. (z, 0)) ‘S AN v € Pair 0 °
T})
by (simp add: Times_eq_image_sum)
moreover have p.dim ((\z. (z, 0::'c)) ©S) = vsl.dim S p.dim (Pair (0::'b) ¢
T) = wvs2.dim T
by (simp_all add: inj_on_def p1.linear_axioms pairl.dim_image_eq p2.linear_azioms
pair2.dim_image_eq)
moreover have p.dim ((Az. (z, 0)) S N Pair 0 ‘T) =0
by (subst p.dim_eq_0) auto
ultimately show ?thesis
using p.dim_sums_Int [OF ss] by linarith
qed

lemma dimension_pair: p.dimension = vsl.dimension + vs2.dimension
using dim_Times|OF vs1.subspace_.UNIV vs2.subspace_UNIV ]
by (auto simp: p.dimension_def vs1.dimension_def vs2.dimension_def)

end

end

1.4 Finite-Dimensional Inner Product Spaces

theory FEuclidean_Space

imports
L2_Norm
Inner_Product
Product_Vector

begin

1.4.1 Interlude: Some properties of real sets

lemma seq_mono_lemma:
assumes V (n:nat) > m. (dn :: real) < en
andVn>m.en<em
showsVn >m.dn <em
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using assms by force

1.4.2 Type class of Euclidean spaces

class euclidean_space = real_inner +
fixes Basis :: 'a set
assumes nonempty_Basis [simp|: Basis # {}
assumes finite_Basis [simp]: finite Basis
assumes nner_Basis:
[u € Basis; v € Basis] = inner v v = (if u = v then 1 else 0)
assumes euclidean_all_zero_iff :
(Vu€Basis. inner x u = 0) <— (z = 0)

syntax _type_dimension :: type = nat ((IDIM/(1'(_"))))
translations DIM ('a) = CONST card (CONST Basis :: 'a set)
typed_print_translation ¢
[(const_syntax (card),

fn ctat => fn - => fn [Const (const_syntax Basis), Type (type_-name (set),

[T])] =>
Syntaz.const syntax_const _type_dimension) $ Syntaz_Phases.term_of_typ

ctat T)]
)

lemma (in euclidean_space) norm_Basis[simp]: v € Basis = norm u = 1
unfolding norm_eq_sqrt_inner by (simp add: inner_Basis)

lemma (in euclidean_space) inner_same_Basis[simp]: u € Basis = inner u u =
1
by (simp add: inner_Basis)

lemma (in euclidean_space) inner_not_same_Basis: u € Basis = v € Basis =
u#v= inneruv =10
by (simp add: inner_Basis)

lemma (in euclidean_space) sgn_Basis: u € Basis = sgn u = u
unfolding sgn_div_norm by (simp add: scaleR_one)

lemma (in euclidean_space) Basis_zero [simp]: 0 ¢ Basis
proof
assume (0 € Basis thus Fulse
using inner_Basis [of 0 0] by simp
qed

lemma (in euclidean_space) nonzero_Basis: u € Basis = u # 0
by clarsimp

lemma (in euclidean_space) SOME_Basis: (SOME i. i € Basis) € Basis
by (metis ex_in_conv nonempty_Basis somel_ex)
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lemma norm_some_Basis [simp]: norm (SOME i. i € Basis) = 1
by (simp add: SOME_Basis)

lemma (in euclidean_space) inner_sum_left_Basis[simp]:
b € Basis = inner (D> i€Basis. fi *g i) b= fb
by (simp add: inner_sum_left inner_Basis if-distrib comm_monoid_add_class.sum.If-cases)

lemma (in euclidean_space) euclidean_eql:
assumes b: Ab. b € Basis = inner z b = inner y b shows z = y
proof —
from b have V b€ Basis. inner (x — y) b = 0
by (simp add: inner_diff_left)
then show z = y
by (simp add: euclidean_all_zero_iff)
qed

lemma (in euclidean_space) euclidean_eq_iff:
z =y <— (VbeBasis. inner x b = inner y b)
by (auto intro: euclidean_eql)

lemma (in euclidean_space) euclidean_representation_sum:
(3" i€Basis. fi xg i) = b +— (Vi€ Basis. fi = inner b i)
by (subst euclidean_eq_iff) simp

lemma (in euclidean_space) euclidean_representation_sum':
b= (> i€Basis. fi xg 1) +— (Vi€Basis. f i = inner b i)
by (auto simp add: euclidean_representation_sum[symmetric])

lemma (in euclidean_space) euclidean_representation: (> b€ Basis. inner x b *g
b) ==
unfolding cuclidean_representation_sum by simp

lemma (in euclidean_space) euclidean_inner: inner x y = (> b€ Basis. (inner z b)
x (inner y b))
by (subst (1 2) euclidean_representation [symmetric])
(simp add: inner_sum_right inner_Basis ac-simps)

lemma (in euclidean_space) choice_Basis_iff:
fixes P :: 'a = real = bool
shows (Vi€ Basis. 3z. P ixz) <— (Jz. Vi€Basis. P i (inner z i))
unfolding bchoice_iff
proof safe
fix f assume Vic€Basis. P i (f1)
then show Jz. Vi€Basis. P i (inner i)
by (auto introl: exI[of - > i€Basis. i *g i])
qed auto

lemma (in euclidean_space) bchoice_Basis_iff:
fixes P :: 'a = real = bool
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shows (Vi€Basis. 3x€A. Pix) +— (Jx. Vi€Basis. inner zi € A A P i (inner

by (simp add: choice_Basis_iff Bex_def)

lemma (in euclidean_space) euclidean_representation_sum_fun:
(Az. > bEBasis. inner (fz) bxg b) =f
by (rule ext) (simp add: euclidean_representation_sum,)

lemma euclidean-isCont:
assumes Ab. b € Basis = isCont (Az. (inner (fz) b) xg b) z
shows isCont f x
apply (subst euclidean_representation_sum_fun [symmetric])
apply (rule isCont_sum)
apply (blast intro: assms)
done

lemma DIM positive [simp]: 0 < DIM ('a::euclidean_space)
by (simp add: card_gt_0_iff)

lemma DIM_ge_SucO [simp]: Suc 0 < card Basis
by (meson DIM_positive Suc_lel)

lemma sum_inner_Basis_scaleR [simp):
fixes [ :: 'a::euclidean_space = 'b::real_vector
assumes b € Basis shows () i€ Basis. (inner i b) xg fi) = fb
by (simp add: comm_monoid_add_class.sum.remove [OF finite_Basis assms]
assms inner_not_same_Basis comm_monoid_add_class.sum.neutral)

lemma sum_inner_Basis_eq [simp]:
assumes b € Basis shows (Y i€Basis. (inner i b) =« fi) = fb
by (simp add: comm_monoid_add_class.sum.remove [OF finite_Basis assms]
assms inner_not_same_Basis comm_monoid_add_class.sum.neutral)

lemma sum_if inner [simp]:
assumes i € Basis j € Basis
shows inner (> k€Basis. if k = i then fi g i else g k xg k) j = (if j=1 then
fielse gj)
proof (cases i=j)
case True
with assms show %thesis
by (auto simp: inner_sum_left if-distrib [of Ax. inner z j] inner_Basis cong:
if-cong)
next
case Fulse
have (> k€Basis. inner (if k = i then fi xg i else gk *p k) j) =
(> keBasis. if k = j then g k else 0)
apply (rule sum.cong)
using Fualse assms by (auto simp: inner_Basis)
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also have ... = g j
using assms by auto
finally show ¢thesis
using False by (auto simp: inner_sum_left)
qed

lemma norm_le_componentwise:
(A\b. b € Basis = abs(inner z b) < abs(inner y b)) = norm z < norm y
by (auto simp: norm_le euclidean_inner [of z x] euclidean_inner [of y y| abs_le_square_iff
power2_eq_square introl: sum_mono)

lemma Basis_le_norm: b € Basis = |inner z b| < norm x
by (rule order_trans [OF Cauchy_Schwarz_ineq2]) simp

lemma norm_bound_Basis_le: b € Basis = norm z < e = |inner z b| < e
by (metis Basis_le_norm order_trans)

lemma norm_bound_Basis_lt: b € Basis => norm x < e => |inner z b| < e
by (metis Basis_le_norm le_less_trans)

lemma norm_le_l1: norm z < (>_ b€Basis. |inner z b|)
apply (subst euclidean_representation|[of z, symmetric])
apply (rule order_trans|OF norm_sum)])
apply (auto intro!: sum_mono)
done

lemma sum_norm_allsubsets_bound:
fixes f :: 'a = 'n::euclidean_space
assumes fP: finite P
and fPs: AQ. @ C P = norm (sum f Q) < e
shows (> zeP. norm (fz)) < 2 * real DIM('n) e
proof —
have (Y zeP. norm (fz)) < (3>, z€P. Y beBasis. |inner (f x) b|)
by (rule sum_mono) (rule norm_le_l1)
also have (> zeP. >  beBasis. |inner (f z) b|]) = (O b€Basis. > z€P. |inner
() B)
by (rule sum.swap)
also have ... < of-nat (card (Basis :: 'n set)) * (2 x e)
proof (rule sum_bounded_above)
fixi:'n
assume i: ¢ € Basis
have norm (> z€P. |inner (fz) i|) <
norm (inner (> xz€P N — {x. inner (fz) i < 0}. fx) i) + norm (inner
- zeP N {z. inner (fz) i < 0}. fz) i)
by (simp add: abs_real_def sum.If-cases|OF fP] sum_negf norm_triangle_ineq4
inner_sum_left
del: real_norm_def)
also have ... < e + ¢
unfolding real_norm_def
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by (intro add_mono norm_bound_Basis_le i fPs) auto
finally show (> z€P. |inner (f z) i|) < 2xe by simp
qed

also have ... = 2 x real DIM('n) x e by simp
finally show ?thesis .
qed

1.4.3 Subclass relationships

instance euclidean_space C perfect_space
proof
fix z :: 'a show — open {z}
proof
assume open {z}
then obtain e where 0 < eand e: Vy. dist yz < e — y==x
unfolding open_dist by fast
define y where y = z + scaleR (e/2) (SOME b. b € Basis)
have [simp]: (SOME b. b € Basis) € Basis
by (rule somel_ex) (auto simp: ex_in_conv)
from (0 < e) have y #
unfolding y_def by (auto intro!: nonzero_Basis)
from (0 < e> have dist yz < e
unfolding y_def by (simp add: dist_-norm)
from (y # 2 and «dist y x < e) show Fulse
using e by simp
qed
qed

1.4.4 Class instances

Type real
instantiation real :: euclidean_space

begin

definition
[simp]: Basis = {1::real}

instance
by standard auto

end

lemma DIM_real[simp]: DIM (real) = 1
by simp
Type complex

instantiation complex :: euclidean_space
begin


Euclidean{_}{\kern 0pt}Space.html

54

definition Basis_complex_def: Basis = {1, i}

instance
by standard (auto simp add: Basis_complez_def intro: complex_eql split: if_split_asm)

end

lemma DIM_complex[simp]: DIM (complex) = 2
unfolding Basis_complex_def by simp

lemma complex_Basis_1 [iff]: (1::complex) € Basis
by (simp add: Basis_complez_def)

lemma complex_Basis_i [iff]: 1 € Basis
by (simp add: Basis_complex_def)

Type 'a x b

instantiation prod :: (real_inner, real_inner) real_inner
begin

definition inner_prod_def:
inner x y = inner (fst z) (fst y) + inner (snd z) (snd y)

lemma inner_Pair [simp): inner (a, b) (¢, d) = inner a ¢ + inner b d
unfolding inner_prod_def by simp

instance
proof
fix r :: real
fix z y 2z :: ‘azreal_inner x 'b:real_inner
show inner x y = inner y z
unfolding inner_prod_def
by (simp add: inner_commute)
show inner (z + y) z = inner  z + inner y z
unfolding inner_prod_def
by (simp add: inner-add_left)
show inner (scaleR rz) y = r * inner z y
unfolding inner_prod_def
by (simp add: distrib_left)
show 0 < inner z x
unfolding inner_prod_def
by (intro add_nonneg_nonneg inner_ge_zero)
show innerzz =0 +— z =0
unfolding inner_prod_def prod_eq_iff
by (simp add: add_-nonneg_eq_0-iff)
show norm z = sqrt (inner z x)
unfolding norm_prod_def inner_prod_def
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by (simp add: power2_norm_eq_inner)
qed

end

lemma inner_Pair_0: inner x (0, b) = inner (snd z) b inner x (a, 0) = inner (fst
z) a
by (cases x, simp)+

instantiation prod :: (euclidean_space, euclidean_space) euclidean_space
begin

definition
Basis = (Au. (u, 0)) ¢ Basis U (Av. (0, v)) ¢ Basis

lemma sum_Basis_prod_eq:
fixes f::(ax'b)=('ax’b)
shows sum f Basis = sum (\i. f (i, 0)) Basis + sum (Ai. f (0, i)) Basis
proof —
have inj_on (Au. (u::'a, 0::'b)) Basis inj_on (Au. (0::'a, u::'b)) Basis
by (auto intro!: inj_onl Pair_inject)
thus ?thesis
unfolding Basis_prod_def
by (subst sum.union_disjoint) (auto simp: Basis_prod_def sum.reindezx)
qed

instance proof
show (Basis :: ('a x 'b) set) # {}
unfolding Basis_prod_def by simp
next
show finite (Basis :: (‘a x 'b) set)
unfolding Basis_prod_def by simp
next
fixuv:'ax'b
assume u € Basis and v € Basis
thus inner v v = (if u = v then 1 else 0)
unfolding Basis_prod_def inner_prod_def
by (auto simp add: inner_Basis split: if_split_asm)
next
fixz:'ax'b
show (Vu€Basis. inner xu = 0) <— z = 0
unfolding Basis_prod_def ball_Un ball_simps
by (simp add: inner_prod_def prod_eq_iff euclidean_all_zero_iff)
qed

lemma DIM prod[simp]: DIM ('a x 'b) = DIM('a) + DIM ('D)

unfolding Basis_prod_def

by (subst card_Un_disjoint) (auto intro!: card_image arg-cong2[where f=(+)]
inj_onl)
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end

1.4.5 Locale instances

lemma finite_dimensional_vector_space_euclidean:
finite_dimensional_vector_space (xgr) Basis
proof unfold_locales
show finite (Basis::'a set) by (metis finite_Basis)
show real_vector.independent (Basis::'a set)
unfolding dependent_def dependent_raw_def [symmetric]
apply (subst span_finite)
apply simp
apply clarify
apply (drule_tac f=inner a in arg_cong)
apply (simp add: inner_Basis inner_sum_right eq_commute)
done
show module.span (xr) Basis = UNIV
unfolding span_finite [OF finite_Basis] span_raw_def [symmetric]
by (auto introl: euclidean_representation|symmetric])
qed

interpretation eucl?: finite_dimensional_vector_space scaleR :: real => 'a =>
'a::euclidean_space Basis
rewrites module.dependent (xg) = dependent
and module.representation (xg) = representation
and module.subspace (xg) = subspace
and module.span (xg) = span
and vector_space.extend_basis (xg) = extend_basis
and vector_space.dim (xr) = dim
and Vector_Spaces.linear (xg) (xr) = linear
and Vector_Spaces.linear (x) (xg) = linear
and finite_dimensional_vector_space.dimension Basis = DIM ('a)
and dimension = DIM ('a)
by (auto simp add: dependent_raw_def representation_raw_def
subspace_raw_def span_raw_def extend_basis_raw_def dim_raw_def linear_def
real_scaleR_def[abs_def]
finite_dimensional_vector_space.dimension_def
intro!: finite_dimensional_vector_space.dimension_def
finite_dimensional_vector_space_euclidean)

interpretation cucl?: finite_dimensional_vector_space_pair_1
scaleR::real="a::euclidean_space="a Basis
scaleR::real="b::real_vector = 'b
by unfold_locales

interpretation eucl?: finite_dimensional_vector_space_prod scaleR scaleR Basis Basis
rewrites Basis_pair = Basis
and module_prod.scale (xgr) (xr) = (scaleR::_=_=('a x 'b))
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proof —
show finite_dimensional_vector_space_prod (xr) (xr) Basis Basis
by unfold_locales
interpret finite_dimensional_vector_space_prod (xg) (¥r) Basis::’a set Basis::'b
set
by fact
show Basis_pair = Basis
unfolding Basis_pair_def Basis_prod_def by auto
show module_prod.scale (xg) (xg) = scaleR
by (fact module_prod_scale_eq_scaleR)
qed

end

1.5 Elementary Linear Algebra on Euclidean Spaces

theory Linear_Algebra
imports

Euclidean_Space

HOL— Library. Infinite_Set
begin

lemma linear_simps:
assumes bounded_linear f

shows
fla+b)=fa+fb
fla=b)=fa—-fb
fo=20
f(=a)=—"fa
f (s *r v) = s x5 (fv)
proof —

interpret f: bounded_linear f by fact
show f (a + b) = fa + fb by (rule f.add)

show f (a — b) = fa — fb by (rule f.diff)

show f 0 = 0 by (rule f.zero)

show f (— a) = — fa by (rule f.neg)

show f (s *xgr v) = s xg (fv) by (rule f.scale)
qed

lemma finite_Atleast_Atmost_nat[simp]: finite {f z |x. © € (UNIV:: a::finite set)}
using finite finite_image_set by blast

lemma substdbasis_expansion_unique:
includes inner_syntax
assumes d: d C Basis
shows (> i€d. fi xp i) = (z::'a::euclidean_space) «—
(Vi€Basis. (i€ed —fi=z-i)AN(i¢d—2-i=0))
proof —
have x: Az a b P. z x (if P then a else b) = (if P then z x a else z = b)
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by auto
have xx: finite d
by (auto intro: finite_subset[OF assms))
have xxx: A\i. i € Basis = (>_i€d. fi xg i) -1 = (D z€d. ifx = ithen fz
else 0)
using d
by (auto intro!: sum.cong simp: inner_Basis inner_sum_left)
show ?thesis
unfolding euclidean_eq_iff [ where ‘a='a] by (auto simp: sum.delta|OF x|
kK )
qed

lemma independent_substdbasis: d C Basis = independent d
by (rule independent_mono[OF independent_Basis])

lemma subset_translation_eq [simp]:
fixes a :: 'ai:real_vector shows (+) a ‘s C (+) a ‘t +— s Ct
by auto

lemma translate_inj_on:
fixes A :: 'a::ab_group_add set
shows inj_on (A\z. a + z) A
unfolding inj_on_def by auto

lemma translation_assoc:
fixes a b :: 'a::ab_group_add
shows (Az. b+ z) ‘(Az.a+2z) ‘S)=(Az. (a+b)+z) ‘S
by auto

lemma translation_invert:
fixes a :: 'a::ab_group_add
assumes (M\z. a + z) ‘A= (A\z.a+2z) ‘B
shows A = B
proof —
have (Az. —a + z) ‘(Az. a +z) ‘A) = (Az. —a+ ) ‘(A\z. a + 2) ‘ B)
using assms by auto
then show ?thesis
using translation_assoc[of —a a A] translation_assoc[of —a a B] by auto
qed

lemma translation_galois:
fixes a :: 'a::ab_group_add
shows T = ((Az. a + z) ‘S)+— S=(Az. (—a)+2z) ‘T
using translation_assoc[of —a a S|
apply auto
using translation_assoc[of a —a T]
apply auto
done
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lemma translation_inverse_subset:
assumes ((Az. — a + ) ‘ V) < (S == 'ni:ab_group_add set)
shows V < ((Az. a + ) °S5)
proof —
{
fix z
assume z € V
then have x—a € § using assms by auto
then have z € {a + v |v. v € S}
apply auto
apply (rule exI[of - z—a], simp)
done
then have z € ((Az. a+z) ¢ S) by auto
}
then show ?thesis by auto
qed

1.5.1 More interesting properties of the norm

unbundle inner_syntaz

Equality of vectors in terms of (-) products.

lemma linear_componentwise:
fixes f:: ‘a::euclidean_space = 'b::real_inner
assumes If: linear f
shows (fz) - j = (3] i€Basis. (z-i) * (fi-7)) (is ?lhs = ?rhs)
proof —
interpret linear f by fact
have ?rhs = (> i€Basis. (z+i) *xg (f1))j
by (simp add: inner_sum_left)
then show ?thesis
by (simp add: euclidean_representation sum|[symmetric] scale[symmetric])
qged

lemma vector_eq: t = y<+— T - =T - YAy -y=2-2x
(is ?lhs <— ?rhs)
proof
assume ?lhs
then show ?rhs by simp
next
assume ?rhs
thenhavez -z —z-y=0ANz-y—y-y=20
by simp
thenhavez - (z —y)=0Ay-(z —y) =10
by (simp add: inner_diff inner_commute)
then have (z — y) - (z — y) = 0
by (simp add: field_simps inner_diff inner_commute)
then show z = y by simp
qed
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lemma norm_triangle_half_r:
norm (y —zl) <e/ 2= norm (y — 22) < e / 2 = norm (z1 — 22) < e
using dist_triangle_half-r unfolding dist_norm[symmetric] by auto

lemma norm_triangle_half_l:
assumes norm (x — y) < e / 2
and norm (z' —y) < e/ 2
shows norm (z — z') < e
using dist_triangle_half-l|OF assms|unfolded dist_norm[symmetric]]]
unfolding dist_norm[symmetric] .

lemma abs_triangle_half-r:
fixes y :: 'a::linordered_field
shows abs (y —z1) < e/ 2= abs (y —22) < e/ 2= abs (z1 —a2)<e
by linarith

lemma abs_triangle_half
fixes y :: 'a::linordered_field
assumes abs (z —y) < e/ 2
and abs (z' —y)<e/ 2
shows abs (z — z') < e
using assms by linarith

lemma sum_clauses:
shows sum f {} = 0
and finite S = sum f (insert x S) = (if ¢ € S then sum f S else fx + sum f
S)
by (auto simp add: insert_absord)

lemma vector_eq_ldot: Vz. z -y =2 -2)+— y =2
proof

assume V. z -y =1 - 2

then have Vz.z - (y — 2) =0

by (simp add: inner_diff')

then have (y — 2) - (y — 2) =0 ..

then show y = 2z by simp
qed simp

lemma vector_eq_rdot: Vz. z 2=y -2)+— =1y

proof
assume Vz.z -2 =1y + 2
then have Vz. (z — y) - 2

by (simp add: inner_diff )

then have (z — y) - (z — y) =0 ..
then show z = y by simp

qed simp

=0
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1.5.2 Substandard Basis

lemma ex_card:
assumes n < card A
shows 35CA. card S = n
proof (cases finite A)
case True
from ex_bij_betw_nat_finite| OF this] obtain f where f: bij_betw f {0..<card A}
A ..
moreover from f (,n < card A have {..< n} C {..< card A} injon f {..< n}
by (auto simp: bij_betw_def intro: subset_inj_on)
ultimately have f ‘ {.< n} C A card (f ‘{.< n}) =n
by (auto simp: bij_betw_def card_image)
then show ?thesis by blast
next
case Fulse
with (n < card A show ?thesis by force
qed

lemma subspace_substandard: subspace {x::'a::euclidean_space. (¥ i€ Basis. P i —
z-i = 0)}
by (auto simp: subspace_def inner_add_left)

lemma dim_substandard:
assumes d: d C Basis
shows dim {z::'a::euclidean_space. Vi€ Basis. i ¢ d — z+i = 0} = card d (is
dim 7A = )
proof (rule dim_unique)
from d show d C 24
by (auto simp: inner_Basis)
from d show independent d
by (rule independent_mono [OF independent_Basis))
have z € span d if Vi€Basis. i ¢ d — x - i = 0 for z
proof —
have finite d
by (rule finite_subset [OF d finite_Basis])
then have (> ied. (z - i) *g i) € span d
by (simp add: span_sum span_clauses)
also have (}_i€d. (z - i) *xg i) = (> i€Basis. (z - i) *R 1)
by (rule sum.mono_neutral_cong_left [OF finite_Basis d]) (auto simp: that)
finally show z € span d
by (simp only: euclidean_representation)
qed
then show ?A C span d by auto
qed simp

1.5.3 Orthogonality

definition (in real_inner) orthogonal zy <— = - y = 0
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context real_inner
begin

lemma orthogonal_self: orthogonal x x +— x = 0
by (simp add: orthogonal_def)

lemma orthogonal_clauses:
orthogonal a 0
orthogonal a © = orthogonal a (¢ *gp )
orthogonal a © = orthogonal a (— x)
orthogonal a © = orthogonal a y => orthogonal a (x + y)
orthogonal a © = orthogonal a y = orthogonal a (x — y)
orthogonal 0 a
orthogonal ¥ a = orthogonal (¢ *g =) a
orthogonal x a = orthogonal (— z) a
orthogonal x a = orthogonal y a = orthogonal (x + y) a
orthogonal x a = orthogonal y a = orthogonal (x — y) a
unfolding orthogonal_def inner_add inner_diff by auto

end

lemma orthogonal_commute: orthogonal  y <— orthogonal y x
by (simp add: orthogonal_def inner_commute)

lemma orthogonal_scaleR [simp]: ¢ # 0 = orthogonal (¢ xr x) = orthogonal
by (rule ext) (simp add: orthogonal_def)

lemma pairwise_ortho_scaleR:
pairwise (i j. orthogonal (f i) (gj)) B
= pairwise (\i j. orthogonal (a i *xg fi) (aj *r gj)) B
by (auto simp: pairwise_def orthogonal_clauses)

lemma orthogonal_rvsum:
[finite s; Ny. y € s = orthogonal x (f y)] = orthogonal x (sum f s)
by (induction s rule: finite_induct) (auto simp: orthogonal_clauses)

lemma orthogonal_lvsum:
[finite s; Nz. © € s = orthogonal (f ) y] = orthogonal (sum fs) y
by (induction s rule: finite_induct) (auto simp: orthogonal_clauses)

lemma norm_add_Pythagorean:
assumes orthogonal a b
shows norm(a + b) "2 =norma ~ 2 + norm b " 2
proof —
from assms have (¢ — (0 — b)) - (a — (0 — b)) =a-a— (0 —b-D)
by (simp add: algebra_simps orthogonal_def inner_commute)
then show ?thesis
by (simp add: power2_norm_eq_inner)
qed
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lemma norm_sum_Pythagorean:
assumes finite I pairwise (Ai j. orthogonal (f i)
shows (norm (sum f1))? = (> i€l. (norm (f
using assms
proof (induction I rule: finite_induct)
case empty then show ?case by simp
next
case (insert z I)
then have orthogonal (f z) (sum fI)
by (metis pairwise_insert orthogonal_rvsum)
with insert show ?case
by (simp add: pairwise_insert norm_add_Pythagorean)
qed

()1
i))?)

1.5.4 Orthogonality of a transformation

definition orthogonal_transformation f <— linear f A Vv w. fv - fw =v - w)

lemma orthogonal_transformation:
orthogonal_transformation f <— linear f A (Y v. norm (f v) = norm v)
unfolding orthogonal_transformation_def
apply auto
apply (erule_tac z=v in allE)+
apply (simp add: norm_eq_sqrt_inner)
apply (simp add: dot_norm linear_add[symmetric))
done

lemma orthogonal_transformation_id [simp]: orthogonal_transformation (Ax. z)
by (simp add: linear_iff orthogonal_transformation_def)

lemma orthogonal_orthogonal_transformation:
orthogonal_transformation f = orthogonal (f ) (f y) +— orthogonal = y
by (simp add: orthogonal_def orthogonal_transformation_def)

lemma orthogonal_transformation_compose:
[orthogonal_transformation f; orthogonal_transformation g] = orthogonal_transformation(f

° g)
by (auto simp: orthogonal_transformation_def linear_compose)

lemma orthogonal_transformation_neg:
orthogonal_transformation(Az. —(f z)) <— orthogonal_transformation f
by (auto simp: orthogonal_transformation_def dest: linear_compose_neg)

lemma orthogonal_transformation_scaleR: orthogonal_transformation f = f (c
*p V) = ¢ xg fu

by (simp add: linear_iff orthogonal_transformation_def)

lemma orthogonal_transformation_linear:
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orthogonal_transformation f = linear f
by (simp add: orthogonal_transformation_def)

lemma orthogonal_transformation_ing:
orthogonal_transformation f = inj f
unfolding orthogonal_transformation_def inj_on_def
by (metis vector_eq)

lemma orthogonal_transformation_surj:

orthogonal_transformation f = surj f

for f :: 'azeuclidean_space = 'a::euclidean_space

by (simp add: linear_injective_imp_surjective orthogonal_transformation_inj or-
thogonal_transformation_linear)

lemma orthogonal_transformation_bij:

orthogonal_transformation f = bij f

for f :: 'a::euclidean_space = 'a::euclidean_space

by (simp add: bij_def orthogonal_transformation_inj orthogonal_transformation_suryj)

lemma orthogonal_transformation_inv:

orthogonal_transformation f = orthogonal_transformation (inv f)

for [ :: 'a::euclidean_space = 'a::euclidean_space

by (metis (no_types, hide_lams) bijection.inv_right bijection_def inj_linear_imp_inv_linear
orthogonal_transformation orthogonal_transformation_bij orthogonal_transformation_inj)

lemma orthogonal_transformation_norm:
orthogonal_transformation f = norm (f ) = norm z
by (metis orthogonal_transformation)

1.5.5 Bilinear functions

definition
bilinear :: ('a:real_vector = 'b:real_vector = 'c::real_vector) = bool where
bilinear f «— (Y x. linear (Ay. fz y)) AN Vy. linear (Az. fz y))

lemma bilinear_ladd: bilinear h = h (x + y) z=hzz+ hyz
by (simp add: bilinear_def linear_iff)

lemma bilinear_radd: bilinear h = hz (y + 2z) =hzy + hzz
by (simp add: bilinear_def linear_iff)

lemma bilinear_times:
fixes c::’a::real_algebra shows bilinear (Az y::'a. xxy)

by (auto simp: bilinear_def distrib_left distrib_right intro!: linearl)

lemma bilinear_lmul: bilinear h = h (¢ *xg ©) y = c*r hz y
by (simp add: bilinear_def linear_iff)

lemma bilinear_rmul: bilinear h = hz (¢ xg y) = c*xg hzy
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by (simp add: bilinear_def linear_iff)

lemma bilinear_lneg: bilinear h = h (— z) y = — hzxy
by (drule bilinear_lmul [of - — 1]) simp

lemma bilinear_rneg: bilinear h = hz (—y) = —hzy
by (drule bilinear_rmul [of - - — 1]) simp

lemma (in ab_group-add) eqadd_iff: z =z + y +— y =0
using add_left_imp_eq[of = y 0] by auto

lemma bilinear_lzero:
assumes bilinear h
shows h 0z = 0
using bilinear_ladd [OF assms, of 0 0 x] by (simp add: eq_add_iff field_simps)

lemma bilinear_rzero:
assumes bilinear h
shows hz 0 = 0
using bilinear_radd [OF assms, of x 0 0 | by (simp add: eq-add_iff field_simps)

lemma bilinear_lsub: bilinear h = h (x — y) 2 =hxz — hyz
using bilinear_ladd [of h x — y] by (simp add: bilinear_lneg)

lemma bilinear_rsub: bilinear h = h z (x —y) =hzz —hzy
using bilinear_radd [of h -z — y] by (simp add: bilinear_rneg)

lemma bilinear_sum:
assumes bilinear h
shows h (sum fS) (sum g T) = sum (A(4,7). b (fi) (g4)) (S x T)
proof —
interpret I: linear Az. h z y for y using assms by (simp add: bilinear_def)
interpret r: linear A\y. h = y for = using assms by (simp add: bilinear_def)
have h (sum fS) (sum g T) = sum (Az. h (fz) (sum g T)) S
by (simp add: l.sum)
also have ... = sum (Az. sum (A\y. b (fz) (gy)) T) S
by (rule sum.cong) (simp_all add: r.sum)
finally show ?thesis
unfolding sum.cartesian_product .
qed

1.5.6 Adjoints

definition adjoint :: ((‘a::real_inner) = ('b:real_inner)) = 'b = 'a where
adjoint f = (SOME f'.Vxy. fz-y=z-f'"y)

lemma adjoint_unique:
assumes Vz y. inner (fz) y = inner z (g y)
shows adjoint f = g
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unfolding adjoint_def
proof (rule some_equality)
show Vz y. inner (fz) y = inner z (g y)
by (rule assms)
next
fix h
assume Yz y. inner (fz) y = inner x (h y)
then have Vz y. inner z (g y) = inner z (h y)
using assms by simp
then have Vz y. innerz (gy — hy) =0
by (simp add: inner_diff-right)
then have Vy. inner (gy — hy) (9y —hy) =20

by simp
then have Vy. hy =gy
by simp
then show h = g by (simp add: ext)
qged

TODO: The following lemmas about adjoints should hold for any Hilbert
space (i.e. complete inner product space). (see https://en.wikipedia.org/
wiki/Hermitian_adjoint)

lemma adjoint_works:
fixes f :: 'n::euclidean_space = 'm::euclidean_space
assumes [f: linear f
shows z - adjoint fy = fxz -y
proof —
interpret linear f by fact
haveVy. dw. Vz. fz -y=2 - w
proof (intro alll exl)
fix y :: 'm and =z
let 2w = (> i€Basis. (fi-y) *g i) = 'n
have fz -y = f (D i€Basis. (z - i) xg i) - y
by (simp add: euclidean_representation)
also have ... = (> i€Basis. (x - i) g fi) -y
by (simp add: sum scale)
finally show fz -y =z - 2w
by (simp add: inner_sum_left inner_sum_right mult.commute)
qed
then show ?thesis
unfolding adjoint_def choice_iff
by (intro somel2_ex[where Q=\f". z - f'y = fz - y]) auto
qed

lemma adjoint_clauses:
fixes [ :: 'n:euclidean_space = 'm::euclidean_space
assumes [f: linear f
shows z - adjoint fy =fxz -y
and adjoint fy -z =y - fz
by (simp_all add: adjoint_works[OF If] inner_commute)
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lemma adjoint_linear:
fixes [ :: 'n::euclidean_space = 'm::euclidean_space
assumes If: linear f
shows linear (adjoint f)
by (simp add: If linear_iff euclidean_eq_iff [where 'a='n] euclidean_eq_iff [where
'a="m]
adjoint_clauses|OF If] inner_distrib)

lemma adjoint_adjoint:
fixes [ :: 'n::euclidean_space = 'm::euclidean_space
assumes If: linear f
shows adjoint (adjoint f) = f
by (rule adjoint_unique, simp add: adjoint_clauses [OF' If])

1.5.7 Euclidean Spaces as Typeclass

lemma independent_Basis: independent Basis
by (rule independent_Basis)

lemma span_Basis [simp]: span Basis = UNIV
by (rule span_Basis)

lemma in_span_Basis: © € span Basis
unfolding span_Basis ..

1.5.8 Linearity and Bilinearity continued

lemma linear_bounded:
fixes [ :: ’a::euclidean_space = 'b::real_normed_vector
assumes If: linear f
shows 3B. Vz. norm (fz) < B * norm «
proof
interpret linear f by fact
let ?B = Y beBasis. norm (f b)
show Vz. norm (fz) < ?B * norm x
proof
fix z::'a
let g = Ab. (z - b) xg fb
have norm (f ) = norm (f (3_ b€Basis. (z + b) *g b))
unfolding euclidean_representation ..
also have ... = norm (sum ?gq Basis)
by (simp add: sum scale)
finally have th0: norm (f x) = norm (sum ?g Basis) .
have th: norm (%9 i) < norm (f i) * norm z if i € Basis for i
proof —
from Basis_le_norm[OF that, of x]
show norm (29 i) < norm (f i) * norm x
unfolding norm_scaleR by (metis mult.commute mult_left_mono norm_ge_zero)
qged
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from sum_norm_le[of _ ?g, OF th]
show norm (fz) < ¢B * norm z
unfolding th0 sum_distrib_right by metis
qed
qed

lemma linear_conv_bounded_linear:
fixes [ :: 'a::euclidean_space = 'b::real_normed_vector
shows linear f <— bounded_linear f
proof
assume linear f
then interpret f: linear f .
show bounded_linear f
proof
have 3B. Vz. norm (fz) < B * norm x
using inear ) by (rule linear_bounded)
then show 3 K. Vz. norm (fz) < norm z x K
by (simp add: mult.commute)
qed
next
assume bounded_linear f
then interpret f: bounded_linear f .
show linear f ..
qed

lemmas linear_linear = linear_conv_bounded_linear|symmetric]

lemma inj_linear_imp_inv_bounded_linear:
fixes f::'a::euclidean_space = 'a
shows [bounded_linear f; inj f] = bounded_linear (inv f)
by (simp add: inj_linear_imp_inv_linear linear_linear)

lemma linear_bounded_pos:
fixes [ :: 'a::euclidean_space = 'b::real_normed_vector
assumes [f: linear f
obtains B where B > 0 Az. norm (fz) < B % norm z
proof —
have 3B > 0. Vz. norm (fz) < norm z x B
using [f unfolding linear_conv_bounded_linear
by (rule bounded_linear.pos_bounded)
with that show ?thesis
by (auto simp: mult.commute)
qed

lemma linear_invertible_bounded_below_pos:
fixes f :: 'a::real_normed_vector = 'b::euclidean_space
assumes linear f linear g g o f = id
obtains B where B > 0 Az. B * norm z < norm(f z)
proof —
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obtain B where B > 0 and B: Az. norm (g z) < B % norm x
using linear_bounded_pos [OF inear ¢)] by blast
show thesis
proof
show 0 < 1/B
by (simp add: (B > 0))
show 1/B * norm z < norm (f z) for z
proof —
have 1/B % norm z = 1/B % norm (g (f z))
using assms by (simp add: pointfree_idE)
also have ... < norm (f )
using B [of f z] by (simp add: (B > () mult.commute pos_divide_le_eq)
finally show ?thesis .
qged
qed
qed

lemma linear_inj_bounded_below_pos:
fixes [ :: 'a::real_normed_vector = 'b::euclidean_space
assumes linear f inj f
obtains B where B > 0 Az. B x norm z < norm(f z)
using linear_injective_left_inverse [OF assms]
linear_invertible_bounded_below_pos assms by blast

lemma bounded_linearl ":
fixes f ::'a::euclidean_space = 'b::real_normed_vector
assumes Az y. f (z+y)=fax+ fy
and Acz. f (c*g z) = c*g fx
shows bounded_linear f
using assms linearl linear_conv_bounded_linear by blast

lemma bilinear_bounded:
fixes h :: 'm:euclidean_space = 'n::euclidean_space = 'k::real_normed_vector
assumes bh: bilinear h
shows 3B. Vz y. norm (hzy) < B x norm x * norm y
proof (clarify introl: exI[of - Y i€Basis. > j€Basis. norm (h i j)])
fix z :: 'm
fixy:'n
have norm (h z y) = norm (h (sum (Xi. (z - i) *g i) Basis) (sum (Ai. (y - i)
*g 1) Basis))
by (simp add: euclidean_representation)
also have ... = norm (sum (X (i,5). h ((z + i) *r 1) ((y - j) *r J)) (Basis X
Basis))
unfolding bilinear_sum[OF bh] ..
finally have th: norm (hxy) = ... .
have A\ij. [i € Basis; j € Basis]
= |z« i| * (ly - j| * norm (hij)) < norm z * (norm y * norm (h i j))
by (auto simp add: zero_le_mult_iff Basis_le_norm mult_mono)
then show norm (h z y) < (3. i€Basis. > j€Basis. norm (h i j)) * norm x x*
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norm y
unfolding sum_distrib_right th sum.cartesian_product
by (clarsimp simp add: bilinear_rmul[OF bh] bilinear_lmul[OF bh]
field_simps simp del: scaleR_scaleR intro!: sum_norm_le)
qed

lemma bilinear_conv_bounded_bilinear:
fixes h :: 'a::euclidean_space = 'b::euclidean_space = 'c::real_normed_vector
shows bilinear h «— bounded_bilinear h
proof
assume bilinear h
show bounded_bilinear h
proof
fixzyz
show h (z +y)z=hzz+hyz
using (bilinear h) unfolding bilinear_def linear_iff by simp
next
fix zyz
show hz (y+z2)=hzy+ hzz
using (bilinear h) unfolding bilinear_def linear_iff by simp
next
show h (scaleR r z) y = scaleR r (h x y) h x (scaleR r y) = scaleR r (h z y)
for rzy
using (bilinear h) unfolding bilinear_def linear_iff
by simp_all
next
have 3B. Vz y. norm (hxy) < B % norm & * norm y
using <bilinear h) by (rule bilinear_bounded)
then show 3 K. Vz y. norm (hzy) < norm x * normy x K
by (simp add: ac_simps)
qed
next
assume bounded_bilinear h
then interpret h: bounded_bilinear h .
show bilinear h
unfolding bilinear_def linear_conv_bounded_linear
using h.bounded_linear_left h.bounded_linear_right by simp
qed

lemma bilinear_bounded_pos:
fixes h :: 'a::euclidean_space = 'b::euclidean_space = 'c::real_normed_vector
assumes bh: bilinear h
shows 3B > 0. Vz y. norm (hzy) < B % norm z * norm y
proof —
have 3B > 0. Vz y. norm (hzy) < norm x * norm y * B
using bh [unfolded bilinear_conv_bounded_bilinear]
by (rule bounded_bilinear.pos_bounded)
then show ?thesis
by (simp only: ac_simps)
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qged

lemma bounded_linear_imp_has_derivative: bounded_linear f = (f has_derivative
f) net
by (auto simp add: has_derivative_def linear_diff linear_linear linear_def
dest: bounded_linear.linear)

lemma linear_imp_has_derivative:
fixes f :: ’a::euclidean_space = 'b::real_normed_vector
shows linear f = (f has_derivative f) net
by (simp add: bounded_linear_imp_has_derivative linear_conv_bounded_linear)

lemma bounded_linear_imp_differentiable: bounded_linear f = f differentiable net
using bounded_linear_imp_has_derivative differentiable_def by blast

lemma linear_imp_differentiable:
fixes [ :: ’a::euclidean_space = 'b::real_normed_vector
shows linear f = f differentiable net
by (metis linear_imp_has_derivative differentiable_def)

1.5.9 We continue

lemma independent_bound:
fixes S :: 'a::euclidean_space set
shows independent S = finite S A card S < DIM('a)
by (metis dim_subset_UNIV finitel_independent dim_span_eq_card_independent)

lemmas independent_imp_finite = finitel_independent

corollary independent_card_le:
fixes S :: 'a::euclidean_space set
assumes independent S
shows card S < DIM('a)
using assms independent_bound by auto

lemma dependent_biggerset:
fixes S :: 'a::euclidean_space set
shows (finite S = card S > DIM('a)) = dependent S
by (metis independent_bound not_less)

Picking an orthogonal replacement for a spanning set.

lemma vector_sub_project_orthogonal:
fixes b z :: 'a::euclidean_space
shows b - (z — ((b-2)/ (b-b)) *xg b) =20
unfolding inner_simps by auto

lemma pairwise_orthogonal_insert:
assumes pairwise orthogonal S
and A\y. y € S = orthogonal z y
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shows pairwise orthogonal (insert « S)
using assms unfolding pairwise_def
by (auto simp add: orthogonal_commute)

lemma basis_orthogonal:
fixes B :: 'a::real_inner set
assumes fB: finite B
shows 3 C'. finite C N card C < card B N span C = span B A pairwise orthogonal
C
(is 3C. ?P B ()
using fB
proof (induct rule: finite_induct)
case empty
then show ?case
apply (rule exI[where z={}])
apply (auto simp add: pairwise_def)
done
next
case (insert a B)
note fB = (finite B> and aB = (a ¢ B
from dC. finite C A card C < card B N\ span C = span B N\ pairwise orthogonal
o)
obtain C where C': finite C card C < card B
span C' = span B pairwise orthogonal C' by blast
let a = a — sum (A\z. (z - a / (z-2)) *xgx) C
let ?C' = insert ?a C
from C(1) have fC: finite 2C
by simp
from fB aB C(1,2) have cC: card ?C < card (insert a B)
by (simp add: card_insert_if)
{
fix z k
have th0: A(a::’a) be.a — (b —c¢)=c+ (a — b)
by (simp add: field_simps)
have z — k g (a — (O zeC. (x - a / (z - x)) *g T)) € span C +— x — k
xp a € span C
apply (simp only: scaleR_right_diff-distrib th0)
apply (rule span_add_eq)
apply (rule span_scale)
apply (rule span_sum)
apply (rule span_scale)
apply (rule span_base)
apply assumption
done

then have SC: span ?C = span (insert a B)
unfolding set_eq_iff span_breakdown_eq C(3)[symmetric] by auto

{

fix y
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assume yC: y € C
then have Cy: C = insert y (C — {y})
by blast
have fth: finite (C — {y})
using C by simp
have orthogonal %a y
unfolding orthogonal_def
unfolding inner_diff inner_sum_left right_minus_eq
unfolding sum.remove [OF «(finite C) «y € O]
apply (clarsimp simp add: inner_commute|of y a])
apply (rule sum.neutral)
apply clarsimp
apply (rule C(4)[unfolded pairwise_def orthogonal_def, rule_format])
using (y € C) by auto
}
with (pairwise orthogonal C) have CPO: pairwise orthogonal ?C
by (rule pairwise_orthogonal_insert)
from fC ¢C SC CPO have ?P (insert a B) ?C
by blast
then show ?Zcase by blast
qed

lemma orthogonal_basis_exists:
fixes V :: (‘a::euclidean_space) set
shows 3 B. independent B A B C span V NV C span B A
(card B = dim V') A pairwise orthogonal B
proof —
from basis_exists[of V] obtain B where
B: B C Vindependent BV C span B card B = dim V
by force
from B have fB: finite B card B = dim V
using independent_bound by auto
from basis_orthogonal[OF fB(1)] obtain C' where
C: finite C card C < card B span C = span B pairwise orthogonal C
by blast
from C B have CSV: C C span V
by (metis span_superset span-mono subset_trans)
from span_mono[OF B(8)] C have SVC: span V C span C
by (simp add: span_span)
from card_le_dim_spanning[OF CSV SVC C(1)] C(2,3) /B
have iC: independent C
by (simp)
from C fB have card C < dim V
by simp
moreover have dim V < card C
using span_card_ge_dim[OF CSV SVC C(1)]
by simp
ultimately have CdV: card C = dim V
using C(1) by simp
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from C B CSV CdV iC show ?thesis
by auto
qed

Low-dimensional subset is in a hyperplane (weak orthogonal complement).

lemma span_not_univ_orthogonal:
fixes S :: 'a::euclidean_space set
assumes sU: span S # UNIV
shows Ja::'a. a # 0 N (Vz € span S. a - x = 0)
proof —
from sU obtain a where a: a ¢ span S
by blast
from orthogonal_basis_exists obtain B where
B: independent B B C span S S C span B
card B = dim S pairwise orthogonal B
by blast
from B have fB: finite B card B = dim S
using independent_bound by auto
from span_mono[OF B(2)] span-mono[OF B(3)]
have sSB: span S = span B
by (simp add: span_span)
let 2a = a — sum (Ab. (a - b/ (b-b)) xgr b) B
have sum (Ab. (a - b/ (b b)) xg b) B € span S
unfolding sSB
apply (rule span_sum)
apply (rule span_scale)
apply (rule span_base)
apply assumption
done
with o have a0:%a # 0
by auto
have ?a - © = 0 if z€span B for z
proof (rule span_induct [OF that])
show subspace {z. %a - x = 0}
by (auto simp add: subspace_def inner_add)
next
{
fix z
assume z: ¢ € B
from z have B”: B = insert x (B — {z})
by blast
have fth: finite (B — {z})
using fB by simp
have %a - z = 0
apply (subst B
using fB fth
unfolding sum_clauses(2)[OF fth]
apply simp unfolding inner_simps
apply (clarsimp simp add: inner_add inner_sum_left)



Linear_Algebra.thy

apply (rule sum.neutral, rule balll)
apply (simp only: inner_commute)
apply (auto simp add: z field_simps
intro: B(5)[unfolded pairwise_def orthogonal_def, rule_format])
done
}
then show %¢ - z = 0 if x € B for z
using that by blast
qged
with a0 show ?thesis
unfolding sSB by (auto intro: exl[where x="?%a])
qed

lemma span_not_univ_subset_hyperplane:
fixes S :: 'a::euclidean_space set
assumes SU: span S # UNIV
shows 3 a. a #0 A span S C {z. a - z = 0}
using span_not_univ_orthogonal|OF SU| by auto

lemma lowdim_subset_hyperplane:
fixes S :: 'a::euclidean_space set
assumes d: dim S < DIM('a)
shows Ja::'a. a # 0 A span S C {z. a - x = 0}
proof —
{
assume span S = UNIV
then have dim (span S) = dim (UNIV :: ('a) set)
by simp
then have dim S = DIM('a)
by (metis Fuclidean_Space.dim_UNIV dim_span)
with d have Fualse by arith

then have th: span S # UNIV
by blast
from span_not_univ_subset_hyperplane[OF th] show ?thesis .
qed

lemma linear_eq_stdbasis:
fixes [ :: ‘a::euclidean_space = _
assumes [f: linear f
and lg: linear g
and fg: A\b. b € Basis = fb=gb

shows f = ¢
using linear_eq-on_span|OF If lg, of Basis| fg
by auto

Similar results for bilinear functions.

lemma bilinear_eq:
assumes bf: bilinear f
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and bg: bilinear g
and SB: S C span B
and TC: T C span C
and zeS yeT
and fg: Az y. [r € B;ye C] = fzy=gzy
shows fxy=gzy
proof —
let P = {z. Vye span C. fzy = gz y}
from bf bg have sp: subspace ?P
unfolding bilinear_def linear_iff subspace_def bf bg
by (auto simp add: span_zero bilinear_lzero| OF bf] bilinear_lzero[OF bg]
span_add Ball_def
intro: bilinear_ladd[OF bf])
have sfg: N\z. z € B = subspace {a. fz a = gz a}
apply (auto simp add: subspace_def)
using b0f bg unfolding bilinear_def linear_iff
apply (auto simp add: span_zero bilinear_rzero| OF bf] bilinear_rzero[ OF bg]
span_add Ball_def
intro: bilinear_ladd[OF bf])
done
have Vye€ span C. fzy = gaxy if z € span B for z
apply (rule span_induct [OF that sp))
using fg sfg span_induct by blast
then show ?thesis
using SB T'C assms by auto
qed

lemma bilinear_eq_stdbasis:
fixes f :: ‘a::euclidean_space = 'b::euclidean_space = _
assumes bf: bilinear f
and bg: bilinear g
and fg: \ij. i € Basis = j € Basis = fij=g1i}j
shows f = ¢
using bilinear_eq[ OF bf by equalityD2[OF span_Basis) equalityD2[OF span_Basis]]
fg by blast

1.5.10 Infinity norm

definition infnorm (z::'a::euclidean_space) = Sup {|z - b| |b. b € Basis}

lemma infnorm_set_image:
fixes 7 :: 'a::euclidean_space
shows {|z - i| |i. ¢ € Basis} = (\i. |z - i|) ‘ Basis
by blast

lemma infnorm_Mazx:
fixes 7 :: 'a::euclidean_space
shows infnorm © = Max ((N\i. |z - i|) ¢ Basis)
by (simp add: infnorm_def infnorm_set_image cSup_eq_Mazx)
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lemma infnorm_set_lemma:
fixes = :: 'a::euclidean_space
shows finite {|z « i| |i. i € Basis}
and {|z - i| |i. i € Basis} # {}
unfolding infnorm_set_image
by auto

lemma infnorm_pos_le:
fixes z :: 'a::euclidean_space
shows 0 < infnorm z
by (simp add: infnorm_Max Max_ge_iff ex_in_conv)

lemma infnorm_triangle:
fixes z :: 'a::euclidean_space
shows infnorm (z + y) < infnorm = + infnorm y
proof —
have x: Aabcd:real. |a] < c¢c=|b|<d=]a+ b <c+d
by simp
show ?thesis
by (auto simp: infnorm_Maz inner_add_left introl: x)
qed

lemma infnorm_eq_0:
fixes = :: 'a::euclidean_space
shows infnormz = 0 <— z = 0
proof —
have infnormz < 0 +— z =0
unfolding infnorm_Maz by (simp add: euclidean_all_zero_iff)
then show ?thesis
using infnorm_pos_le[of x] by simp
qed

lemma infnorm_0: infnorm 0 = 0
by (simp add: infnorm_eq_0)

lemma infnorm_neg: infnorm (— z) = infnorm x
unfolding infnorm_def by simp

lemma infnorm_sub: infnorm (x — y) = infnorm (y — x)
by (metis infnorm_neg minus_diff-eq)

lemma absdiff-infnorm: |infnorm x — infnorm y| < infnorm (z — y)
proof —
have : A(nz:real) nny. ne <n+ny = ny < n+ nx = |nz — ny| <n
by arith
show ?thesis
proof (rule x)
from infnorm_triangle[of x — y y| infnorm_triangle[of v — y —x]
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show infnorm z < infnorm (x — y) + infnorm y infnorm y < infnorm (z —
y) + infnorm
by (simp_all add: field_simps infnorm_neg)
qed
qed

lemma real_abs_infnorm: |infnorm x| = infnorm x
using infnorm_pos_le[of x| by arith

lemma Basis_le_infnorm:
fixes x :: 'a::euclidean_space
shows b € Basis = |z - b| < infnorm x
by (simp add: infnorm_Maz)

lemma infnorm_mul: infnorm (a xr =) = |a| * infnorm z
unfolding infnorm_Max
proof (safe introl: Maz_eql)
let B = (\i. |z - i|) ¢ Basis
{fixb:'a
assume b € Basis
then show |a *g = - b| < |a| * Maz ?B
by (simp add: abs_mult mult_left_mono)
next
from Max_in[of ?B] obtain b where b € Basis Max ?B = |z - b|
by (auto simp del: Maz_in)
then show |a| * Maz ((Ai. |z - i|) ‘ Basis) € (Xi. |a *g x - i|) ‘ Basis
by (intro image_eql [where z=0b]) (auto simp: abs_mult)
}

qed simp

lemma infnorm_mul_lemma: infnorm (a xg z) < |a| * infnorm x
unfolding infnorm_mul ..

lemma infnorm_pos_lt: infnorm z > 0 <— = # 0
using infnorm_pos_le[of x| infnorm_eq_0[of z] by arith

Prove that it differs only up to a bound from Euclidean norm.

lemma infnorm_le_norm: infnorm x < norm x
by (simp add: Basis_le_norm infnorm_Maz)

lemma norm_le_infnorm:
fixes z :: 'a::euclidean_space
shows norm z < sqrt DIM ('a) * infnorm x
unfolding norm_eq_sqrt_inner id_def
proof (rule real_le_lsqrt[OF inner_ge_zero])
show sqrt DIM ('a) * infnorm z > 0
by (simp add: zero_le_mult_iff infnorm_pos_le)
have z - © < (> be€Basis. x - b % (z - b))
by (metis euclidean_inner order_refl)
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also have ... < DIM('a) * |infnorm x|?
by (rule sum_bounded_above) (metis Basis_le_infnorm abs_le_square_iff power2_eq_square
real_abs_infnorm)
also have ... < (sgrt DIM('a) * infnorm z)?
by (simp add: power-mult_distrib)
finally show z - 2 < (sqrt DIM ('a) * infnorm z)? .
qed

lemma tendsto_infnorm [tendsto_intros|:

assumes (f — a) F

shows ((Az. infnorm (f z)) —— infnorm a) F
proof (rule tendsto_compose [OF LIM_I assms])

fix r :: real

assume 7 > 0

then show Is>0. Vz. 2 # a A norm (x — a) < s — norm (infnorm z —
infnorm a) < r

by (metis real_norm_def le_less_trans absdiff-infnorm infnorm_le_norm)

qed

Equality in Cauchy-Schwarz and triangle inequalities.

lemma norm_cauchy_schwarz_eq: x + y = norm T * Norm Yy <— NOTM T *g Yy =
norm y *g T
(is ?lhs <— ?rhs)
proof (cases ©=0)
case True
then show ?thesis
by auto
next
case Fulse
from inner_eq_zero_iff [of norm y xg x — norm z *xg y|
have ?rhs «—
(norm y * (norm y * norm x x norm x — norm x * (x + y)) —
norm x * (norm y * (y « £) — norm = * norm y * norm y) = 0)
using False unfolding inner_simps
by (auto simp add: power2_norm_eq_inner[symmetric] power2_eq-square in-
ner_commute field_simps)

also have ... +— (2 * norm z x norm y * (norm z * normy — z - y) = 0)
using False by (simp add: field_simps inner_commute)
also have ... «— %lhs

using Fualse by auto
finally show ?thesis by metis
qed

lemma norm_cauchy_schwarz_abs_eq:
|z - y| = norm x * norm y +—

NOrM T ¥R Y = NOTM Y *g T V NOTM T *Rg Yy = — NOTM Y *p &
(is ?lhs «— ?rhs)
proof —

have th: A(z::real) a. a > 0 = |zl =a+— 2 =aVzr=—a
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by arith
have ?rhs «+— norm z xg y = norm y xg ¢ V norm (— ) g Yy = Norm y *g
(- o)
by simp
also have ... +— (z -y =normz * normy V (— ) - y = norm ¢ % norm y)

unfolding norm_cauchy_schwarz_eq[symmetric]
unfolding norm_minus_cancel norm_scaleR ..
also have ... +— ?lhs
unfolding th[OF mult_nonneg_-nonneg, OF norm_ge_zero[of x| norm_ge_zero[of
y]] inner_simps
by auto
finally show ?thesis ..
qed

lemma norm_triangle_eq:
fixes z y :: 'a::real_inner
shows norm (z 4+ y) = norm & + norm y <— NOrm & xg Yy = NOTM Yy *g &
proof (casesz = 0V y = 0)
case True
then show ?thesis
by force
next
case Fulse
then have n: norm z > 0 normy > 0
by auto
have norm (z + y) = norm x + norm y +— (norm (z + y))?> = (norm z +
norm y)?
by simp
also have ... «— norm z g y = norm y *g =
unfolding norm_cauchy_schwarz_eq[symmetric|
unfolding power2_norm_eq_inner inner_simps
by (simp add: power2_norm_eq_inner|symmetric] power2_eq_square inner_commaute
field_simps)
finally show ?thesis .
qed

1.5.11 Collinearity

definition collinear :: 'a::real_vector set = bool
where collinear § +— (3u.Vz € S.V y € S. Jc.z — y = c *p u)

lemma collinear_alt:
collinear S «— (Juwv. Ve € S. Jec. z = u + ¢ xg v) (is ?lhs = %rhs)
proof
assume ?lhs
then show ?rhs
unfolding collinear_def by (metis Groups.add_ac(2) diff-add_cancel)
next
assume ?rhs
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then obtain u v where x: Az. t € S = Jc. 2 =u+ c*g v
by (auto simp: )
have dc.z —y=cx*xgvifz e Sye Sforzy
by (metis *[OF @ € S| x[OF «y € $] scaleR_left.diff add_diff-cancel_left)
then show ?%lhs
using collinear_def by blast
qed

lemma collinear:
fixes S :: 'a::{perfect_space,real_vector} set
shows collinear S «+— (3u. u # 0N (NVz € S.V ye S. Je.z —y=cx*gu))
proof —
have 3v. v # 0 A (Vz€S.VyeS. Jc. ¢ — y = ¢ xg v)
if VeeS. VyeS. dec.z — y = ¢ g u u=0 for u
proof —
have VzeS. VyeS. z =y
using that by auto
moreover
obtain v::’a where v # 0
using UNIV_not_singleton [of 0] by auto
ultimately have Vze€S. VyeS. dc. z — y = ¢ xp v
by auto
then show ?thesis
using v # 0) by blast
qed
then show ?thesis
apply (clarsimp simp: collinear_def)
by (metis scaleR_zero_right vector_fraction_eq_iff)
qed

lemma collinear_subset: [collinear T; S C T] = collinear S
by (meson collinear_def subsetCE)

lemma collinear_empty [iff]: collinear {}
by (simp add: collinear_def)

lemma collinear_sing [iff]: collinear {z}
by (simp add: collinear_def)

lemma collinear_2 [iff]: collinear {z, y}
apply (simp add: collinear_def)
apply (rule exI[where z=x — y])
by (metis minus_diff-eq scaleR_left. minus scaleR_one)

lemma collinear_lemma: collinear {0, z, y} +— =0V y=0V (3c.y=c
*R {L’)

(is ?lhs <— ?rhs)
proof (casesz = 0V y = 0)

case True
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then show ?thesis
by (auto simp: insert_commute)
next
case Fulse
show ?thesis
proof
assume h: ?lhs
then obtain v where u: V z€ {0,z,y}. Vye {0,z,y}. Jc. = — y = ¢ *g u
unfolding collinear_def by blast
from u[rule_format, of x 0] u[rule_format, of y 0]
obtain cz and cy where
cx: x = cx xg v and cy: y = cy kg u
by auto
from cz cy False have cx0: cx # 0 and cy0: cy # 0 by auto
let 2d = cy / cx
from cz cy cx0 have y = 2d g x
by simp
then show ?rhs using False by blast
next
assume h: ?rhs
then obtain ¢ where c: y = c xg
using Fualse by blast
show ?lhs
unfolding collinear_def ¢
apply (rule exl[where z=z))

apply auto
apply (rule exI[where z=— 1], simp)
apply (rule exI[where z= —c]|, simp)

apply (rule exI[where x=1], simp)
apply (rule exl[where z=1 — c|, simp add: scaleR_left_diff distrib)
apply (rule exl[where z=c — 1], simp add: scaleR_left_diff-distrib)
done
qed
qed

lemma norm-_cauchy_schwarz_equal: |z - y| = norm x * norm y +— collinear {0,
z, y}
proof (cases ©=0)
case True
then show ?thesis
by (auto simp: insert_.commute)
next
case Fulse
then have nnz: norm x # 0
by auto
show ?thesis
proof
assume |z - y| = norm = * norm y
then show collinear {0, z, y}
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unfolding norm_cauchy_schwarz_abs_eq collinear_lemma
by (meson eq_vector_fraction_iff nnz)
next
assume collinear {0, =, y}
with False show |z - y| = norm z * norm y
unfolding norm_cauchy_schwarz_abs_eq collinear_lemma by (auto simp:
abs_if )
qed
qed

1.5.12 Properties of special hyperplanes

lemma subspace_hyperplane: subspace {z. a - x = 0}
by (simp add: subspace_def inner_right_distrib)

lemma subspace_hyperplane2: subspace {z. z - a = 0}
by (simp add: inner_commute inner_right_distrib subspace_def)

lemma special_hyperplane_span:
fixes S :: 'n::euclidean_space set
assumes k € Basis
shows {z. k - © = 0} = span (Basis — {k})
proof —
have *: z € span (Basis — {k}) if k - © = 0 for z
proof —
have z = (> beBasis. (z - b) xg b)
by (simp add: euclidean_representation)
also have ... = (D b € Basis — {k}. (z - b) g b)
by (auto simp: sum.remove [of _ k] inner_commute assms that)
finally have z = (}_ beBasis — {k}. (z - D) *xg b) .
then show ?thesis
by (simp add: span_finite)
qed
show ?thesis
apply (rule span_subspace [symmetric))
using assms
apply (auto simp: inner_not_same_Basis intro: x subspace_hyperplane)
done
qed

lemma dim_special_hyperplane:
fixes k :: 'n::euclidean_space
shows k € Basis = dim {z. k - x = 0} = DIM('n) — 1
apply (simp add: special_hyperplane_span)
apply (rule dim_unique [OF subset_refl])
apply (auto simp: independent_substdbasis)
apply (metis member_remove remove_def span_base)
done
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proposition dim_hyperplane:
fixes a :: 'a::euclidean_space
assumes a # 0
shows dim {z. a - x = 0} = DIM('a) — 1
proof —
have span0: span {z. a - 2 = 0} = {z. a - z = 0}
by (rule span_unique) (auto simp: subspace_hyperplane)
then obtain B where independent B
and Bsub: B C {z.a -2z = 0}
and subspB: {z. a - x = 0} C span B
and card0: (card B = dim {z. a - x = 0})
and ortho: pairwise orthogonal B
using orthogonal_basis_exists by metis
with assms have a ¢ span B
by (metis (mono-_tags, lifting) span_eq inner_eq_zero_iff mem_Collect_eq span0)
then have ind: independent (insert a B)
by (simp add: ¢independent B independent_insert)
have finite B
using (ndependent B) independent_bound by blast
have UNIV C span (insert a B)
proof fix y::'a
obtain r z where z: y = r %
apply (rule_tac r=(a - y) /
that)
using assms
by (auto simp: algebra_simps)
show y € span (insert a B)
by (metis (mono_tags, lifting) z Bsub span_eq_iff
add_diff-cancel_left’ mem_Collect_eq span0 span_breakdown_eq span_subspace
subspB)
qed
then have dima: DIM ('a) = dim(insert a B)
by (metis independent_Basis span_Basis dim_eq_card top.extremum_uniquel )
then show ?thesis
by (metis (mono_tags, lifting) Bsub Diff-insert_absorb <a ¢ span B) ind card0
card_Diff_singleton dim_span indep_card_eq-dim_span insertll subsetCE
subspB)

rRa+za-z=20
(a-a)and z=y — ((a-y) / (a+a)) *g a in

qed

lemma lowdim_eq_hyperplane:
fixes S :: 'a::euclidean_space set
assumes dim S = DIM('a) — 1
obtains ¢ where a # 0 and span S = {z. a - x = 0}
proof —
have dimS: dim S < DIM('a)
by (simp add: assms)
then obtain b where b: b # 0 span S C {a. b - a = 0}
using lowdim_subset_hyperplane [of S| by fastforce
show ?thesis
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apply (rule that[OF b(1)])

apply (rule subspace_dim_equal)

by (auto simp: assms b dim_hyperplane subspace_hyperplane)
qed

lemma dim_eq_hyperplane:

fixes S :: 'n::euclidean_space set

shows dim S = DIM('n) — 1 +— (3a. a # 0 AN span S ={z. a - x
by (metis One_nat-def dim_hyperplane dim_span lowdim_eq_hyperplane)

= 0})

1.5.13 Orthogonal bases and Gram-Schmidt process

lemma pairwise_orthogonal_independent:
assumes pairwise orthogonal S and 0 ¢ S
shows independent S
proof —
have 0: Az y. [z #y; 7€ S;ye S|=az-y=10
using assms by (simp add: pairwise_def orthogonal_def)
have False if a € S and a: a € span (S — {a}) for a
proof —
obtain T U where T C S — {a} a = (3> veT. Uv g v)
using a by (force simp: span_explicit)
then have a - a = a - (D veT. Uv g v)
by simp
also have ... = 0
apply (simp add: inner_sum_right)
apply (rule comm_monoid_add_class.sum.neutral)
by (metis 0 DiffE «<T C S — {a} mult_not_zero singletonl subsetCE <a € S))
finally show ?thesis
using 0 ¢ S) (a € S) by auto
qed
then show ?thesis
by (force simp: dependent_def)
qed

lemma pairwise_orthogonal_imp_finite:
fixes S :: 'a::euclidean_space set
assumes pairwise orthogonal S
shows finite S
proof —
have independent (S — {0})
apply (rule pairwise_orthogonal_independent)
apply (metis Diff_iff assms pairwise_def)
by blast
then show ?thesis
by (meson independent_imp_finite infinite_remove)
qed

lemma subspace_orthogonal_to_vector: subspace {y. orthogonal z y}
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by (simp add: subspace_def orthogonal_clauses)

lemma subspace_orthogonal_to_vectors: subspace {y. Vz € S. orthogonal = y}
by (simp add: subspace_def orthogonal_clauses)

lemma orthogonal_to_span:
assumes a: a € span S and z: A\y. y € S = orthogonal = y
shows orthogonal x a
by (metis a orthogonal_clauses(1,2,4)
span_induct_alt x)

proposition Gram_Schmidt_step:
fixes S :: 'a::euclidean_space set
assumes S: pairwise orthogonal S and z: z € span S
shows orthogonal z (a — (D2 b€S. (b - a / (b - b)) *xg b))
proof —
have finite S
by (simp add: S pairwise_orthogonal_imp_finite)
have orthogonal (a — (3>_b€S. (b-a / (b+ b)) *xg b))
ifx € S for z
proof —
have a - © = (D yeS. if y = x then y - a else 0)
by (simp add: (finite S) inner_commute that)
also have ... = (>_beS. b-ax*x(b-z)/(b-D))
apply (rule sum.cong [OF refl], simp)
by (meson S orthogonal_def pairwise_def that)
finally show ?thesis
by (simp add: orthogonal_def algebra_simps inner_sum_left)
qed
then show ?thesis
using orthogonal_to_span orthogonal_commute x by blast
qed

lemma orthogonal_extension_aux:
fixes S :: 'a::euclidean_space set
assumes finite T finite S pairwise orthogonal S
shows 3 U. pairwise orthogonal (S U U) A span (S U U) = span (S U T)
using assms
proof (induction arbitrary: S)
case empty then show Zcase
by simp (metis sup_bot_right)
next
case (insert a T)
have 0: Az y. [t #y;2 € S;yeS)]==z-y=10
using insert by (simp add: pairwise_def orthogonal_def)
define o’ where ' =a — (3-0€S. (b-a / (b- D)) *xg b)
obtain U where orthU: pairwise orthogonal (S U insert a’ U)
and spanU: span (insert a’ S U U) = span (insert o’ S U T)
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by (rule exE [OF insert.IH [of insert o’ S]])
(auto simp: Gram_Schmidt_step a’_def insert.prems orthogonal_commute
pairwise_orthogonal_insert span_clauses)
have orthS: Az.z € S = a' -2 =10
apply (simp add: a’_def)
using Gram_Schmidt_step [OF (pairwise orthogonal S°)
apply (force simp: orthogonal_def inner_commute span_superset |[THEN sub-
setD])
done
have span (S U insert a’ U) = span (insert a’ (S U T))
using spanU by simp
also have ... = span (insert a (S U T))
apply (rule eq_span_insert_eq)
apply (simp add: a’_def span_neg span_sum span_base span_mul)
done
also have ... = span (S U insert a T)
by simp
finally show ?case
by (rule_tac z=insert a’ U in exI) (use orthU in auto)
qed

proposition orthogonal_extension:
fixes S :: 'a::euclidean_space set
assumes S: pairwise orthogonal S
obtains U where pairwise orthogonal (S U U) span (S U U) = span (S U T)
proof —
obtain B where finite B span B = span T
using basis_subspace_exists [of span T] subspace_span by metis
with orthogonal_extension_auz [of B S]
obtain U where pairwise orthogonal (S U U) span (S U U) = span (S U B)
using assms pairwise_orthogonal_imp_finite by auto
with (span B = span T) show ?thesis
by (rule_tac U=U in that) (auto simp: span_Un)
qed

corollary orthogonal_extension_strong:
fixes S :: 'a::euclidean_space set
assumes S: pairwise orthogonal S
obtains U where U N (insert 0 S) = {} pairwise orthogonal (S U U)
span (S U U) = span (S U T)
proof —
obtain U where pairwise orthogonal (S U U) span (S U U) = span (S U T)
using orthogonal_extension assms by blast
then show ?thesis
apply (rule-tac U = U — (insert 0 S) in that)
apply blast
apply (force simp: pairwise_def)
apply (metis Un_Diff-cancel Un_insert_left span_redundant span_zero)
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done
qed

1.5.14 Decomposing a vector into parts in orthogonal sub-
spaces

existence of orthonormal basis for a subspace.

lemma orthogonal_spanningset_subspace:

fixes S :: 'a :: euclidean_space set

assumes subspace S

obtains B where B C S pairwise orthogonal B span B = S
proof —

obtain B where B C S independent B S C span B card B = dim S

using basis_exists by blast

with orthogonal_extension [of {} B]

show ?thesis

by (metis Un_empty_left assms pairwise_empty span_superset span_subspace that)
qed

lemma orthogonal_basis_subspace:
fixes S :: 'a :: euclidean_space set
assumes subspace S
obtains B where 0 ¢ B B C S pairwise orthogonal B independent B
card B = dim S span B = S
proof —
obtain B where B C S pairwise orthogonal B span B = S
using assms orthogonal_spanningset_subspace by blast
then show ?thesis
apply (rule-tac B = B — {0} in that)
apply (auto simp: indep_card_eq_dim_span pairwise_subset pairwise_orthogonal_independent
elim: pairwise_subset)
done
qed

proposition orthonormal_basis_subspace:
fixes S :: 'a :: euclidean_space set
assumes subspace S
obtains B where B C S pairwise orthogonal B
and A\z. 2 € B= normz = 1
and independent B card B = dim S span B = S
proof —
obtain B where 0 ¢ BB C S
and orth: pairwise orthogonal B
and independent B card B = dim S span B = S
by (blast intro: orthogonal_basis_subspace [OF assms))
have 1: (Az. ¢ /g normz) ‘B C S
using (span B = S) span_superset span_mul by fastforce
have 2: pairwise orthogonal (Ax. © /r norm z) ‘ B)
using orth by (force simp: pairwise_def orthogonal_clauses)
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have 3: Az. 2 € (A\z. ¢ /g norm z) ‘B = norm z = 1

by (metis (no_types, lifting) 0 ¢ B> image_iff norm_sgn sgn_div_norm)
have 4: independent ((Az. z /g norm z) ‘ B)

by (metis 2 3 norm_zero pairwise_orthogonal_independent zero_neq_one)
have inj.on (A\z. z /g norm z) B
proof

fix zy

assume z € By € Bz /gp normz =y /g norm y

moreover have Ai. i € B = norm (i /g norm i) = 1

using 3 by blast
ultimately show z = y
by (metis norm_eq-1 orth orthogonal_clauses(7) orthogonal_commute orthog-
onal_def pairwise_def zero_neq_one)

qed
then have 5: card (A\z. z /g norm z) ‘ B) = dim S

by (metis (card B = dim S) card_image)
have 6: span (A\x. © /g norm z) ‘B) =S

by (metis 1 4 5 assms card_eq_dim independent_imp_finite span_subspace)
show ?thesis

by (rule that [OF 1 2 38 4 5 6))

qed

proposition orthogonal_to_subspace_ezists_gen:
fixes S :: 'a :: euclidean_space set
assumes span S C span T
obtains z where z # 0« € span T Ay. y € span S = orthogonal x y
proof —
obtain B where B C span S and orthB: pairwise orthogonal B
and A\z. z € B = normz = 1
and independent B card B = dim S span B = span S
by (rule orthonormal_basis_subspace [of span S, OF subspace_span|) (auto)
with assms obtain u where spanBT: span B C span T and u ¢ span B u €
span T
by auto
obtain C' where orthBC': pairwise orthogonal (B U C) and spanBC': span (B
U C) = span (B U {u})
by (blast intro: orthogonal_extension [OF orthB])
show thesis
proof (cases C' C insert 0 B)
case True
then have C' C span B
using span_eq
by (metis span_insert_0 subset_trans)
moreover have u € span (B U O)
using (span (B U C) = span (B U {u})) span_superset by force
ultimately show #thesis
using True (u ¢ span B)
by (metis Un_insert_left span_insert_0 sup.orderE)
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next
case Fulse
then obtain z where z € Cz # 0z ¢ B
by blast
then have z € span T
by (metis (no_types, lifting) Un_insert_right Un_upper2 «u € span T) spanBT
spanBC
(u € span T) insert_subset span_superset span_mono
span_span subsetCE subset_trans sup_bot.comm_neutral)
moreover have orthogonal x y if y € span B for y
using that
proof (rule span_induct)
show subspace {a. orthogonal z a}
by (simp add: subspace_orthogonal_to_vector)
show Ab. b € B = orthogonal = b
by (metis Un_iff <x € C) @ ¢ B) orthBC pairwise_def)
qed
ultimately show #thesis
using <z # ) that span B = span S) by auto
qed
qed

corollary orthogonal_to_subspace_exists:

fixes S :: 'a :: euclidean_space set

assumes dim S < DIM('a)

obtains = where z # 0 Ay. y € span S = orthogonal z y
proof —

have span S C UNIV

by (metis (mono_tags) UNIV_I assms inner_eq_zero_iff less_le lowdim_subset_hyperplane

mem_Collect_eq top.extremum_strict top.not_eq_extremum)
with orthogonal_to_subspace_exists_gen [of S UNIV] that show ?thesis
by (auto)

qed

corollary orthogonal_to_vector_ezists:

fixes z :: 'a :: euclidean_space

assumes 2 < DIM('a)

obtains y where y # 0 orthogonal = y
proof —

have dim {z} < DIM('a)

using assms by auto

then show thesis

by (rule orthogonal_to_subspace_ezists) (simp add: orthogonal_commute span_base
that)

qed

proposition orthogonal_subspace_decomp_exists:
fixes S :: 'a :: euclidean_space set
obtains y z
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where y € span S
and Aw. w € span S = orthogonal z w
and z =y + 2
proof —
obtain T where 0 ¢ T T C span S pairwise orthogonal T independent T
card T = dim (span S) span T = span S
using orthogonal_basis_subspace subspace_span by blast
let a =>beT. (b-z/ (b-Db))*g b
have orth: orthogonal (z — %a) w if w € span S for w
by (simp add: Gram_Schmidt_step (pairwise orthogonal T) (span T = span S)
orthogonal_commute that)
show ?thesis
apply (rule_tac y = %a and z = z — %a in that)
apply (meson (T C span S) span_scale span_sum subsetCE)
apply (fact orth, simp)
done
qed

lemma orthogonal_subspace_decomp_unique:
fixes S :: ‘a :: euclidean_space set
assumes T +y =z’ + y’
and ST: z € span Sz’ € span Sy € span T y' € span T
and orth: Aa b. [a € S; b € T] = orthogonal a b
shows z =z’ Ay =y’
proof —
have z + y — y' = z'
by (simp add: assms)
moreover have Aa b. [a € span S; b € span T]| = orthogonal a b
by (meson orth orthogonal_commute orthogonal_to_span)
ultimately have 0 = 2/ — z
by (metis (full_types) add_diff-cancel_left’ ST diff-right_commute orthogonal_clauses(10)
orthogonal_clauses(5) orthogonal_self)
with assms show ?thesis by auto
qed

lemma vector_in_orthogonal_spanningset:
fixes a :: 'a::euclidean_space
obtains S where a € S pairwise orthogonal S span S = UNIV
by (metis UNIV_I Un_iff empty_iff insert_subset orthogonal_extension pairwise_def
pairwise_orthogonal_insert span_UNIV subset] subset_antisym,)

lemma vector_in_orthogonal_basis:
fixes a :: 'a::euclidean_space
assumes a # 0
obtains S where a € S 0 ¢ S pairwise orthogonal S independent S finite S
span S = UNIV card S = DIM('a)
proof —
obtain S where S: a € S pairwise orthogonal S span S = UNIV
using vector_in_orthogonal_spanningset .
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show thesis
proof
show pairwise orthogonal (S — {0})
using pairwise_mono S(2) by blast
show independent (S — {0})
by (simp add: <pairwise orthogonal (S — {0})) pairwise_orthogonal_independent)
show finite (S — {0})
using ¢ndependent (S — {0})) independent_imp_finite by blast
show card (S — {0}) = DIM('a)
using span_delete_0 [of S] S
by (simp add: ¢ndependent (S — {0})) indep_card_eq_dim_span)
qed (use S (a # 0> in auto)
qed

lemma vector_in_orthonormal_basis:
fixes a :: 'a::euclidean_space
assumes norm a = 1
obtains S where a € S pairwise orthogonal S N\z. z € S = norm z = 1
independent S card S = DIM('a) span S = UNIV
proof —
have a # 0
using assms by auto
then obtain S where a € S 0 ¢ S finite S
and S: pairwise orthogonal S independent S span S = UNIV card S =
DIM ('a)
by (metis vector_in_orthogonal_basis)
let S = (Az. x /g norm x) © S
show thesis
proof
show a € 25
using <a € S) assms image_iff by fastforce
next
show pairwise orthogonal 25
using (pairwise orthogonal S» by (auto simp: pairwise_def orthogonal_def)
show Az.z € (A\z. /g norm z) ‘S = norm x = 1
using (0 ¢ S) by (auto simp: field_split_simps)
then show independent 25
by (metis (pairwise orthogonal ((Ax. x /g norm z) *S)) norm_zero pair-
wise_orthogonal_independent zero_neg_one)
have inj.on (A\z. x /g norm z) S
unfolding inj_on_def
by (metis (full_types) S(1) <0 ¢ S) inverse_nonzero_iff-nonzero norm_eq_zero
orthogonal_scaleR orthogonal_self pairwise_def)
then show card S = DIM ('a)
by (simp add: card_image S)
show span 25 = UNIV
by (metis (no_types) 0 & S) (finite S) (span S = UNIV)
field_class.field_inverse_zero inverse_inverse_eq less_irrefl span_image_scale
zero_less_norm_iff)
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qed
qed

proposition dim_orthogonal_sum:
fixes A :: 'a::euclidean_space set
assumes A\zy. [t € A;ye B = z-y=10
shows dim(A U B) = dim A + dim B
proof —
have 1: Az y. [z € span A; y € Bl =z -y =0
by (erule span_induct [OF _ subspace_hyperplane2]; simp add: assms)
have Az y. [z € span A; y € span B] = z - y = 0
using 1 by (simp add: span_induct [OF _ subspace_hyperplane])
then have 0: Az y. [z € span A; y € span B] = z - y = 0
by simp
have dim(A U B) = dim (span (A U B))
by (simp)
also have span (A U B) = ((A(a, b). a + b) ‘ (span A x span B))
by (auto simp add: span_Un image_def)

also have dim ... = dim {z + y |z y. * € span A \ y € span B}
by (auto intro!: arg_cong [where f=dim])
also have ... = dim {z + y |z y. © € span A A y € span B} + dim(span A N
span B)
by (auto simp: dest: 0)
also have ... = dim (span A) + dim (span B)
by (rule dim_sums_Int) (auto)
also have ... = dim A + dim B
by (simp)
finally show ?%thesis .
qed

lemma dim_subspace_orthogonal_to_vectors:
fixes A :: 'a::euclidean_space set
assumes subspace A subspace B A C B
shows dim {y € B.Vz € A. orthogonal  y} + dim A = dim B
proof —
have dim (span ({y € B. Vz€A. orthogonal x y} U A)) = dim (span B)
proof (rule arg_cong [where f=dim, OF subset_antisym))
show span ({y € B. Vz€A. orthogonal z y} U A) C span B
by (simp add: (A C By Collect_restrict span-mono)
next
have x: z € span ({y € B. Vz€A. orthogonal z y} U A)
ifz € B for z
proof —
obtain y z where z = y + 2z y € span A and orth: ANw. w € span A =
orthogonal z w
using orthogonal_subspace_decomp_exists [of A x] that by auto
have y € span B
using <y € span A assms(3) span-mono by blast
then have z € {a € B.Vz.x € A — orthogonal = a}
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apply simp
using x = y + 2> assms(1) assms(2) orth orthogonal_commute span_add_eq
span_eq_iff that by blast
then have z: z € span {y € B. Vx€A. orthogonal z y}
by (meson span_superset subset_iff)
then show ?thesis
apply (auto simp: span_Un image_def <x =y + 2> (y € span A)
using (y € span A add.commute by blast
qed
show span B C span ({y € B. Vz€A. orthogonal z y} U A)
by (rule span_minimal) (auto intro: x span_minimal)
qed
then show ?thesis
by (metis (no_types, lifting) dim_orthogonal_sum dim_span mem_Collect_eq
orthogonal_commute orthogonal_def)
qed

1.5.15 Linear functions are (uniformly) continuous on any
set

1.5.16 Topological properties of linear functions

lemma linear_lim_0:
assumes bounded_linear f
shows (f —— 0) (at (0))
proof —
interpret f: bounded_linear f by fact
have (f —— f0) (at 0)
using tendsto_ident_at by (rule f.tendsto)
then show ?thesis unfolding f.zero .
qed

lemma linear_continuous_at:
assumes bounded_linear f
shows continuous (at a) f
unfolding continuous_at using assms
apply (rule bounded_linear.tendsto)
apply (rule tendsto_ident_at)
done

lemma linear_continuous_within:
bounded_linear f = continuous (at z within s) f
using continuous_at_imp_continuous_at_within linear_continuous_at by blast

lemma linear_continuous_on:

bounded_linear f = continuous_on s f

using continuous_at_imp_continuous_on|of s f] using linear_continuous_at|of f]
by auto

lemma Lim_linear:
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fixes [ :: 'a::euclidean_space = 'b::euclidean_space and h :: 'b = 'c::real_normed_vector
assumes (f —— 1) F linear h

shows ((Az. h(fz)) —— hl) F
proof —
obtain B where B: B > 0 Az. norm (hz) < B % norm «

using linear_bounded_pos [OF dinear hy] by blast
show ?thesis

unfolding tendsto_iff
proof (intro alll impl)

show Vg zin F. dist (h (fz)) (hl) < eif e > 0 for e
proof —

have Vp zin F. dist (fz) 1l < e/B

by (simp add: (0 < B) assms(1) tendstoD that)
then show ?thesis

unfolding dist_norm
proof (rule eventually-mono)

show norm (h (fz) — hl) < eif norm (fz — 1) < e/ B for z
using that B

apply (simp add: field_split_simps)

by (metis dinear h) le_less_trans linear_diff')
qed

qed
qed
qed

lemma linear_continuous_compose:

fixes f :: 'a::euclidean_space = 'b::euclidean_space and g :: 'b = 'c::real_normed_vector
assumes continuous F f linear g

shows continuous F (Az. g(f z))

using assms unfolding continuous_def by (rule Lim_linear)

lemma linear_continuous_on_compose:

fixes f :: 'a::euclidean_space = 'b::euclidean_space and g :: 'b = 'c::real_normed_vector
assumes continuous_on S f linear g

shows continuous_on S (Az. g(f z))

using assms by (simp add: continuous_on_eq_continuous_within linear_continuous_compose)
Also bilinear functions, in composition form

lemma bilinear_continuous_compose:

fixes h :: 'a::euclidean_space = 'b::euclidean_space = 'c::real_normed_vector
assumes continuous F f continuous F g bilinear h
shows continuous F (Az. h (fz) (g z))

using assms bilinear_conv_bounded_bilinear bounded_bilinear.continuous by blast

lemma bilinear_continuous_on_compose:

fixes h :: 'a::euclidean_space = 'b::euclidean_space = 'c::real_normed_vector
and f :: 'd::t2_space = 'a

assumes continuous_on S f continuous_on S g bilinear h

shows continuous_on S (A\zx. h (fz) (g z))
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using assms by (simp add: continuous_on_eq_continuous_within bilinear_continuous_compose)

end

1.6 Affine Sets

theory Affine
imports Linear_Algebra
begin

lemma if smult: (if P then x else (y::real)) xr v = (if P then z xr v else y xr v)
by (fact if_distrib)

lemma sum_delta_notmem:

assumes z ¢ s

shows sum (Ay. if (y = ) then Pz else Q y) s = sum Q s
and sum (Ay. if (x = y) then Pz else Q y) s = sum @ s
and sum (Ay. if (y = x) then Py else Q y) s = sum @ s
and sum (Ay. if (x = y) then Py else Q y) s = sum @ s

apply (rule_tac [!] sum.cong)

using assms

apply auto

done

lemmas independent_finite = independent_imp_finite
lemma span_substd_basis:

assumes d: d C Basis
shows span d = {z. Vi€Basis. i ¢ d — x+i = 0}

(is - = ?B)
proof —
have d C 7B

using d by (auto simp: inner_Basis)
moreover have s: subspace 7B
using subspace_substandard[of Ai. i ¢ d] .
ultimately have span d C ?B
using span_mono|of d ?B] span_eq_iff [of ?B] by blast
moreover have *: card d < dim (span d)
using independent_card_le_dim[of d span d] independent_substdbasis| OF assms]
span_superset|of d]
by auto
moreover from x have dim ?B < dim (span d)
using dim_substandard[OF assms| by auto
ultimately show %thesis
using s subspace_dim_equal|of span d ¢B] subspace_span[of d] by auto
qed

lemma basis_to_substdbasis_subspace_isomorphism:
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fixes B :: 'a::euclidean_space set
assumes independent B
shows 3f d::'a set. card d = card B A linear f N f ‘B = d A
f“span B = {z.Vi€Basis. i ¢ d — x - i = 0} A inj_on f (span B) A d C
Basis
proof —
have B: card B = dim B
using dim_unique[of B B card B] assms span_superset|of B] by auto
have dim B < card (Basis :: 'a set)
using dim_subset_UNIV [of B] by simp
from ex_card[OF this| obtain d :: 'a set where d: d C Basis and ¢: card d =
dim B
by auto
let 2t = {z::'a::euclidean_space. ¥ i€ Basis. i ¢ d — z+i = 0}
have 3f. linear f A f B =d A f*span B = 2t A injon f (span B)
proof (intro basis_to_basis_subspace_isomorphism subspace_span subspace_substandard
span_superset)
show d C {z. VicBasis. i ¢ d — z -1 = 0}
using d inner_not_same_Basis by blast
qged (auto simp: span_substd_basis independent_substdbasis dim_substandard d t B
assms)
with ¢ <card B = dim B) d show ?thesis by auto
qed

1.6.1 Affine set and affine hull

definition affine :: 'a::real_vector set = bool
where affine s «+— (Vaz€s. Vyes.Vuv. u+v=1—u*gax+ vy €Ss)

lemma affine_alt: affine s +— (Vaz€s. Vyes. Vuureal. (1 — u) *g ¢ + u g y €

5)
unfolding affine_def by (metis eq_diff-eq’)

lemma affine_empty [iff]: affine {}
unfolding affine_def by auto

lemma affine_sing [iff]: affine {z}
unfolding affine_alt by (auto simp: scaleR_left_distrib [symmetric])

lemma affine.UNIV [iff]: affine UNIV
unfolding affine_def by auto

lemma affine_Inter [intro]: (\s. s€f = affine s) = affine (N f)
unfolding affine_def by auto

lemma affine_Int[intro]: affine s = affine t = affine (s N t)
unfolding affine_def by auto

lemma affine_scaling: affine s = affine (image (Az. ¢ xg ) s)
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apply (clarsimp simp add: affine_def)

apply (rule_tac z=u *r = + v *g y in image_eql )
apply (auto simp: algebra_simps)

done

lemma affine_affine_hull [simp]: affine(affine hull s)
unfolding hull_def
using affine_Inter[of {t. affine t A s C t}] by auto

lemma affine_hull_eq[simp]: (affine hull s = s) +— affine s
by (metis affine_affine_hull hull_same)

lemma affine_hyperplane: affine {z. a - x = b}
by (simp add: affine_def algebra_simps) (metis distrib_right mult.left_neutral)

Some explicit formulations

Formalized by Lars Schewe.

lemma affine:
fixes V::'a::real_vector set
shows affine V +—
(VS u. finitke SAS#{JANSCVAsumuS=1— 3 z€5. uz *p
z)e V)
proof —
have u xgx + v*xgy € Vifz e Vye Vu+ v = (I:rel)
and *: A\S u. [finite S; S #{}; SC Vi;sumu S =1] = (Y z€S. uz *p z)
e Viorzyuv
proof (cases © = y)
case True
then show ?thesis
using that by (metis scaleR_add_left scaleR_one)
next
case Fulse
then show ?thesis
using that *[of {z,y} Aw. if w = x then u else v] by auto
qed
moreover have (> z€S. uz xgz) € V
if : Aeyuv. [zeV;yeViu+v=1]= uxgrax+vxgyeV
and finite S S #{} SC Vsumu S =1 for Su
proof —
define n where n = card S
consider card S = 0 | card S = 1 | card S = 2 | card S > 2 by linarith
then show (> z€S. uz xgz) € V
proof cases
assume card S = 1
then obtain a where S={a}
by (auto simp: card_Suc_eq)
then show ?thesis
using that by simp
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next
assume card S = 2
then obtain a b where S = {a, b}
by (metis Suc_1 card_1_singletonE card_Suc_eq)
then show ?thesis
using *[of a b] that
by (auto simp: sum_clauses(2))
next
assume card S > 2
then show ?thesis using that n_def
proof (induct n arbitrary: u S)
case (
then show ?Zcase by auto
next
case (Suc nu S)
have sum u S = card S if = (3z€S. vz # 1)
using that unfolding card_eq_sum by auto
with Suc.prems obtain z where z € S and z: u z # 1 by force
have c: card (S — {z}) = card S — 1
by (simp add: Suc.prems(3) @ € S»)
have sumu (S — {z}) =1 —uz
by (simp add: Suc.prems sum_diff1 @ € )
with z have eq!: inverse (1 — u x) * sum u (S — {z}) = 1
by auto
have inV: (> yeS — {z}. (inverse (I —uz) *xuy) *gpy) € V
proof (cases card (S — {z}) > 2)
case True
then have S: S — {2} # {} card (S — {z}) =n
using Suc.prems ¢ by force+
show ?thesis
proof (rule Suc.hyps)
show (3" aeS — {z}. inverse (1 — uz) * ua) = 1
by (auto simp: eql sum_distrib_left[symmetric])
qed (use S Suc.prems True in auto)
next
case Fulse
then have card (S — {z}) = Suc (Suc 0)
using Suc.prems ¢ by auto
then obtain ¢ b where ab: (S — {z}) = {a, b} a#b
unfolding card_Suc_eq by auto
then show ?thesis
using eql (S C V»
by (auto simp: sum_distrib_left distrib_left intro!: Suc.prems(2)[of a b])
qed
have uz + (1 —uz) =1 =
vrxgx+ (I —uz)*g (O yeS — {2} uy*py) /g (I —uzx) eV
by (rule Suc.prems) (use x € S)» Suc.prems inV in cauto simp: scaleR_right.sum))
moreover have (> a€S. uwa*xg a) =uvz gz + (D, acS — {z}. vaxpg

a)
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by (meson Suc.prems(3) sum.remove x € )
ultimately show (> z€S. uz xg z) € V
by (simp add: )
qed
qed (use (S#£{} (finite S) in auto)
qed
ultimately show ?thesis
unfolding affine_def by meson
qed

lemma affine_hull_explicit:
affine hull p = {y. IS u. finite SAS Z{} NS CpAsumuS=1Asum (Av.
uwv kg v) S =y}
(is - = ?rhs)
proof (rule hull_unique)
show p C ?rhs
proof (intro subsetl Collect] exI conjl)
show Az. sum (M\z. 1) {2z} = 1
by auto
qed auto
show %rhs C T if p C T affine T for T
using that unfolding affine by blast
show affine ?rhs
unfolding affine_def
proof clarify
fix u v :: real and sz ux sy uy
assume uv: u + v = I
and z: finite sz sz # {} sz C p sum ux st = (1::real)
and y: finite sy sy # {} sy C p sum uy sy = (1::real)
have *x: (sz U sy) N sz = sz (sz U sy) N sy = sy
by auto
show 35S w. finite SAS #A{} ANSCpA
sumw S =1 AN (D vES. wv xg v) = u xg (D VEST. ur v *xg V) + v *R
(Do vEsy. uy v *g v)
proof (intro exI conjl)
show finite (sz U sy)
using z y by auto
show sum (\i. (if i€sx then u % uzx i else 0) + (if i€sy then v * uy i else 0))
(sz U sy) =1
using = y uv
by (simp add: sum_Un sum.distrib sum.inter_restrict[symmetric] sum_distrib_left
[symmetric] #x)
have (> ic€sz U sy. ((if i € sz then u * ux i else 0) + (if i € sy then v x uy
ielse 0)) g 1)
=(li€sx. (u*uxi) xg i) + (O i€sy. (v * uy i) *xg 1)
using z y
unfolding scaleR_left_distrib scaleR_zero_left if_smult
by (simp add: sum_Un sum.distrib sum.inter_restrict[symmetric] sx)



Affine.thy 101

also have ... = u xg (D v€sx. ur v xg v) + v x5 (O, VESY. uy v *r v)
unfolding scaleR_scaleR[symmetric] scaleR_right.sum [symmetric] by blast

finally show (> i€sx U sy. ((if i € sz then u x uz i else 0) + (if i € sy then

v uy i else 0)) *g 1)
=u*p (DO veEsz. ux v *xg v) + v xg (O, VESY. uy v *g v) .
qged (use z y in auto)
qed

qed

lemma affine_hull_finite:
assumes finite S
shows affine hull S = {y. Ju. sum u S =1 A sum (Av. w v *xg v) S = y}
proof —
have x: Jh. sum h S =1 A (D veES. hvxgpv) =1z
if F C S finite F F # {} and sum: sum u F = 1 and z: (3, vEF. u v % v)
=z forz Fu
proof —
have SN F = F
using that by auto
show ?thesis
proof (intro exl congl)
show (> z€S. if x € F then u z else 0) = 1
by (metis (mono_tags, lifting) «S N F = F) assms sum.inter_restrict sum)
show (> veS. (if v € Fthen u v else 0) g v) = x
by (simp add: if-smult cong: if-cong) (metis (no-types) (S N F = F) assms
sum.inter_restrict x)
qed
qed
show ?thesis
unfolding affine_hull_explicit using assms
by (fastforce dest: x)
qed

Stepping theorems and hence small special cases

lemma affine_hull_empty[simp]: affine hull {} = {}
by simp

lemma affine_hull_finite_step:
fixes y :: 'a::real_vector
shows finite S —
(Fu. sum u (insert a S) = w A sum (Az. u z *xg ) (insert a S) = y) +—
Fovu sumuS=w—vAsum (Az. uz*gp z) S =y — v g a) (is . =
2lhs = ?rhs)
proof —
assume fin: finite S
show ?lhs = %rhs
proof
assume ?lhs
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then obtain u where u: sum u (insert a S) = w A (D x€insert a S. u z xR
z) =y
by auto
show ?rhs
proof (cases a € §)
case True
then show ?thesis
using u by (simp add: insert_absord) (metis diff_zero real_vector.scale_zero_left)
next
case Fulse
show ?thesis
by (rule ezl [where z=u al]) (use u fin False in auto)
qed
next
assume ?rhs
then obtain v u where vu: sum v S =w — v (D z€S. uxr *xgz) =y — v
*R Q
by auto
have x: Az M. (if © = a then v else M) xg x = (if x = a then v xg x else M
*R ZE)
by auto
show ?lhs
proof (cases a € 5)
case True
show ?thesis
by (rule ezl [where z=Xz. (if z=a then v else 0) + u z])
(simp add: True scaleR_left_distrib sum.distrib sum_clauses fin vu * cong:
if-cong)
next
case Fulse
then show ?thesis
apply (rule_tac x=Az. if x=a then v else u x in exl)
apply (simp add: vu sum_clauses(2)[OF fin] *)
by (simp add: sum_delta_notmem(3) wvu)
qed
qed
qed

lemma affine_hull_2:
fixes a b :: 'a::real_vector
shows affine hull {a,b} = {u *g a + v *g b| uv. (u + v = 1)}
(is ?lhs = ?rhs)
proof —
have x:
Neyz z=12—y+— y+ 2= (x:real)
Neyz z=z—y<+—y+ 2= (z:'a) by auto
have ?lhs = {y. Ju. sum v {a, b} = 1 A (D ve{a, b} wv xg v) = y}
using affine_hull_finite[of {a,b}] by auto
alsohave ... = {y. Jvu. ub=1—-v Aubxg b=y — v xg a}
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by (simp add: affine_hull_finite_step[of {b} a])

also have ... = ?rhs unfolding * by auto
finally show ?thesis by auto
qed

lemma affine_hull_3:
fixes a b c :: 'a::real_vector
shows affine hull {a,b,c} ={uxgra+v*p b+ wxrgcluvw. u+v+w=
1}
proof —
have x*:
Neyz o z=2—y+— y+ 2= (x:real)
Neyz z=2—y<+— y+ z=(x:'a) by auto
show ?thesis
apply (simp add: affine_hull_finite affine_hull_finite_step)
unfolding *
apply safe
apply (metis add.assoc)
apply (rule_tac z=u in ez, force)
done
qed

lemma mem_affine:
assumes affine Sz € Sy e Su+ v =1
shows u xg z + v *gp y € S
using assms affine_def [of S] by auto

lemma mem_affine_3:
assumes affine Sx € Sye SzeSu+v+ w=1
shows u xp z + V*xgpy + wxg 2 € S
proof —
have u xgr = + v *g y + w *g 2z € affine hull {z, y, z}
using affine_hull_8[of x y z] assms by auto
moreover
have affine hull {z, y, 2} C affine hull S
using hull_mono|of {z, y, 2} S| assms by auto
moreover
have affine hull S = S
using assms affine_hull_eq[of S] by auto
ultimately show %thesis by auto
qed

lemma mem_affine_3_minus:
assumes affine Sz € Sye Sz € S
shows z + v xg (y—2) € S
using mem_affine_3[of Sty z 1 v —v] assms
by (simp add: algebra_simps)

corollary mem_affine_3_minus2:


Affine.html

104

laffine S;z € S;ye S;z2€ 8] =z —v=x*g (y—2) €S
by (metis add_uminus_conv_diff mem_affine_8_minus real_vector.scale_minus_left)

Some relations between affine hull and subspaces

lemma affine_hull_insert_subset_span:
affine hull (insert a S) C {a + vl v.v € span {x —a |z .z € S}}
proof —
have 3v Tu.c =a+ v A (finite TANT C{zx —al|z.z2€ S} AN veT. uv
xR V) = )
if finite FF # {} F Cinsert a Ssumu F =1 (3 veEF. uv *xg v) =z
for z F u
proof —
have x: (A\z.z —a) ‘(F — {a}) C{z —a|z. 2 € S}
using that by auto
show ?thesis
proof (intro exI conjl)
show finite (Az. x — a) ‘ (F — {a}))
by (simp add: that(1))
show (> ve(Az. z — a) * (F — {a}). u(v+a) *g v) = z—a
by (simp add: sum.reindex[unfolded inj_on_def] algebra_simps
sum_subtractf scaleR_left.sum[symmetric] sum_diff! that)
qged (use (F C insert a S) in auto)
qed
then show ?thesis
unfolding affine_hull_explicit span_explicit by fast
qed

lemma affine_hull_insert_span:
assumes a ¢ S
shows affine hull (insert a S) = {a + v |v.v € span {x — a | z. z € S}}
proof —
have x: 3G u. finite G AN G #{} NG Cinserta S AN sumu G =1 N (D veG.
UV KR V) =Y
ifvespan {zr —alz.z2€ Sty=a+vforyv
proof —
from that
obtain T u where u: finite TT C{x —a|z. 2 € S} a + O veT. uv *p
v) =y
unfolding span_explicit by auto
define F where FF = (Az. z + a) ‘T
have F: finite FF C S (D veF. v (v —a)xg (v—1a)) =y — a
unfolding F_def using u by (auto simp: sum.reindez[unfolded inj_on_def))
have x: FN{a}={} FN—{a} =F
using F assms by auto
show 3 G . finite G AN G # {} N G Cinsert a S Asumu G =1 A (D veG.
UV KR V) =Y
apply (rule_tac x = insert a F in exl)
apply (rule_tac x = Ax. if z=a then 1 — sum (Az. u (z — a)) F else u (z —
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a) in ezl)
using assms F
apply (auto simp: sum_clauses sum.If_cases if_smult sum_subtractf scaleR_left.sum
algebra_simps *)
done
qed
show ?Zthesis
by (intro subset_antisym affine_hull_insert_subset_span) (auto simp: affine_hull_explicit
dest!: %)
qed

lemma affine_hull_span:

assumes a € S

shows affine hull S ={a + v | v. v € span {z —a |z. z € § — {a}}}

using affine_hull_insert_span[of a S — {a}, unfolded insert_Diff[OF assms]] by
auto

Parallel affine sets

definition affine_parallel :: 'a::real_vector set = 'a::real_vector set = bool
where affine_parallel S T «+— (Ja. T = (Az. a + z) ©9)

lemma affine_parallel_expl_aux:
fixes S T :: 'a::real_vector set
assumes A\z.z € S+—a+z €T
shows T = (Az. a + z) S
proof —
have z € (Az. a + z) ‘S)ifz € T for z
using that
by (simp add: image_iff) (metis add.commute diff-add_cancel assms)
moreover have T'> (Az. a + z) ‘S
using assms by auto
ultimately show ¢thesis by auto
qed

lemma affine_parallel_expl: affine_parallel S T +— (Ja.Vz. 2 € S +— a+ z €
T)
by (auto simp add: affine_parallel_def)
(use affine_parallel_expl_auz [of S - T] in blast)

lemma affine_parallel_reflex: affine_parallel S S
unfolding affine_parallel_def
using image_add_0 by blast

lemma affine_parallel_commut:
assumes affine_parallel A B
shows affine_parallel B A
proof —
from assms obtain a where B: B = (Az. a + z) ‘ 4
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unfolding affine_parallel_def by auto
have [simp]: (Az. z — a) = plus (— a) by (simp add: fun_eq_iff)
from B show ?thesis
using translation_galois [of B a A]
unfolding affine_parallel_def by blast
qed

lemma affine_parallel_assoc:
assumes affine_parallel A B
and affine_parallel B C
shows affine_parallel A C
proof —
from assms obtain ab where B = (Az. ab + z) ‘ A
unfolding affine_parallel_def by auto
moreover
from assms obtain bc where C' = (A\z. bc + z) ‘B
unfolding affine_parallel_def by auto
ultimately show ?thesis
using translation_assoc[of bc ab A] unfolding affine_parallel_def by auto
qed

lemma affine_translation_aux:
fixes a :: 'a::real_vector
assumes affine ((Az. a + z) *S)
shows affine S
proof —
{
fixzyuv
assume zy: z € Sy € S (u :: real) + v = 1
then have (¢ + z) € (Mz. a + ) ‘S) (¢ + y) € (M\z. a + z) ©9)
by auto
then have hl: u xg (e + 2) +v*g (a +y) € Az. a +1z) ‘S
using zy assms unfolding affine_def by auto
have u g (a + z) + v *g (a + y) = (u + v) *gr a + (u xr T + v xg Y)
by (simp add: algebra_simps)
also have ... = a + (uxgp 2 + v *g y)
using (u + v = 1) by auto
ultimately have a + (u g 2 + v *g y) € (A\z. a + z) ‘S
using h! by auto
then have u xp x + v xg y € S by auto
}
then show ?thesis unfolding affine_def by auto
qed

lemma affine_translation:
affine S <— affine ((+) a *S) for a :: 'a::real_vector
proof
show affine ((+) a ©S) if affine S
using that translation_assoc [of — a a S]
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by (auto intro: affine_translation_aux [of — a ((+) a ©9)])
show affine S if affine ((+) a *9)
using that by (rule affine_translation_aux)
qed

lemma parallel_is_affine:
fixes S T :: 'a::real_vector set
assumes affine S affine_parallel S T
shows affine T
proof —
from assms obtain o« where T = (Az. a + z) ‘S
unfolding affine_parallel_def by auto
then show ?thesis
using affine_translation assms by auto
qed

lemma subspace_imp_affine: subspace s = affine s
unfolding subspace_def affine_def by auto

lemma affine_hull_subset_span: (affine hull s) C (span s)
by (metis hull_minimal span_superset subspace_imp_affine subspace_span)

Subspace parallel to an affine set

lemma subspace_affine: subspace S <— affine S A 0 € S
proof —
have h0: subspace S = affine S N 0 € §
using subspace_imp_affine|of S] subspace_0 by auto
{
assume assm: affine S A 0 € S
{
fix ¢ :: real
fix =
assume z: 7 € S
have ¢ xg * = (1—c¢) *g 0 + ¢ *g = by auto
moreover
have (I —¢)xg 0 + cxgx € S
using affine_alt[of S] assm z by auto
ultimately have ¢ xg © € S by auto

then have h1:Vec. Vz € S. ¢ xg z € S by auto

{

fix z y

assume zy: z € Sy € S

define u where u = (1 :: real)/2

have (1/2) xr (z+y) = (1/2) xr (z+y)
by auto

moreover

107
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have (1/2) g (z+y)=(1/2) xg z + (1—(1/2)) *r y
by (simp add: algebra_simps)
moreover
have (1 —u)*gpz +u*xgy €S
using affine_alt[of S] assm xy by auto
ultimately
have (1/2) g (z+y) € S
using u_def by auto
moreover
have z + y = 2 xg ((1/2) *r (z+y))
by auto
ultimately
havez +y € S
using hi[rule_format, of (1/2) *xg (z+y) 2] by auto
}
then have Vz € §S.Vye S.z +y € S
by auto
then have subspace S
using h1 assm unfolding subspace_def by auto
}
then show ?thesis using h0 by metis
qed

lemma affine_diffs_subspace:
assumes affine S a € S
shows subspace (A\z. (—a)+z) *S)
proof —
have [simp]: (Az. z — a) = plus (— a) by (simp add: fun_eq_iff)
have affine (A\z. (—a)+z) ©9)
using affine_translation assms by blast
moreover have 0 € ((Az. (—a)+z) 9)
using assms exI[of (Az. €S A —a+z = 0) a] by auto
ultimately show ?thesis using subspace_affine by auto
qed

lemma affine_diffs_subspace_subtract:
subspace (Ax. z — a) °S) if affine Sa € S
using that affine_diffs_subspace [of _ a] by simp

lemma parallel_subspace_explicit:
assumes affine S
and a € S
assumes L = {y. 3z € S. (—a) + z = y}
shows subspace L A affine_parallel S L
proof —
from assms have L = plus (— a) ‘S by auto
then have par: affine_parallel S L
unfolding affine_parallel_def ..
then have affine L using assms parallel_is_affine by auto
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moreover have 0 € L
using assms by auto
ultimately show ?thesis
using subspace_affine par by auto
qed

lemma parallel_subspace_aux:
assumes subspace A
and subspace B
and affine_parallel A B
shows A O B
proof —
from assms obtain a where a: Vz. 2 € A+— a+ 2z € B
using affine_parallel_expl[of A B] by auto
then have —a € A
using assms subspace_0[of B] by auto
then have a € A
using assms subspace_neg[of A —a] by auto
then show ?thesis
using assms a unfolding subspace_def by auto
qed

lemma parallel_subspace:
assumes subspace A
and subspace B
and affine_parallel A B
shows A = B
proof
show A D B
using assms parallel_subspace_auxr by auto
show A C B
using assms parallel_subspace_aux[of B A] affine_parallel_commut by auto
qged

lemma affine_parallel_subspace:
assumes affine S S # {}
shows 3!L. subspace L A affine_parallel S L
proof —
have ex: 3 L. subspace L N\ affine_parallel S L
using assms parallel_subspace_explicit by auto
{
fix L1 L2
assume ass: subspace L1 N affine_parallel S L1 subspace L2 N affine_parallel S
L2
then have affine_parallel L1 L2
using affine_parallel_commut[of S L1] affine_parallel_assoc[of L1 S L2] by
auto
then have L1 = L2
using ass parallel_subspace by auto
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}

then show ?thesis using ex by auto
qed

1.6.2 Affine Dependence

Formalized by Lars Schewe.

definition affine_dependent :: 'a::real_vector set = bool
where affine_dependent s <— (z€s. z € affine hull (s — {z}))

lemma affine_dependent_imp_dependent: affine_dependent s = dependent s
unfolding affine_dependent_def dependent_def
using affine_hull_subset_span by auto

lemma affine_dependent_subset:
[affine_dependent s; s C t] = affine_dependent t
apply (simp add: affine_dependent_def Bex_def)
apply (blast dest: hull_mono [OF Diff_-mono [OF _ subset_refl]])
done

lemma affine_independent_subset:
shows [ affine_dependent t; s C t] = — affine_dependent s
by (metis affine_dependent_subset)

lemma affine_independent_Diff :
- affine_dependent s => — affine_dependent(s — t)
by (meson Diff-subset affine_dependent_subset)

proposition affine_dependent_explicit:
affine_dependent p <—
(S u. finite SAS CpAsumuS=0A(E3veS. wv#0)Asum (Av. uv
*R 1}) S = 0)
proof —
have 35 u. finite SAS CpAsumuS=0A(FveS. uv#0)N D weS. u
w g w) =0
if QweS.vwrgw)=zz€pfiniteSS#{} SCp—{z}sumul =1
for z S u
proof (intro exl congl)
have = ¢ S
using that by auto
then show (Y v € insert © S. if v =z then — 1 else uv) = 0
using that by (simp add: sum_delta_notmem)
show (3" w € insert © S. (if w = x then — 1 else u w) *gp w) = 0
using that <x ¢ S) by (simp add: if-smult sum_delta_notmem cong: if-cong)
qged (use that in auto)
moreover have 3z€p. IS u. finite SAS #A{} NS Cp—{z} ANsumuS =
I AN veS. uv*gpv) =2
if (OSveS. uvxgv)=0finiteSSCpsumuS=0veSuv#0forSuv
proof (intro bexl exl conjl)
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have S # {v}
using that by auto
then show S — {v} # {}
using that by auto
show >z €S —{v}. — (I /Juv)*xuzx)=1
unfolding sum_distrib_left[symmetric] sum_diff1[OF «finite S)] by (simp add:
that)
show (> zeS — {v}. (= (I Juv)*uz)*ga)=10v
unfolding sum_distrib_left [symmetric] scaleR_scaleR[symmetric]
scaleR_right.sum [symmetric] sum_diff1[OF «finite S)]
using that by auto
show S — {v} C p — {v}
using that by auto
ged (use that in auto)
ultimately show ?thesis
unfolding affine_dependent_def affine_hull_explicit by auto
qed

lemma affine_dependent_explicit_finite:
fixes S :: 'a::real_vector set
assumes finite S
shows affine_dependent S +—
(Fu. sumu S = 0N (FveS. uv # 0) A sum (Av. wuv*gv)S=20)
(is ?lhs = ?rhs)
proof
have x: Avt u v. (if vt then u v else 0) xg v = (if vt then (u v) *g v else 0::'a)
by auto
assume ?lhs
then obtain ¢ v v where
finitett C Ssumut=0vetuv#0 (D veEt. uv *gpv) =10
unfolding affine_dependent_explicit by auto
then show ?rhs
apply (rule_tac x=Az. if z€t then u x else 0 in exl)
apply (auto simp: * sum.inter_restrict|OF assms, symmetric] Int_absorbl[OF
tCS))
done
next
assume ?rhs
then obtain « v where sum v S = 0 ve€Suv # 0 (D vES. uv *xg v) =0
by auto
then show ?lhs unfolding affine_dependent_explicit
using assms by auto
qed

lemma dependent_imp_affine_dependent:
assumes dependent {z — a| z . € s}
and a ¢ s
shows affine_dependent (insert a s)
proof —
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from assms(1)[unfolded dependent_explicit] obtain S u v
where obt: finite S S C {z —a|z. z € s} veSuv # 0 (D veES. uv *g v)
=0
by auto
define ¢t where t = (A\z. 2 + a) ‘S

have inj: injon (Az. x + a) S
unfolding inj_on_def by auto
have 0 ¢ S
using 0bt(2) assms(2) unfolding subset_eq by auto
have fin: finite t and t C s
unfolding ¢_def using obt(1,2) by auto
then have finite (insert a t) and insert a t C insert a s
by auto
moreover have x: AP Q. (3 z€t. (if z = a then Pz else Q x)) = (> z€t. Q
2)
apply (rule sum.cong)
using (a¢s) (tCs
apply auto
done
have (Y z€insert a t. if £ = a then — (D z€t. u (z — a)) else u (x — a)) = 0
unfolding sum_clauses(2)[OF fin] * using <a¢s) tCs)» by auto
moreover have Jv€insert a t. (if v = a then — (> z€t. u (x — a)) else u (v
— ) £ 0
using 0bt(3,4) «0¢S
by (rule_tac x=v + a in bexl) (auto simp: t-def)
moreover have x: AP Q. (3" z€t. (ifz = athen Pz else Q x) xg z) = (3 z€t.
Qx *g )
using (a¢s) tCs) by (auto intro!: sum.cong)
have (> z€t. u (z — a)) *gr a = O vet. u (v — a) *g v)
unfolding scaleR_left.sum
unfolding ¢_def and sum.reindex[OF inj] and o_def
using obt(5)
by (auto simp: sum.distrib scaleR_right_distrib)
then have (> v€insert a t. (if v = a then — (. z€t. u (x — a)) else u (v —
a)) *g v) = 0
unfolding sum_clauses(2)[OF fin]
using (a¢s ¢Cs
by (auto simp: x)
ultimately show %thesis
unfolding affine_dependent_explicit
apply (rule_tac z=insert a t in exl, auto)
done
qged

lemma affine_dependent_biggerset:
fixes s :: 'a::euclidean_space set
assumes finite s card s > DIM('a) + 2
shows affine_dependent s
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proof —
have s # {} using assms by auto
then obtain ¢ where acs by auto
have «: {r —a|z. 2 € s — {a}} = (A\z. 2 — a) ‘(s — {a})
by auto
have card {z — a |z. z € s — {a}} = card (s — {a})
unfolding * by (simp add: card_image inj_on_def)
also have ... > DIM('a) using assms(2)
unfolding card_Diff-singleton| OF assms(1) «a€$)]| by auto
finally show ?thesis
apply (subst insert_Diff [OF (a€s), symmetric))
apply (rule dependent_imp_affine_dependent)
apply (rule dependent_biggerset, auto)
done
qed

lemma affine_dependent_biggerset_general:
assumes finite (S :: 'a::euclidean_space set)
and card S > dim S + 2
shows affine_dependent S
proof —
from assms(2) have S # {} by auto
then obtain ¢ where a€S by auto
have «: {r —alz. 2 € S — {a}} = (M\z. 2 — a) ‘(S — {a})
by auto
have *x: card {z — a |z. 2 € S — {a}} = card (S — {a})
by (metis (no_types, lifting) * card_image diff-add_cancel inj_on_def)
have dim {z — a |z. z € S — {a}} < dim S
using a€S) by (auto simp: span_base span_diff intro: subset_le_dim)
also have ... < dim S + 1 by auto
also have ... < card (S — {a})
using assms
using card_Diff_singleton|OF assms(1) (a€S)]
by auto
finally show ¢thesis
apply (subst insert_Diff [OF <a€S), symmetric])
apply (rule dependent_imp_affine_dependent)
apply (rule dependent_biggerset_general)
unfolding *x
apply auto
done
qed

1.6.3 Some Properties of Affine Dependent Sets

lemma affine_independent_0 [simp]: — affine_dependent {}
by (simp add: affine_dependent_def)

lemma affine_independent_1 [simp]: — affine_dependent {a}
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by (simp add: affine_dependent_def)

lemma affine_independent_2 [simp]: — affine_dependent {a,b}
by (simp add: affine_dependent_def insert_Diff-if hull_same)

lemma affine_hull_translation: affine hull (Ax. o + z) ¢ S) = (Az. a + z) °
(affine hull S)
proof —
have affine ((Az. a + z) ‘ (affine hull S))
using affine_translation affine_affine_hull by blast
moreover have (Az. a + z) * S C (Az. a + z) ‘ (affine hull S)
using hull_subset[of S] by auto
ultimately have hl: affine hull (Az. a + z) © S) C (M\z. a + z) ‘ (affine hull
5)
by (metis hull_minimal)
have affine((Az. —a + z) ‘ (affine hull (Az. a + z) © 9)))
using affine_translation affine_affine_hull by blast
moreover have (Az. —a + z) ‘(Az. a +z) * S C (Az. —a + z) ‘ (affine hull
(Az. a+2z)°9))
using hull_subset[of (Az. a + z) ¢ S] by auto
moreover have S = (Az. —a +2) ‘(Az.a +2) © S
using translation_assoc[of —a a] by auto
ultimately have (Az. —a + z) ‘ (affine hull (Az. a + z) © 9)) >= (affine hull
5)
by (metis hull_minimal)
then have affine hull (Az. a + z) °S) >= (Az. a + z) ‘ (affine hull S)
by auto
then show ?%thesis using h1 by auto
qed

lemma affine_dependent_translation:
assumes affine_dependent S
shows affine_dependent (Az. a + z) *S)
proof —
obtain z where z: z € S A z € affine hull (S — {z})
using assms affine_dependent_def by auto
have (+) a ‘(S — {z}) =(+) a *° S — {a + z}
by auto
then have a + = € affine hull (Az. a + z) ‘S — {a + z})
using affine_hull_translation[of a S — {z}] = by auto
moreover have a + z € (A\z. a + ) ‘S
using z by auto
ultimately show ?thesis
unfolding affine_dependent_def by auto
qed

lemma affine_dependent_translation_eq:
affine_dependent S +— affine_dependent (Az. a + z) *5)
proof —
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{

assume affine_dependent (Az. a + z) ©5)
then have affine_dependent S
using affine_dependent_translation|of (Az. a + z) *S) —a] translation_assoc|of
—a a]
by auto
}

then show ?thesis
using affine_dependent_translation by auto
qed

lemma affine_hull_0_dependent:
assumes 0 € affine hull S
shows dependent S
proof —
obtain s u where s_u: finite s N s Z{} ANs CSAsumus=1A (> vEs. u
vxgpv) =0
using assms affine_hull_ezxplicit[of S| by auto
then have Jves. u v # 0 by auto
then have finite s A s C S A (Jves. uv # 0N (D vEs. uv xg v) = 0)
using s_u by auto
then show ?thesis
unfolding dependent_explicit[of S| by auto
qed

lemma affine_dependent_imp_dependent2:
assumes affine_dependent (insert 0 S)
shows dependent S
proof —
obtain z where z: z € insert 0 S A = € affine hull (insert 0S5 — {z})
using affine_dependent_def|of (insert 0 S)] assms by blast
then have z € span (insert 0 S — {z})
using affine_hull_subset_span by auto
moreover have span (insert 0 .S — {z}) = span (S — {z})
using insert_Diff-if [of 0 S {z}] span_insert_0[of S—{z}] by auto
ultimately have z € span (S — {z}) by auto
then have = # 0 = dependent S
using z dependent_def by auto
moreover
{
assume z = (
then have 0 € affine hull S
using = hull_mono[of S — {0} S] by auto
then have dependent S
using affine_hull_0_dependent by auto
}

ultimately show ?thesis by auto
qed
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lemma affine_dependent_iff_dependent:
assumes a ¢ S
shows affine_dependent (insert a S) «— dependent ((A\z. —a + z) *S5)
proof —
have ((+) (— a) ‘S) ={z — a| z . z € S} by auto
then show ?thesis
using affine_dependent_translation_eq[of (insert a S) —al
affine_dependent_imp_dependent2 assms
dependent_imp_affine_dependent|of a S|
by (auto simp del: uminus_add_conv_diff)
qed

lemma affine_dependent_iff_dependent?2:
assumes a € S
shows affine_dependent S <— dependent (A\x. —a + z) ‘ (S—{a}))
proof —
have insert a (S — {a}) = S
using assms by auto
then show ?thesis
using assms affine_dependent_iff-dependent[of a S—{a}] by auto
qed

lemma affine_hull_insert_span_gen:
affine hull (insert a s) = (Az. a + z) ‘ span ((Az. — a + z) ‘)
proof —
have hi: {z — a |z. z € s} = ((A\z. —a+z) ‘)
by auto
{
assume a ¢ s
then have ?thesis
using affine_hull_insert_span|of a s| h1 by auto

}

moreover
{
assume al: a € s
have 3z. z € s A —a+z=0
apply (rule exI[of - a])
using al
apply auto
done
then have insert 0 (A\z. —a+z) ‘(s — {a})) = (A\z. —a+z) ‘s
by auto
then have span ((Az. —a+z) ‘(s — {a}))=span (A\z. —a+z) ‘s)
using span_insert_0[of (+) (— a) ‘ (s — {a})] by (auto simp del: umi-
nus_add_conv_diff)
moreover have {z — a |z. € (s — {a})} = (A\z. —a+2z) ‘(s — {a}))
by auto
moreover have insert a (s — {a}) = insert a s
by auto
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ultimately have ?thesis
using affine_hull_insert_span[of a s—{a}] by auto
}

ultimately show ?thesis by auto
qed

lemma affine_hull_span2:
assumes a € s
shows affine hull s = (Az. a+z) ‘ span ((Az. —a+z) ¢ (s—{a}))
using affine_hull_insert_span_gen[of a s — {a}, unfolded insert_Diff [OF assms]]
by auto

lemma affine_hull_span_gen:
assumes a € affine hull s
shows affine hull s = (Az. a+z) ‘span ((Azx. —a+z) ‘s)
proof —
have affine hull (insert a s) = affine hull s
using hull_redundant[of a affine s] assms by auto
then show ?thesis
using affine_hull_insert_span_gen[of a s] by auto
qed

lemma affine_hull_span_0:
assumes 0 € affine hull S
shows affine hull S = span S
using affine_hull_span_gen[of 0 S] assms by auto

lemma extend_to_affine_basis_nonempty:
fixes S V :: 'nireal_vector set
assumes — affine_dependent S S C V.S # {}
shows 3 T. = affine_dependent T NS C T N T C V A affine hull T = affine
hull V
proof —
obtain a where a: a € S
using assms by auto
then have h0: independent ((Az. —a + z) ‘< (S—{a}))
using affine_dependent_iff-dependent?2 assms by auto
obtain B where B:
(Az. —a+z) ‘(S — {a}) € BABC (Ax. —atz) ‘' V A independent B A (\x.
—a+z) ‘' V C span B
using assms
by (blast intro: mazimal_independent_subset_extend[OF _ h0, of (Az. —a + )
V)
define T where T = (Az. a+z) ‘insert 0 B
then have T = insert a ((Az. a+z) ‘ B)
by auto
then have affine hull T = (Az. a+z) ‘ span B
using affine_hull_insert_span_gen[of a (A\z. a+x) ¢ B)] translation_assoc[of —a
a B]
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by auto
then have V C affine hull T
using B assms translation_inverse_subset|[of a V span B]
by auto
moreover have T' C V
using T_.def B a assms by auto
ultimately have affine hull T = affine hull V
by (metis Int_absorbl Int_absorb2 hull_hull hull_mono)
moreover have S C T
using T_def B translation_inverse_subset[of a S—{a} B]
by auto
moreover have — affine_dependent T
using T_def affine_dependent_translation_eq[of insert 0 B]
affine_dependent_imp_dependent? B
by auto
ultimately show ?thesis using «(T' C V) by auto
qged

lemma affine_basis_exists:
fixes V :: 'n:real_vector set
shows 3B. B C V A — affine_dependent B A affine hull V = affine hull B
proof (cases V = {})
case True
then show ?thesis
using affine_independent_0 by auto
next
case Fulse
then obtain z where z € V by auto
then show ?thesis
using affine_dependent_def[of {z}] extend_to_affine_basis_nonempty[of {x} V]
by auto
qed

proposition extend_to_affine_basis:

fixes S V :: 'nireal_vector set

assumes — affine_dependent S S C V

obtains T where — affine_dependent T S C T T C V affine hull T = affine
hull 'V
proof (cases S = {})

case True then show ?%thesis

using affine_basis_exists by (metis empty_subsetl that)

next

case Fulse

then show ?thesis by (metis assms extend_to_affine_basis_nonempty that)
qed

1.6.4 Affine Dimension of a Set

definition aff-dim :: ('a::euclidean_space) set = int
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where aff dim V =
(SOME d :: int.
3 B. affine hull B = affine hull V' A — affine_dependent B A of nat (card B) =
d+1)

lemma aff dim_basis_exists:
fixes V :: (‘n:euclidean_space) set
shows 3 B. affine hull B = affine hull V' A = affine_dependent B N of_nat (card
B) = aff-dim V + 1
proof —
obtain B where — affine_dependent B A affine hull B = affine hull V
using affine_basis_exists[of V] by auto
then show ?thesis
unfolding aff dim_def
some_eq_ex[of Ad. 3 B. affine hull B = affine hull V A — affine_dependent B
A of-nat (card B) = d + 1]
apply auto
apply (rule exI[of - int (card B) — (1 :: int)])
apply (rule exI|of - B], auto)
done
qed

lemma affine_hull_eq_empty [simp]: affine hull S = {} +— S = {}
by (metis affine_empty subset_empty subset_hull)

lemma empty_eq_affine_hull[simp]: {} = affine hull S +— S = {}
by (metis affine_hull_eq_empty)

lemma aff dim_parallel_subspace_aux:
fixes B :: 'n::euclidean_space set
assumes — affine_dependent B a € B
shows finite B A ((card B) — 1 = dim (span (Ax. —a+z) ‘ (B—{a}))))
proof —
have independent ((Az. —a + z) ‘ (B—{a}))
using affine_dependent_iff_dependent2 assms by auto
then have fin: dim (span ((Az. —a+z) ¢ (B—{a}))) = card (A\z. —a + z) °
(B—{a}))
finite (Az. —a + z) ‘(B — {a}))
using indep_card_eq_dim_spanf[of (Az. —a+z) ¢ (B—{a})] by auto
show ?thesis
proof (cases (A\z. —a + z) ‘(B — {a}) = {})
case True
have B = insert a (Az. a + z) *(Az. —a + z) ‘(B — {a}))
using translation_assoc[of a —a (B — {a})] assms by auto
then have B = {a} using True by auto
then show ?thesis using assms fin by auto
next
case Fulse
then have card (Az. —a + z) (B — {a})) > 0
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using fin by auto

moreover have hi: card (Az. —a + z) ‘ (B—{a})) = card (B—{a})
by (rule card_image) (use translate_inj_on in blast)

ultimately have card (B—{a}) > 0 by auto

then have «: finite (B — {a})
using card_gt_0_iff [of (B — {a})] by auto

then have card (B — {a}) = card B — 1
using card_Diff singleton assms by auto

with * show ?thesis using fin h1 by auto

qed
qed

lemma aff dim_parallel_subspace:
fixes V L :: 'n::euclidean_space set
assumes V # {}
and subspace L
and affine_parallel (affine hull V) L
shows aff_-dim V = int (dim L)
proof —
obtain B where
B: affine hull B = affine hull V' N\ — affine_dependent B A int (card B) =
aff-dim V + 1
using aff_dim_basis_ezists by auto
then have B # {}
using assms B
by auto
then obtain a where a: ¢ € B by auto
define Lb where Lb = span ((A\z. —a+z) ‘ (B—{a}))
moreover have affine_parallel (affine hull B) Lb
using Lb_def B assms affine_hull_span2[of a B] a
affine_parallel_commut[of Lb (affine hull B)]
unfolding affine_parallel_def
by auto
moreover have subspace Lb
using Lb_def subspace_span by auto
moreover have affine hull B # {}
using assms B by auto
ultimately have L = Lb
using assms affine_parallel_subspace|of affine hull B] affine_affine_hull[of B] B
by auto
then have dim L = dim Lb
by auto
moreover have card B — 1 = dim Lb and finite B
using Lb_def aff_dim_parallel_subspace_aur a B by auto
ultimately show ?thesis
using B (B # {} card_gt_0_iff [of B] by auto
qed

lemma aff_independent._finite:
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fixes B :: 'n::euclidean_space set
assumes - affine_dependent B
shows finite B
proof —

{

assume B # {}

then obtain a where a € B by auto

then have ?thesis

using aff-dim_parallel_subspace_aux assms by auto

}

then show ?thesis by auto
qed

lemma aff dim_empty:
fixes S :: 'n::euclidean_space set
shows S = {} +— aff-dim S = —1
proof —
obtain B where *: affine hull B = affine hull S
and - affine_dependent B
and int (card B) = aff-dim S + 1
using aff_dim_basis_exists by auto
moreover
from x have S = {} +— B = {}
by auto
ultimately show ?thesis
using aff-independent_finite[of B] card_gt_0-iff [of B] by auto
qed

lemma aff dim_empty_eq [simp]: aff-dim ({}::"a::euclidean_space set) = —1
by (simp add: aff-dim_empty [symmetric])

lemma aff_dim_affine_hull [simp]: aff-dim (affine hull S) = aff-dim S
unfolding aff-dim_def using hull_hull[of - S] by auto

lemma aff dim_affine_hull2:
assumes affine hull S = affine hull T
shows aff-dim S = aff-dim T
unfolding aff-dim_def using assms by auto

lemma aoff dim_unique:
fixes B V :: 'n::euclidean_space set
assumes affine hull B = affine hull V' A\ — affine_dependent B
shows of-nat (card B) = aff-dim V + 1
proof (cases B = {})
case True
then have V = {}
using assms
by auto

121


Affine.html

122

then have aff-dim V = (—1::int)
using aff-dim_empty by auto
then show ?thesis
using (B = {}> by auto
next
case Fulse
then obtain a« where a: a € B by auto
define Lb where Lb = span ((A\z. —a+z) ‘ (B—{a}))
have affine_parallel (affine hull B) Lb
using Lb_def affine_hull_span2[of a B] a
affine_parallel_commut|of Lb (affine hull B)]
unfolding affine_parallel_def by auto
moreover have subspace Lb
using Lb_def subspace_span by auto
ultimately have aff-dim B = int(dim Lb)
using aff-dim_parallel_subspace|of B Lb] (B # {}) by auto
moreover have (card B) — 1 = dim Lb finite B
using Lb_def aff_dim_parallel_subspace_aux a assms by auto
ultimately have of nat (card B) = aff-dim B + 1
using (B # {} card_gt_0-iff [of B] by auto
then show ?thesis
using aff-dim_affine_hull2 assms by auto
qed

lemma aff dim_affine_independent:
fixes B :: 'n::euclidean_space set
assumes — affine_dependent B
shows of-nat (card B) = aff-dim B + 1
using aff-dim_unique[of B B)] assms by auto

lemma affine_independent_iff_card:
fixes s :: 'a::euclidean_space set
shows - affine_dependent s «— finite s A aff-dim s = int(card s) — 1
apply (rule iffT)
apply (simp add: aff-dim_affine_independent aff_independent_finite)
by (metis affine_basis_exists [of s] aff-dim_unique card_subset_eq diff-add_cancel

of-nat_eq_iff )

lemma aff_dim_sing [simp]:
fixes a :: 'n::euclidean_space
shows aff-dim {a} = 0
using aff-dim_affine_independent|of {a}| affine_independent_1 by auto

lemma aff-dim_2 [simp]:

fixes a :: 'n::euclidean_space

shows aff-dim {a,b} = (if a = b then 0 else 1)
proof (clarsimp)

assume a # b

then have aff-dim{a,b} = card{a,b} — 1
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using affine_independent_2 [of a b] aff-dim_affine_independent by fastforce
also have ... = 1
using (a # b by simp
finally show aff-dim {a, b} =1 .
qed

lemma aff dim_inner_basis_exists:
fixes V :: ('n:euclidean_space) set
shows 3B. B C V A affine hull B = affine hull V- A
= affine_dependent B A of-nat (card B) = aff-dim V + 1
proof —
obtain B where B: — affine_dependent B B C V affine hull B = affine hull V
using affine_basis_exists[of V] by auto
then have of nat(card B) = aff-dim V+1 using aff_dim_unique by auto
with B show ?thesis by auto
qed

lemma aff dim_le_card:
fixes V :: 'n::euclidean_space set
assumes finite V
shows aff-dim V < of-nat (card V) — 1
proof —
obtain B where B: B C V of-nat (card B) = aff-dim V + 1
using aff-dim_inner_basis_exists[of V] by auto
then have card B < card V
using assms card-mono by auto
with B show ?thesis by auto
qed

lemma aff _dim_parallel_eq:
fixes S T :: 'n::euclidean_space set
assumes affine_parallel (affine hull S) (affine hull T)
shows aff-dim S = aff-dim T
proof —
{

assume T # {} S # {}
then obtain L where L: subspace L A affine_parallel (affine hull T) L

using affine_parallel_subspace|of affine hull T)
affine_affine_hull[of T

by auto
then have aff-dim T = int (dim L)

using aff-dim_parallel_subspace «T # {} by auto
moreover have x: subspace L A affine_parallel (affine hull S) L

using L affine_parallel_assoc[of affine hull S affine hull T L] assms by auto
moreover from * have aff dim S = int (dim L)

using aff_dim_parallel_subspace S # {}) by auto
ultimately have ?thesis by auto

}

moreover
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{

assume S = {}
then have S = {} and T = {}
using assms
unfolding affine_parallel_def
by auto
then have ?thesis using aff_dim_empty by auto

}

moreover

{

assume T = {}
then have S = {} and T = {}
using assms
unfolding affine_parallel_def
by auto
then have ?thesis
using aff_dim_empty by auto
}
ultimately show ?thesis by blast
qed

lemma aff_dim_translation_eq:
aff-dim ((+) a *S) = aff-dim S for a :: 'n::euclidean_space
proof —
have affine_parallel (affine hull S) (affine hull (Az. a + z) ¢ S))
unfolding affine_parallel_def
apply (rule exI[of - a])
using affine_hull_translation[of a S|
apply auto
done
then show ?thesis
using aff-dim_parallel_eq[of S (A\z. a + z) ‘S| by auto
qed

lemma aff_dim_translation_eq_subtract:
aff-dim (Az. z — a) ©S) = aff-dim S for a :: 'n::euclidean_space
using aff-dim_translation_eq [of — a] by (simp cong: image_cong_simp)

lemma aff dim_affine:
fixes S L :: 'n::euclidean_space set
assumes S # {}
and affine S
and subspace L
and affine_parallel S L
shows aff_dim S = int (dim L)
proof —
have x: affine hull S = S
using assms affine_hull_eq[of S] by auto
then have affine_parallel (affine hull S) L
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using assms by (simp add: *)
then show ?thesis
using assms aff_dim_parallel_subspace[of S L] by blast
qed

lemma dim_affine_hull:
fixes S :: 'n::euclidean_space set
shows dim (affine hull S) = dim S
proof —
have dim (affine hull S) > dim S
using dim_subset by auto
moreover have dim (span S) > dim (affine hull S)
using dim_subset affine_hull_subset_span by blast
moreover have dim (span S) = dim S
using dim_span by auto
ultimately show ?thesis by auto
qed

lemma aff_dim_subspace:

fixes S :: 'n::euclidean_space set
assumes subspace S

shows aff-dim S = int (dim S)
proof (cases S={})

case True with assms show ?thesis

by (simp add: subspace_affine)

next

case Fulse

with aff_dim_affineof S S] assms subspace_imp_affine[of S| affine_parallel_reflex|of
S] subspace_affine

show ?thesis by auto
qed

lemma aff dim_zero:
fixes S :: 'n::euclidean_space set
assumes 0 € affine hull S
shows aff-dim S = int (dim S)
proof —
have subspace (affine hull S)
using subspace_affine|of affine hull S] affine_affine_hull assms
by auto
then have aff-dim (affine hull S) = int (dim (affine hull S))
using assms aff-dim_subspace|of affine hull S] by auto
then show ?thesis
using aff-dim_affine_hull[of S] dim_affine_hull[of S]
by auto
qed

lemma aff dim_eq_dim:
aff-dim S = int (dim ((+) (= a) ©9)) if a € affine hull S
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for S :: 'n::euclidean_space set
proof —
have 0 € affine hull (+) (— a) S
unfolding affine_hull_translation
using that by (simp add: ac_simps)
with aff-dim_zero show ?thesis
by (metis aff_-dim_translation_eq)
qed

lemma aff dim_eq_dim_subtract:
aff-dim S = int (dim ((Az. © — a) ©9)) if a € affine hull S
for S :: 'n::euclidean_space set
using aff_dim_eq_dim [of a] that by (simp cong: image_cong_simp)

lemma aff_-dim_UNIV [simp]: aff-dim (UNIV :: 'n::euclidean_space set) = int(DIM ('n))
using aff-dim_subspace[of (UNIV :: 'n::euclidean_space set)]
dim_UNIV [where 'a='n::euclidean_space]
by auto

lemma aff dim_geq:
fixes V :: 'n:euclidean_space set
shows aff-dim V > —1
proof —
obtain B where affine hull B = affine hull V
and - affine_dependent B
and int (card B) = aff-dim V + 1
using aff-dim_basis_exists by auto
then show %thesis by auto
qed

lemma aff-dim_negative_iff [simp]:
fixes S :: 'n::euclidean_space set
shows aff-dim S < 0 «—S = {}
by (metis aff-dim_empty aff-dim_geq diff-0 eq_iff zle_diff1_eq)

lemma aff lowdim_subset_hyperplane:
fixes S :: 'a::euclidean_space set
assumes aff-dim S < DIM('a)
obtains ¢ b where a # 05 C {z. a - x = b}
proof (cases S={})
case True
moreover
have (SOME b. b € Basis) # 0
by (metis norm_some_Basis norm_zero zero_neq-one)
ultimately show ?thesis
using that by blast
next
case Fulse
then obtain ¢ S’ where ¢ ¢ S’ S = insert ¢ S’
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by (meson equalsOI mk_disjoint_insert)
have dim ((+) (—c¢) *S) < DIM('a)
by (metis (S = insert ¢ S" aff-dim_eq_dim assms hull_inc insertl1 of nat_less_imp_less)
then obtain a¢ where a # 0 span ((+) (—¢) *S) C{z. a -2 = 0}
using lowdim_subset_hyperplane by blast
moreover
have a - w =a - cif span ((+) (= ¢) *S)C{z.a-z =0} we S for w
proof —
have w—c € span ((+) (— ¢) *9)
by (simp add: span_base (w € S»)
with that have w—c € {z. a - z = 0}
by blast
then show ?thesis
by (auto simp: algebra_simps)
qed
ultimately have S C {z. a - 2 = a - ¢}
by blast
then show ?thesis
by (rule that[OF <a # 0)])
qed

lemma affine_independent_card_dim_diffs:
fixes S :: 'a :: euclidean_space set
assumes — affine_dependent S a € S
shows card S = dim (Ax. 2 —a) °S) + 1
proof —
have non: - affine_dependent (insert a S)
by (simp add: assms insert_absord)
have finite S
by (meson assms aff_independent._finite)
with (a € S) have card S # 0 by auto
moreover have dim (Az. 2 — a) *S) = card S — 1
using aff_dim_eq_dim_subtract aff_dim_unique <a € S hull_inc insert_absorb non
by fastforce
ultimately show ?thesis
by auto
qed

lemma independent_card_le_aff_dim:
fixes B :: 'n::euclidean_space set
assumes B C V
assumes — affine_dependent B
shows int (card B) < aff-dim V + 1
proof —
obtain 7 where T: — affine_dependent T N B C T AT C V A affine hull T
= affine hull V
by (metis assms extend_to_affine_basis[of B V)
then have of nat (card T) = aff-dim V + 1
using aff_dim_unique by auto
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then show Zthesis
using T card_monolof T B] aff-independent_finite[of T| by auto
qed

lemma aff dim_subset:
fixes S T :: 'n::euclidean_space set
assumes S C T
shows aff-dim S < aff-dim T
proof —
obtain B where B: — affine_dependent B B C S affine hull B = affine hull §
of-nat (card B) = aff-dim S + 1
using aff-dim_inner_basis_exists[of S| by auto
then have int (card B) < aff-dim T + 1
using assms independent_card_le_aff_-dim[of B T| by auto
with B show ?thesis by auto
qed

lemma aff dim_le_DIM:
fixes S :: 'n:euclidean_space set
shows aff-dim S < int (DIM('n))
proof —
have aff-dim (UNIV :: 'n::euclidean_space set) = int(DIM ('n))
using aff-dim_UNIV by auto
then show aff-dim (S:: 'n::euclidean_space set) < int(DIM ('n))
using aff-dim_subset[of S (UNIV :: ('n::euclidean_space) set)| subset_UNIV by
auto
qed

lemma affine_dim_equal:
fixes S :: 'n:euclidean_space set
assumes affine S affine T S # {} S C T aff-dim S = aff-dim T
shows S = T
proof —
obtain ¢ where a € S using assms by auto
then have a € T using assms by auto
define LS where LS = {y. 3z € S. (—a) + z = y}
then have Is: subspace LS affine_parallel S LS
using assms parallel_subspace_explicit[of S a LS] <a € S) by auto
then have h1: int(dim LS) = aff-dim S
using assms aff_dim_affine[of S LS] by auto
have T # {} using assms by auto
define LT where LT = {y. 3z € T. (—a) + z = y}
then have It: subspace LT A affine_parallel T LT
using assms parallel_subspace_explicitiof T a LT| «a € T) by auto
then have int(dim LT) = aff-dim T
using assms aff_dim_affine[of T LT] <T # {}> by auto
then have dim LS = dim LT
using hl assms by auto
moreover have LS < LT
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using LS_def LT_def assms by auto

ultimately have LS = LT
using subspace_dim_equal[of LS LT] ls It by auto

moreover have S = {z. 3y € LS. a+y=z}
using LS_def by auto

moreover have T = {z. 3y € LT. a+y=z}
using LT_def by auto

ultimately show ?thesis by auto

qed

lemma aff dim_eq_0:
fixes S :: 'a::euclidean_space set
shows aff -dim S = 0 +— (Fa. S = {a})
proof (cases S = {})
case True
then show ?thesis
by auto
next
case Fulse
then obtain a where a € S by auto
show ?thesis
proof safe
assume 0: aff-dim S = 0
have — {a,b} C Sif b # a for b
by (metis 0 aff-dim_2 aff-dim_subset not_one_le_zero that)
then show Ja. S = {a}
using @ € S) by blast
qed auto
qed

lemma affine_hull UNIV:
fixes S :: 'n::euclidean_space set
assumes aff-dim S = int(DIM('n))
shows affine hull S = (UNIV :: ('n::euclidean_space) set)
proof —
have S # {}
using assms aff-dim_empty|of S] by auto
have h0: S C affine hull S
using hull_subset[of S _] by auto
have h1: aff-dim (UNIV : ('n:euclidean_space) set) = aff-dim S
using aff-dim_UNIV assms by auto
then have h2: aff-dim (affine hull S) < aff-dim (UNIV :: ('n::euclidean_space)
set)
using aff-dim_le_DIM [of affine hull S] assms h0 by auto
have h3: aff-dim S < aff-dim (affine hull S)
using h0 aff-dim_subset[of S affine hull S] assms by auto
then have h{: aff-dim (affine hull S) = aff-dim (UNIV :: ('n::euclidean_space)
set)
using h0 h1 h2 by auto
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then show “thesis
using affine_dim_equal|of affine hull S (UNIV :: ('n::euclidean_space) set)]
affine_affine_hullof S| affine_UNIV assms h4 h0 S # {}
by auto
qed

lemma disjoint_affine_hull:
fixes s :: 'n::euclidean_space set
assumes — affine_dependent st C su C st Nu={}
shows (affine hull t) N (affine hull uv) = {}
proof —
have finite s using assms by (simp add: aff-independent_finite)
then have finite ¢ finite u using assms finite_subset by blast+
{fix y
assume yt: y € affine hull t and yu: y € affine hull u
then obtain a b
where al [simp]: sum a t = 1 and [simp]: sum (Av. a v *xg v) t =y
and [simp]: sum b u = 1 sum (Av. bv *xg v) u =1y
by (auto simp: affine_hull_finite (finite t> (finite w))
define ¢ where ¢z = (if z € t then a z else if v € u then —(b x) else 0) for x
have [simp]: s Nt =ts N —t N u = u using assms by auto
have sum ¢ s = 0
by (simp add: c_def comm_monoid_add_class.sum.If_cases (finite $) sum_negf)
moreover have = (VveEs. cv = 0)
by (metis (no-types) IntD1 s Nt = b al c_def sum.neutral zero_neq_one)
moreover have (Y v€s. c v *xg v) = 0
by (simp add: c_def if-smult sum_negf
comm_monoid_add_class.sum.If_cases (finite s))
ultimately have Fulse
using assms <finite $) by (auto simp: affine_dependent_explicit)
}

then show ?thesis by blast
qed

end

1.7 Convex Sets and Functions

theory Convex
imports

Affine

HOL- Library.Set_Algebras
begin

1.7.1 Convex Sets

definition convez :: 'a::real_vector set = bool
where conver s +— (Vz€s. Vy€s. Vu>0.Vv>0. u +v=1—ux*pz + v
*R Y € 5)
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lemma convexl!:

assumes A\zyuv.z€s—=yc€s—=0<u—=0<v=u+v=1=
U ¥R T + UV kR Y €S

shows convex s

using assms unfolding convex_def by fast

lemma convezD:
assumes conver sand z € sand y € sand 0 < uvand 0 <vand u + v = 1
shows u g * + v *gp y € s
using assms unfolding conver_def by fast

lemma convez_alt: convex s +— (Vx€s. Vyes. Vu. 0 <uAhu<1— ((1 -
u) ¥R T + u kg y) € §)
(is - «— “alt)
proof
show convez s if alt: ?alt
proof —
{
fix x y and u v :: real
assume mem: r € sy € §
assume 0 < u 0 < v
moreover
assume u + v = 1
then have v = I — v by auto
ultimately have v g * + v *xgp y € s
using alt [rule_format, OF mem] by auto
}

then show ?thesis
unfolding convex_def by auto
qed
show ?alt if convex s
using that by (auto simp: conver_def)
qed

lemma convexD_alt:
assumes conver s a € sb e s0 <uwu<1I
shows ((I — u) *g a + u *g b) € s
using assms unfolding convezx_alt by auto

lemma mem-_convex_alt:
assumes convez Sx € Sye Su>0v>0u+v >0
shows ((u/(u4v)) *r z + (v/(u+v)) *g y) € S
using assms
by (simp add: convex_def zero_le_divide_iff add_divide_distrib [symmetric])

lemma convez_emptylintro,simpl: convex {}
unfolding convex_def by simp
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lemma convez_singleton[intro,simp|: convex {a}
unfolding convex_def by (auto simp: scaleR_left_distrib[symmetric])

lemma conver_UNIV [intro,simp]: convex UNIV
unfolding convex_def by auto

lemma convez_Inter: (\s. s€f = convex s) = convex([\f)
unfolding convex_def by auto

lemma conver_Int: convex s => convex t = convez (s N 1)
unfolding convex_def by auto

lemma conver_INT: (\i. i € A = convex (B i)) = convex ([i€A. B i)
unfolding convex_def by auto

lemma convex_Times: conver s = convex t = convezx (s X 1)
unfolding convex_def by auto

lemma convex_halfspace_le: convex {x. inner a x < b}
unfolding convex_def
by (auto simp: inner_add intro!: convez_bound_le)

lemma convez_halfspace_ge: convex {z. inner a x > b}
proof —
have x: {z. inner a x > b} = {z. inner (—a) z < —b}
by auto
show ?thesis
unfolding * using convez_halfspace_le[of —a —b] by auto
qed

lemma convex_halfspace_abs_le: convex {z. |inner a x| < b}
proof —
have «: {z. |inner a z| < b} = {z. inner a z < b} N {z. —b < inner a z}
by auto
show ?thesis
unfolding * by (simp add: convex_Int convez_halfspace_ge convex_halfspace_le)
qed

lemma conver_hyperplane: conver {z. inner a x = b}
proof —
have x: {z. inner a x = b} = {z. inner a x < b} N {z. inner a x > b}
by auto
show ?thesis using convex_halfspace_le convex_halfspace_ge
by (auto intro!: conver_Int simp: *)
qed

lemma convez_halfspace_lt: convex {x. inner a x < b}
unfolding convex_def
by (auto simp: conver_bound_lt inner_add)
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lemma convez_halfspace_gt: convexr {z. inner a z > b}
using convex_halfspace_lt[of —a —b] by auto

lemma convez_halfspace_Re_ge: convex {x. Re z > b}
using convez_halfspace_ge[of b 1::complex] by simp

lemma convez_halfspace_Re_le: convex {x. Re x < b}
using convex_halfspace_le[of 1::complex b] by simp

lemma convez_halfspace_Im_ge: conver {x. Im = > b}
using convez_halfspace_ge[of b i] by simp

lemma convex_halfspace_Im_le: convex {x. Im x < b}
using convez_halfspace_le[of i b] by simp

lemma convez_halfspace_Re_gt: convex {x. Re © > b}
using convez_halfspace_gtlof b 1::complex] by simp

lemma convez_halfspace_Re_lt: convex {x. Re x < b}
using convez_halfspace_lt[of 1::complex b] by simp

lemma convez_halfspace_Im_gt: conver {xz. Im z > b}
using convex_halfspace_gt[of b i] by simp

lemma convez_halfspace_Im_lt: convex {z. Im = < b}
using convez_halfspace_lt[of i b] by simp

lemma convez_real_interval [iff]:
fixes a b :: real
shows conver {a..} and convez {..b}
and convex {a<..} and convexr {..<b}
and convez {a..b} and conver {a<..b}
and convez {a..<b} and conver {a<..<b}
proof —
have {a..} = {z. a < inner 1 z}
by auto
then show I: conver {a..}
by (simp only: convex_halfspace_ge)
have {..b} = {z. inner 1 x < b}
by auto
then show 2: convez {..b}
by (simp only: convex_halfspace_le)
have {a<..} = {z. a < inner 1 z}
by auto
then show 3: conver {a<..}
by (simp only: convex_halfspace_gt)
have {..<b} = {z. inner 1 z < b}
by auto
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then show /: convex {..<b}
by (simp only: convex_halfspace_lt)
have {a..b} = {a..} N {..b}
by auto
then show convezr {a..b}
by (simp only: convex_Int 1 2)
have {a<..b} = {a<..} N {..0}
by auto
then show conver {a<..b}
by (simp only: convex_Int 3 2)
have {a..<b} = {a..} N {..<b}
by auto
then show convex {a..<b}
by (simp only: convex_Int 1 4)
have {a<..<b} = {a<..} N {..<b}
by auto
then show conver {a<..<b}
by (simp only: convex_Int 3 4)
qed

lemma convex_Reals: conver IR
by (simp add: convex_def scaleR_conv_of-real)

1.7.2 Explicit expressions for convexity in terms of arbitrary
sums

lemma conver_sum:
fixes C :: 'a::real_vector set
assumes finite S
and convex C
and (3}, i€ 8. ai)=1
assumes A\i. i € S = ai > 0
and \i.i€ S = yicC
shows (3. j€S. aj*xgyj)eC
using assms(1,3,4,5)
proof (induct arbitrary: a set: finite)
case empty
then show ?case by simp
next
case (insert i S) note IH = this(3)
have a i + suma S = 1
and 0 < a1
and VjeS. 0 < aj
and yi € C
and VjeS. yje C
using insert.hyps(1,2) insert.prems by simp_all
then have 0 < sum a S
by (simp add: sum_nonneg)
have a i xgp yi + (D_j€S. aj*xgyj) € C
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proof (cases sum a S = 0)
case True
with @ i + sum a S = 1) have a1 = 1
by simp
from sum_nonneg-0 [OF (finite S» _ True] Vj€S. 0 < a j)» have Vj€S. aj =
0
by simp
show ?thesis using (a i = 1) and VjeS. aj = 0 and (yi € O»
by simp
next
case Fulse
with 0 < sum a S» have 0 < sum a S
by simp
then have (> j€S. (aj / suma S) xgyj) € C
using Vj€S. 0 < ajp and VjeS. yj e O)
by (simp add: IH sum_divide_distrib [symmetric])
from (convex C) and (y i € C) and this and 0 < a @
and (0 < suma S and ¢ i + suma S = 1)
have a i *gp y i + sum a S xg (D_j€S. (aj / suma S) *xgp yj) € C
by (rule convexD)
then show ?thesis
by (simp add: scaleR_sum_right False)
qed
then show ?Zcase using (finite S) and i ¢ S
by simp
qed

lemma convez:
convexr S +— (V(kznat) uz. (Vi. I<iNi<k — 0<uiAzi€S)A (sumnu
{1.k} =1)

— sum (Ni. ui xg 1) {1..k} € 9)

proof safe
fix k :: nat
fix u :: nat = real
fix z

assume convex S
Vi.l <iNi<k—0<uiNANzi€Sl
sumu {1..k} =1
with convex_sumlof {1 .. k} S] show (> je{l .. k}. uj*rzj)e S
by auto
next
assume x: Vkuz. Viunat. 1 <iNi<k—0<uiAzi€S) Asumu
{1.k} =1
— >i=1.k.uixg (zi:'a)es
{
fix p :: real
fixzy:'a
assume zy: x € Sy € S
assume mu: p > 0 p < 1
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let 2u = Ni. if (i :: nat) = 1 then p else 1 — p
let 2z = \i. if (i :: nat) = 1 then z else y
have {1 ::nat .. 2} N — {z. z =1} = {2}
by auto
then have card: card ({1 ::nat .. 2} N —{z. 2 =1}) =1
by simp
then have sum %u {1 .. 2} = 1
using sum.If-cases[of {(1 == nat) .. 2} Az.z =1 Xz p Az 1 — p
by auto
with *[rule_format, of 2 ?u ?x] have S: (3.5 € {1..2}. 2uj xg %zj) € S
using mu zy by auto
have grarr: (> j € {Suc (Suc 0)..2}. 2uj xg ?2j) = (1 — p) *xg y
using sum.atLeast_Suc_atMost[of Suc (Suc 0) 2 A j. (I — p) g y] by auto
from sum.atLeast_Suc_atMost[of Suc 0 2 X\ j. ?u j xg ?x j, simplified this]
have (> j € {1..2}. 2uj*gr %zj)=p*gpz + (I — p) *g y
by auto
then have (I — p) xgy + p*xgz €S
using S by (auto simp: add.commute)
}

then show convezr S
unfolding convex_alt by auto
qed

lemma convex_explicit:
fixes S :: ‘a::real_vector set
shows conver S +—
(Vtu. finitet Nt CSANVz€t. 0 <uz)ANsumut=1— sum (Az. uz
*R Z‘) IS S)
proof safe
fix ¢
fix u :: 'a = real
assume convez S
and finite t
and t C SVzet. 0 <uzsumut=1
then show () z€t. uz g x) € S
using convez_suml[of t S u A z. z] by auto
next
assume *: Vt. V u. finitet Nt C S A (Vaet. 0 <uz) A
sumut=1— QY z€t. uzr xgx) €S
show convex S
unfolding convex_alt
proof safe
fix zy
fix p i real
assume xx:z € Sy e S0 < ppu<l
show (I — p)*r 2z +p*gpy €S
proof (cases © = y)
case Fulse
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then show ?thesis
using x[rule_format, of {z, y} A z. if z = x then 1 — p else p] *x
by auto
next
case True
then show ?thesis
using x[rule_format, of {x, y} X z. 1] *x
by (auto simp: field_simps real_vector.scale_left_diff-distrib)
qged
qed
qed

lemma convez_finite:
assumes finite S
shows convezr S +— (Vu. (VzeS. 0 <uz) ANsumuS =1— sum (Az. uz

*R .CL') S e S)
(is 2lhs = ?rhs)
proof
{ have if distrib_arg: AP f g z. (if P then f else g) x = (if P then fz else g x)
by simp

fix T :: 'a set and u :: 'a = real
assume sum: Vu. (Vz€S. 0 <uz) AsumuS =1 — (D 2€S. uzx *g x)
€S
assume *: VzeT. 0 <uzsumuT =1
assume T C §
then have S N T = T by auto
with sum[THEN spec[where x=Az. if €T then u x else 0]] x have (> zeT.
uz*g x) €S
by (auto simp: assms sum.If_cases if_distrib if_distrib_arg) }
moreover assume ?7hs
ultimately show ?lhs
unfolding convex_explicit by auto
qged (auto simp: conver_explicit assms)

1.7.3 Convex Functions on a Set

definition convezr_on :: 'a::real_vector set = ('a = real) = bool
where conver_on S f +—
(VzeS. VyeS. Vu>0.Vv>0. u+v=1—f(usgz+v*py) <ux*xfz
+vxfy)

lemma convez_onl [intro?):
assumes A\tzy. t >0 =1t< 1 =€ d=yc A=
F((1—t)tpo+tsny) <(—t)«fottsfy
shows conver_on A f
unfolding convex_on_def
proof clarify
fixzy
fix u v :: real
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assume A:x €c AycAu>0v>0u+v=1
from A(5) have [simp]: v =1 — u
by (simp add: algebra_simps)
from A(1—4)show f (uspz +v*py) <uxfax+vx*fy
using assms|of u y ]
by (cases u = 0 V u = 1) (auto simp: algebra_simps)
qed

lemma convex_on_linorderI [intro?):
fixes A :: (‘a::{linorder,real_vector}) set
assumes \tzy. t >0 —=t< 1 —=r1€Ad—=ycd=za<y—
f(I-t)xrz+txpy) < (I —t)xfo+itxfy
shows conver_on A f
proof
fix x y
fix t :: real
assume A:x € Aye At >0t <1
with assms [of t © y] assms [of 1 — t y z]
show f (1 —t)*paz+txgy) < (I —t)xfx+itxfy
by (cases z y rule: linorder_cases) (auto simp: algebra_simps)
qed

lemma convex_onD:
assumes conver_on A f
shows N\tzy. t >0 —=t<1—=2€ A= yc A=
f(I=t)xrz+itxpy) <1 —t)xfot+ixfy
using assms by (auto simp: convex_on_def)

lemma convex_onD_Icc:
assumes convez_on {z..y} fz < (y :: _:: {real_vector,preorder})
shows \t. t > 0 =t < | =
fZ—-t)srz+txpy) <1 —t)xfo+txfy
using assms(2) by (intro convex_onD [OF assms(1)]) simp_all

lemma convex_on_subset: convex_on t f = S C t = convex_on S f
unfolding convex_on_def by auto

lemma convez_on_add [intro]:
assumes convex_on S f
and convex_on S g
shows convez_on S (A\z. fz + g )
proof —
{
fix zy
assume z € Sy € S
moreover
fix u v :: real
assume 0 < ul <vu+v=1
ultimately
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have f (usp2x+v*gy)+ g (uspz+vxry) <(uxfz+ovx*fy)+ (u
xgT +v*gy)
using assms unfolding conver_on_def by (auto simp: add_mono)
then have f (uxpz + v*py) + g (u*xgz+v*py) <ux(fz+gz)+

v (fy+9v)
by (simp add: field_simps)
}

then show ?thesis
unfolding convex_on_def by auto
qed

lemma conver_on_cmul [intro]:
fixes c :: real
assumes ( < ¢
and convex_on S f
shows convez_on S (Ax. ¢ x fx)
proof —
have *: u * (¢ % fr) + v * (¢ * fy) = ¢ * (u * fr + v * fy)
for u ¢ fr v fy :: real
by (simp add: field_simps)
show ?thesis using assms(2) and mult_left_mono [OF _ assms(1)]
unfolding convex_on_def and * by auto
qed

lemma convex_lower:
assumes convez_on S f

and z € S

and y € §

and 0 < u

and 0 < v

and u + v = 1

shows f (u xg & + v *xg y) < maz (fz) (fy)
proof —

let ?m = maz (fz) (fy)

have u x fz + v x fy < uxmazx (fz) (fy) + v *x mazx (fz) (fy)
using assms(4,5) by (auto simp: mult_left-mono add_mono)

also have ... = maz (fz) (fy)
using assms(6) by (simp add: distrib_right [symmetric])

finally show ?thesis
using assms unfolding convez_on_def by fastforce

qed

lemma convez_on_dist [intro]:
fixes S :: 'a::real_normed_vector set
shows conver_on S (A\z. dist a x)

proof (auto simp: convex_on_def dist_norm)
fix zy
assume z € Sy € S
fix u v :: real
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assume 0 < u

assume () < v

assume u + v = I

have ¢ = v g a + v *g a
unfolding scaleR_left_distrib[symmetric] and <u + v = 1) by simp

then have *: « — (u xg = + v *gp y) = (v *r (a — z)) + (v *g (a — y))
by (auto simp: algebra_simps)

show norm (a — (u xg x + v xg y)) < u * norm (a — z) + v * norm (a — y)
unfolding * using norm_triangle_ineq[of u *g (@ — z) v *xg (a — y)]
using (0 < w (0 < v by auto

qed

1.7.4 Arithmetic operations on sets preserve convexity

lemma convex_linear_image:
assumes linear f
and convex S
shows convez (f ©9)
proof —
interpret f: linear f by fact
from (convex S) show convex (f < S)
by (simp add: convex_def f.scaleR [symmetric] f.add [symmetric])
qed

lemma convez_linear_vimage:
assumes linear f
and convex S
shows convez (f —°5)
proof —
interpret f: linear f by fact
from (convex S) show conver (f —¢9)
by (simp add: convex_def f.add f.scaleR)
qed

lemma convex_scaling:
assumes convexr S
shows conver ((Az. ¢ xg z) ©S)
proof —
have linear (\z. ¢ *g x)
by (simp add: linearl scaleR_add_right)
then show ?thesis
using (convex S) by (rule convex_linear_image)
qed

lemma convez_scaled:

assumes convexr S

shows conver ((Az. z *xg ¢) ©95)
proof —

have linear (\z. = *g ¢)
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by (simp add: linearl scaleR_add_left)
then show ?thesis
using (convex S) by (rule convex_linear_image)
qed

lemma convez_negations:
assumes conver S
shows conver (Az. — z) *S)
proof —
have linear (A\z. — )
by (simp add: linearl)
then show %thesis
using (convex S) by (rule convex_linear_image)
qed

lemma convez_sums:
assumes conver S
and convex T
shows conver (Jze S. Uy € T. {z + y})
proof —
have linear (\(z, y). z + y)
by (auto intro: linearl simp: scaleR_add_right)
with assms have convexr (A(z, y). z + y) ‘(S x T))
by (intro convex_linear_image conver_Times)
also have (A(z, y). 2 +y) ‘(S x T)) =(Jze S.-Uy e T. {z + y})
by auto
finally show ?thesis .
qed

lemma convez_differences:
assumes convez S convex T
shows conver (Jze S. Uy € T. {z — y})
proof —
have {z —ylzy. 2 e SAyeTt={z+ylry.x €S Ay € uminus ‘ T}
by (auto simp: diff_conv_add_uminus simp del: add_uminus_conv_diff)
then show ?thesis
using convez_sums[OF assms(1) conver_negations|OF assms(2)]] by auto
qed

lemma convez_translation:
convexr ((+) a *S) if convex S
proof —
have (J ze {a}. Uy e S. {z +y})=(+) a ‘S
by auto
then show ?thesis
using convez_sums [OF convex_singleton [of a] that] by auto
qed

lemma convex_translation_subtract:
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conver ((Ab. b — a) *S) if convex S
using convez_translation [of S — a] that by (simp cong: image_cong_simp)

lemma convez_affinity:
assumes convez S
shows conver (A\z. a + ¢ *xg z) ©5)
proof —
have (A\z. a + c*xg z) ‘S =(+) a ‘(xg) ¢ ‘S
by auto
then show ?thesis
using convez_translation|OF convez_scaling[OF assms], of a c] by auto
qged

lemma convexr_on_sum:
fixes a :: 'a = real
and y :: ‘a = 'biireal_vector
and f :: 'b = real
assumes finite s s # {}
and convezx_on C f
and convex C
and (3}, i€s.ai)=1
and \i. i€ s = ai >0
and \i.i€ s = yic C
shows [ (D i€s.ai*xgyi) <O, i€s.aixf (yi))
using assms
proof (induct s arbitrary: a rule: finite_ne_induct)
case (singleton 1)
then have ai: a ¢ = 1
by auto
then show ?case
by auto
next
case (insert i s)
then have convex_on C f
by simp
from this[unfolded convex_on_def, rule_format]
have conv: N\eyp.z2€ C =y C = 0<u= pu<
fusrz + (1 —p)*ry) <pxfa+ (1 —p) *fy
by simp
show ?case
proof (cases ai = 1)
case True
then have (> j € s.aj) =10
using insert by auto
then have \j. j € s = aj =0
using insert by (fastforce simp: sum_nonneg_eq_0_iff )
then show ?thesis
using insert by auto
next

1 =
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case Fulse
from insert have yai: yi € Cai > 0
by auto
have fis: finite (insert i s)
using insert by auto
then have ail: a1 < I
using sum_nonneg_leqg_bound|of insert i s a] insert by simp
then have a7 < I
using Fulse by auto
then have i0: 1 —ai > 0
by auto
let 2a =Xj.aj /(1 —ai)
have a_nonneg: ?aj > 0 if j € s for j
using 0 insert that by fastforce
have (> j € insertis. aj) =1
using insert by auto
then have (}] j€s.aj)=1—ai
using sum.insert insert by fastforce
then have (3] j€s.aj)/ (1 —ai)=1
using 0 by auto
then have al: (3] j€s. %aj) =1
unfolding sum_divide_distrib by simp
have conver C using insert by auto
then have asum: (> j € s. Paj*xpyj) € C
using insert convez_sum [OF <finite $) (conver C) al a_nonneg] by auto
have asum.le: f (3. j€s. %aj*xryj) <O j€s. 2ajxf(yj)
using a_nonneg al insert by blast
have f (3. j€insertis. aj*ryj)=f (O, j€s. aj*ryj)+ai*gyi)
using sum.insertjof s i X\ j. a j *g y j, OF (finite $) <i ¢ ] insert
by (auto simp only: add.commute)

also have ... = f (((I — a i) * inverse (I — a 1)) *xg O, j € 5. aj*gryj)
+aixgyi)
using i0 by auto
alsohave ... = f (I —ai)*xrg (O j € s.(aj x inverse (I — ai)) *xg yj)
+ aixgyi)

using scaleR_right.sum|of inverse (1 — a i) X\ j. aj *r y j s, symmelric]
by (auto simp: algebra_simps)

alsohave ... =f (1 —ai)*r O j€s. 2aj*xgpyJ)+ ai*g yi
by (auto simp: divide_inverse)

alsohave ... < (I —ai)*gp f (D jE€s. 2ajxryj))+aixf(yi)
using convlofyi (3. j € s. aj xp yj) ati, OF yai(1) asum yai(2) ail]
by (auto simp: add.commute)

alsohave ... < (I —ai)* (>, j€s. 2ajxf(yj)+aixf(yi)
using add_right_-mono [OF mult_left-mono [of - - 1 — a1,

OF asum_le less_imp_le[OF i0]], of a i % f (y )]

by simp

alsohave ... = (). je€s. (I —ai)x%ajxf(yj)+aixf(yi)
unfolding sum_distrib_leftof 1 — a i X j. %aj = f (y j)]
using i0 by auto
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alsohave ... = (> j€s.ajxf(yj) +aixf(yi)
using 0 by auto
also have ... = (> j € insertis. aj*f (yj))

using insert by auto
finally show ?thesis
by simp
qed
qed

lemma convez_on_alt:
fixes C :: 'a::real_vector set
shows conver_on C f +—
Ve CVyelCVu=real p>0Ap<1—
flpxre+ (1 —p)xry) <p*fa+ (1 —p)*fy)
proof safe
fix zy
fix pu it real
assume x: convez_on Cfr e Cye CO0 < ppu<1
from this[unfolded convex_on_def, rule_format]
have 0 <u=0<v=u4+v=1=f(uxgz+v*py) <uxfz+v
x fy for u v
by auto
from this [of p 1 — p, simplified] *
show f (nxrz+ (I —p)*ry) <p*xfo+ (1 —p)*fy
by auto
next
assume *: VzeC. VyeC.Vu. 0 < pAp<1 —

fwrrz+ (1 —p)*py) <pxfo+ (1 —p*fy

fix zy
fix u v :: real
assume xx: z € Cye Cu>0v>0u+v=1
then have[simp]: 1 — u = v by auto
from x[rule_format, of x y u]
have f (uspz +v*py) <ux*xfax+vx*fy
using *x by auto

}

then show conver_on C f
unfolding convex_on_def by auto

qed

lemma convex_on_diff:
fixes f :: real = real
assumes f: conver_on I f
and Iz € Iyel
and t:z < tt<y
shows (fz — ft) [ (z —t) < (fz —fy)/ (z —y)
and (fz —fy) /(z—y)<(ft—Ffy)/(t—y)

proof —
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define ¢ where a = (t — y) / (z — y)
with t have 0 < a0 <1 — a
by (auto simp: field_simps)
with f @we D we Dhhavecor: f (axz+ (1 —a)*xy) <axfz+ (I —a)
* fy
by (auto simp: conver_on_def)
have a x 2 + (I —a)xy=ax*(z —y) +y
by (simp add: field_simps)
also have ... =t
unfolding a_def using «x < © ¢ < y by simp
finally have ft < ax faz + (I —a)*fy
using cvr by simp
alsohave ... =ax* (fz — fy) + fy
by (simp add: field_simps)
finally have ft — fy < ax (fz — fy)
by simp
with ¢ show (fz — ft) / (z —t) < (fz — fy) / (z — y)
by (simp add: le_divide_eq divide_le_eq field_simps a_def)
with ¢ show (fz — fy) / (z —y) < (ft —fy) / (t —y)
by (simp add: le_divide_eq divide_le_eq field_simps)
qed

lemma pos_convez_function:
fixes f :: real = real
assumes convexr C
andleg: N\ey.z2€e C =ye C=f'ax(y—z)<fy—fz
shows conver_on C f
unfolding convex_on_alt
using assms
proof safe
fix zy p :: real
let %2 = pxp o+ (I —pu) *r y
assume x: conver Cx € Cye Cpu>0pu<1
then have 1 — y > 0 by auto
then have zpos: 7z € C
using * unfolding convez_alt by fastforce
have geq: 1+ (fo — f %) + (1 — ) = (fy — f ) >
pwxf%rx (x— 22)+ (1 —p)*xf %z (y — %2)
using add_mono [OF mult_left-mono [OF leq [OF xpos *(2)] (u > 0]
mult_left mono [OF leq [OF xpos x(3)] <1 — u > 0)]]
by auto
then have px fo + (I —p)*xfy —f% >0
by (auto simp: field_simps)
then show f (u*pz + (I —p)*ry) <pxfz+ (1 —p)*fy
by auto
qed

lemma atMostAtLeast_subset_convex:
fixes C :: real set
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assumes conver C
andze Cye Czx <y
shows {z .. y} C C
proof safe
fix z assume z2: z € {z .. y}
have less: z e Cif s < zz2 <y
proof —
let 2u=(y —2)/(y — )
have 0 < %u %u < 1
using assms * by (auto simp: field_simps)
then have comb: ?uxz + (1 — 2u) xy € C
using assms iffD1[OF convez_alt, rule_format, of C'y x ?u]
by (simp add: algebra_simps)
have uxz+ (I — ) xy=(y—2)xz/(y—z)+ (1 —(y—2)/(y -

z)) *y
by (auto simp: field_simps)
alsohave ... = ((y —2)xz 4+ (y—z — (y — 2)) xy) / (y — z)

using assms by (simp only: add_divide_distrib) (auto simp: field_simps)
also have ... = 2
using assms by (auto simp: field_simps)
finally show ?thesis
using comb by auto
qed
show 2z € C
using z less assms by (auto simp: le_less)
qed

lemma [ _imp_f"

fixes f :: real = real

assumes convexr C
and /. N\z. z € C = DERIV fz :> (f' z)
and /' N\z. 2 € C = DERIV 'z :> (f" z)
and pos: Az. 2 € C = f"2 >0
and z: z € C
and y: y € C

shows f'z*x(y —z) < fy — f=x

using assms

proof —

have less.imp: fy — fa > flax(y —z) fly*x(z —y) < fz — fy
ifxwzrzeCye Cy>azxforazy:: real

proof —

from x have ge: y —z >0y —z > 0
by auto

from x have le:z —y < O0x —y < 0
by auto

then obtain 2! where 21: 21 >z 21 <yfy—fz=(y—z)xf' 21
using subsetD[OF atMostAtLeast_subset_convex[OF (conver C) «x € C) y €
C) @ <y,
THEN f', THEN MVTZ2[OF @ < 1w, rule_format, unfolded atLeastAt-
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Most_iff [symmetric]]]
by auto
then have 21 € C
using atMostAtLeast_subset_convex (convexr C) «x € C) «y € C) @ <
by fastforce
from zI have z1" fz — fy = (z — y) * f' 21
by (simp add: field_simps)
obtain 22 where 22: 22 > 22 < 21 f' 21 — f'z = (21 — z) x f" 22
using subsetD[OF atMostAtLeast_subset_convex[OF <convex C) @ € C) (21
e O < zD),
THEN f", THEN MVT2[OF «x < z1), rule_format, unfolded atLeastAt-
Most_iff [symmetric]]] 21
by auto
obtain 23 where 23: 28 > 2128 <y f'y —f'21 = (y — 21) x f" 23
using subsetD[OF atMostAtLeast_subset_convex[OF (convexr C) (z1 € C) ty
e Oy izl <y,
THEN f"”, THEN MVT2[OF <zl < 1y, rule_format, unfolded atLeastAt-
Most_iff [symmetric]]] 21
by auto
have /'y — (fo — fy) / (x — y) = f'y — f' =1
using * z1' by auto
also have ... = (y — z1) = f" 23
using 23 by auto
finally have cool”: f'y — (fz — fy) / (z —y) = (y — 21) = f" 23
by simp
have A"y — 21 > 0
using zI by auto
have 23 € C
using z3 * atMostAtLeast_subset_convexr (convex C) @ € C) z1 € C) @ <
z1»
by fastforce
then have B f" 23 > 0
using assms by auto
from A’ B'have (y — z1) * f" 28 > 0
by auto
from cool’ this have /'y — (fz — fy) / (z — y) > 0
by auto
from mult_right_mono_neg[OF this le(2)]
have /'y« (z — y) — (fo — fy) / (2 — 9) % (& — y) < 0% (5 — p)
by (simp add: algebra_simps)
then have f'y x (z —y) — (fz — fy) <0
using le by auto
then have res: f'y x (z —y) < fz — fy
by auto
have (fy — /o) / (y —2) — f'a=f' 21 — [
using * zI by auto
also have ... = (21 — z) * f" 22
using z2 by auto
finally have cool: (fy — fz) / (y —z) — f oz = (21 —z) x " 22
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by simp
have A: 21 —z > 0
using zI by auto
have 22 € C
using 22 z1 x atMostAtLeast_subset_convexr (convex C) z1 € C) «y € C) 21
<y
by fastforce
then have B: [ 22 > 0
using assms by auto
from A B have (z1 — z) * f"" 22 > 0
by auto
with cool have (fy — fz) / (y —z) — f'2 >0
by auto
from mult_right_mono|OF this ge(2)]
have (fy — fz) / (y —2)« (y —2) = flzx(y —2) =2 0 % (y — z)
by (simp add: algebra_simps)
then have fy — fo — flax(y —xz) > 0
using ge by auto
then show fy — fa > f/ax(y —a) f'y+ (v —y) < fo —fy
using res by auto
qed
show ?thesis
proof (cases z = y)
case True
with z y show ?thesis by auto
next
case Fulse
with less_imp x y show ?thesis
by (auto simp: neq_iff)
qed
qed

lemma f'_ge0_imp_convex:
fixes f :: real = real
assumes conv: convex C
and f: Az. z € C = DERIV fz :> (f' z)
and f": Nz. 2 € C = DERIV 'z > (f" z)
and pos: Az. 2 € C = f"2 >0
shows conver_on C f
using f"_imp_f'[OF conv f' f'"' pos| assms pos_convez_function
by fastforce

lemma minus_log_convex:
fixes b :: real
assumes b > 1
shows conver_on {0 <..} (A z. — log b z)
proof —
have Az. 2 > 0 = DERIV (logb) z:> 1 / (In b * 2)
using DERIV _log by auto
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then have f: Az. 2 > 0 = DERIV (A z. —logbz)z:>—1/(Inbx z2)
by (auto simp: DERIV_minus)
have Az:real. z > 0 = DERIV inverse z :> — (inverse z " Suc (Suc 0))
using less_imp_neq| THEN not_sym, THEN DERIV _inverse] by auto
from this| THEN DERIV_cmult, of - — 1 / In b]
have Az:real. z > 0 =
DERIV (A z. (=1 /Inb) *x inverse z) z :> (— 1 [/ In b) * (— (inverse z ~ Suc
(Suc 0)))
by auto
then have f"0: Nz:real. z > 0 =
DERIV Xz.— 1 /(Inbx2)z:>1/(nbx*zx*z)
unfolding inverse_eq_divide by (auto simp: mult.assoc)
have f"'_ge0: Nzureal. 2 > 0 =1/ (Inbxz % 2) > 0
using (b > 1) by (auto intro!: less_imp_le)
from f'"_ge0_imp_convex[OF convez_real_interval(3), unfolded greater Than_iff,
OF f' "0 f”,ge()]
show ?Zthesis
by auto
qed

1.7.5 Convexity of real functions

lemma convez_on_reall:
assumes connected A
and Az. © € A = (f has_real_derivative f' ) (at x)
and \zy. 1€ A=y A=< y=fz<fy
shows convex_on A f
proof (rule convex_on_linorderl)
fix t xy :: real
assume t: t > 0t < 1
assume zy: x € Aye Az <y
define z where 2z = (I — &) xx + t x y
with (connected A and zy have wl: {z..y} C A
using connected_contains_Icc by blast

from zy t have 2z: z > z

by (simp add: z_def algebra_simps)
have y — 2= (1 — t) x (y — )

by (simp add: z_def algebra_simps)
also from zy t have ... > 0

by (intro mult_pos_pos) simp_all
finally have yz: z < y

by simp

from assms xz yz iwwlt have 3. >z ANE<z2Afz—fz=(z—2)*f'¢
by (intro MVT2) (auto intro!: assms(2))

then obtain { where &: { > 2 &< 2f' &= (fz—fz)/ (z — x)
by auto

from assms zz yz vl t have I3n.n > 2 An<yANfy—fz=(@y —2)«f'n
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by (intro MVT2) (auto intro!: assms(2))
then obtain n where n: n > z2n<yf'n=_(y—f2)/(y — 2)
by auto

from 7(3) have (fy — fz) / (y —2) =f'n .

also from ¢ n il have £ € Ane€ A
by auto

with £ n have f'n > f'¢
by (intro assms(3)) auto

also from £(8) have f' = (fz — fz) / (2 — z) .

finally have (fy — fz) x (z —z) > (fz — fz) * (y — 2)
using zz yz by (simp add: field_simps)

also have z — z =t * (y — 1)
by (simp add: z_def algebra_simps)

alsohave y — z = (1 — t) x (y — z)
by (simp add: z_def algebra_simps)

finally have (fy — fz)xt > (fz — fz) * (1 — 1)
using zy by simp

then show (I — )« fx +txfy>f (1 —t)*xga+t+*ry)
by (simp add: z_def algebra_simps)

qed

lemma convex_on_inverse:
assumes A C {0<..}
shows convez_on A (inverse :: real = real)
proof (rule convez_on_subset|OF _ assms|, intro convez_on_reall [of - - A\x. —inverse
(z72)])
fix u v :: real
assume u € {0<.} v € {0<.} u <
with assms show —inverse (u"2) < —inverse (v"2)
by (intro le_imp_neg_le le_imp_inverse_le power_-mono) (simp-all)
qed (insert assms, auto intro!l: derivative_eq_intros simp: field_split_simps power2_eq_square)

lemma convex_onD_Icc”:
assumes conver_on {z..y} fc € {z..y}
defines d =y —
shows fc < (fy —fz)/dx*x(c—2z)+ fz
proof (cases x y rule: linorder_cases)
case less
then have d: d > 0
by (simp add: d_def)
from assms(2) less have A: 0 < (¢ —z) /d(c —2) [/ d < 1
by (simp_all add: d_def field_split_simps)
have fc=f (¢ + (¢ — x) * 1)
by simp
also from less have 1 = ((y — z) / d)
by (simp add: d_def)
also from d have z + (¢ —z) % ... = (I — (¢ —z) / d) g z + ((¢ — z) /
d) xR y
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by (simp add: field_simps)
alsohave f ... < (I —(¢c—z)/d)xfz+(c—x)/dxfy
using assms less by (intro convex_onD_Icc) simp_all
also from d have ... = (fy — fz) /d*x(¢c —z)+ fz
by (simp add: field_simps)
finally show ?thesis .
qed (insert assms(2), simp_all)

lemma convex_onD_Icc'”:
assumes convez_on {z..y} fc € {z..y}
defines d =y — ¢
shows fc < (fz — fy) / d+ (y— ) + [y
proof (cases z y rule: linorder_cases)
case less
then have d: d > 0
by (simp add: d_def)
from assms(2) less have A: 0 < (y —¢) /d(y—¢)/ d < 1
by (simp_all add: d_def field_split_simps)
have fe=f (y — (y - c) * 1)
by simp
also from less have 1 = ((y — z) / d)
by (simp add: d_def)
alsofromdhavey — (y —¢)x... =1 — (I —(y—¢)/d)*rz + (I —
(y— <)/ d) *n y
by (simp add: field_simps)
alsohave f ... < (I — (1 —(y—¢)/d)sfz+ (1 —(y—c)/d)*fy
using assms less by (intro convex_onD_Icc) (simp_all add: field_simps)
also from d have ... = (fz — fy) /d*x(y —¢c) + fy
by (simp add: field_simps)
finally show ¢thesis .
qed (insert assms(2), simp-all)

lemma convez_translation_eq [simp):
conver ((+) a “s) +— convez s
by (metis convex_translation translation_galois)

lemma convez_translation_subtract_eq [simp):
convex ((Ab. b — a) ‘s) +— conver s
using convez_translation_eq [of — a] by (simp cong: image_cong_simp)

lemma convex_linear_image_eq [simp]:
fixes [ :: ‘a::real_vector = 'b::real_vector
shows [linear f; inj f] = convex (f ©s) +— convez s
by (metis (no_types) convex_linear_image convez_linear_vimage inj_vimage_image_eq)

lemma fst_snd_linear: linear (A(z,y). x + y)
unfolding linear_iff by (simp add: algebra_simps)

lemma vector_choose_size:
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assumes ( < ¢
obtains z :: 'a::{real_normed_vector, perfect_space} where norm z = ¢
proof —
obtain a::’a where a # 0
using UNIV_not_singleton UNIV_eq_I set_zero singletonl by fastforce
then show Zthesis
by (rule_tac z=scaleR (¢ / norm a) a in that) (simp add: assms)
qed

lemma vector_choose_dist:
assumes ( < ¢
obtains y :: ‘a:{real_normed_vector, perfect_space} where dist z y = c
by (metis add_diff_cancel_left’ assms dist_commute dist_norm vector_choose_size)

lemma sum_delta’":
fixes s::'a::real_vector set
assumes finite s
shows (> z€s. (if y = x then fz else 0) xg x) = (if y€s then (fy) *xg y else 0)
proof —
have *: Az y. (if y = z then f x else (0::real)) g © = (if z=y then (fz) *p z
else 0)
by auto
show ?thesis
unfolding * using sum.delta|OF assms, of y Az. f = *r z] by auto
qed

lemma dist_triangle_eq:
fixes z y 2 :: 'a::real_inner
shows dist © z = dist x y + dist y z +—
norm (z — y) *r (y — z) = norm (y — 2) *r (z — y)
proof —
have x: ¢ — y + (y — z) = z — z by auto
show ?thesis unfolding dist_norm norm_triangle_eq[of x — y y — z, unfolded x|
by (auto simp:norm_minus_commaute)
qed

1.7.6 Cones

definition cone :: 'a::real_vector set = bool
where cone s «— (Vz€s. V¢>0. ¢ xg x € s)

lemma cone_emptylintro, simp]: cone {}
unfolding cone_def by auto

lemma cone_univ|intro, simp|: cone UNIV
unfolding cone_def by auto

lemma cone_Inter[intro]: ¥ s€f. cone s = cone ([\f)
unfolding cone_def by auto
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lemma subspace_imp_cone: subspace S =—> cone S
by (simp add: cone_def subspace_scale)

Conic hull

lemma cone_cone_hull: cone (cone hull S)
unfolding hull_def by auto

lemma cone_hull_eq: cone hull S = S +— cone S
by (metis cone_cone_hull hull_same)

lemma mem_cone:
assumes cone Sz € Sc > 0
shows c xp z € S
using assms cone_def[of S] by auto

lemma cone_contains_0:
assumes cone S
shows S # {} «+— 0 € S
using assms mem_cone by fastforce

lemma cone_0: cone {0}
unfolding cone_def by auto

lemma cone_Unionlintro]: (Vs€f. cone s) — cone (U f)
unfolding cone_def by blast

lemma cone_iff:

assumes S # {}

shows cone S «— 0 € S A NVec.c >0 — ((xg) ¢) ‘S =29)
proof —

{

assume cone S
{
fix ¢ :: real
assume c > 0
{
fix z
assume z € S
then have z € ((xg) ¢) ‘S
unfolding image_def
using (cone S) «¢>0) mem_conelof S x 1/c]
exl[of (M.t € S ANz =cxpt)(l/c)x*g ]
by auto

}

moreover

{

fix z
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assume z € ((xg) ¢) ‘S
then have z € §
using (0 < o (cone S) mem_cone by fastforce

ultimately have ((xg) ¢) ‘S = S by blast
}
then have 0 € S A Ve. ¢ >0 — ((xg) ¢) ‘S =9)
using <cone S) cone_contains_0[of S] assms by auto
}

moreover
{
assume a: 0 € S A (Ve. ¢ >0 — ((xg) ¢) ‘S =19)
{
fix z
assume z € S
fix c1 :: real
assume cl > 0
then have c1 = 0 V ¢I > 0 by auto
then have c! % ¢ € S using a (x € §) by auto

}

then have cone S unfolding cone_def by auto
}
ultimately show ?thesis by blast
qed

lemma cone_hull_empty: cone hull {} = {}
by (metis cone_empty cone_hull_eq)

lemma cone_hull_empty_iff : S = {} «— cone hull S = {}
by (metis bot_least cone_hull_empty hull_subset xtrans(5))

lemma cone_hull_contains_0: S # {} «+— 0 € cone hull S

using cone_cone_hull[of S| cone_contains_0]of cone hull S] cone_hull_empty_iff [of
5]

by auto

lemma mem_cone_hull:
assumes £ € Sc¢c > 0
shows ¢ g © € cone hull S
by (metis assms cone_cone_hull hull_inc mem_cone)

proposition cone_hull_expl: cone hull S = {c gz | cx. ¢ > 0Nz € S}
(is 2lhs = ?rhs)
proof —
{
fix z
assume 1 € ?rhs
then obtain cz :: real and 2z where z2: © = cx *xp 2zx cx > 0Ozz € S
by auto
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fix ¢ :: real
assume c: ¢ > 0
then have ¢ xp © = (¢ * cx) *g az
using z by (simp add: algebra_simps)
moreover
have ¢ x cx > 0 using c ¢ by auto
ultimately
have ¢ xg = € ?rhs using x by auto
}
then have cone ?rhs
unfolding cone_def by auto
then have ?rhs € Collect cone
unfolding mem_Collect_eq by auto
{
fix z
assume z € S
then have 1 xp =z € ?rhs
using zero_le_one by blast
then have z € ?rhs by auto
}
then have S C ?rhs by auto
then have ?lhs C ?rhs
using (?rhs € Collect cone) hull_minimal[of S ?rhs cone] by auto
moreover
{
fix z
assume z € ?rhs
then obtain cz :: real and 2x where z: © = cx *xgp 2zx cx > Ozx € S
by auto
then have xx € cone hull S
using hull_subset[of S] by auto
then have x € ?lhs
using z cone_cone_hull[of S| cone_def|of cone hull S| by auto
}

ultimately show ?thesis by auto
qed

lemma convex_cone:
convex s N\ cone s «— (Vres. Vyecs. (x + y) € s) A (Va€s. Ve>0. (¢ xg z) €
5)
(is ?lhs = ?2rhs)
proof —
{
fix zy
assume z€s yc€s and ?lhs
then have 2 g z €s 2 xgp y € s
unfolding cone_def by auto
then have z + y € s
using «?lhs)[unfolded convex_def, THEN conjunctl]
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apply (erule_tac t=2xg z in ballE)
apply (erule_tac t=2xpg y in ballE)
apply (erule_tac x=1/2 in dallE, simp)
apply (erule_tac x=1/2 in allE, auto)
done

}

then show ?thesis

unfolding convex_def cone_def by blast
qed

1.7.7 Connectedness of convex sets

lemma convezr_connected:
fixes S :: 'a:real_normed_vector set
assumes convex S
shows connected S
proof (rule connectedl)
fix A B
assume open A open BANBNS={}SCAUB
moreover
assume AN S #{} BNnS #{}
then obtain a b where a: a € A a € Sand b: b € Bb € S by auto
define f where [abs_def]: fu=u xgr a + (I — u) *g b for u
then have continuous_on {0 .. 1} f
by (auto introl: continuous_intros)
then have connected (f ‘{0 .. 1})
by (auto introl: connected_continuous_image)
note connectedD[OF this, of A B
moreover have a € AN f {0 .. 1}
using a by (auto introl: image_eql[of - _ 1] simp: f-def)
moreover have b € BN f {0 .. 1}
using b by (auto intro!: image_eqI[of - - 0] simp: f-def)
moreover have f ‘{0 .. 1} C S
using (convex S a b unfolding convex_def f-def by auto
ultimately show Fulse by auto
qed

corollary connected_UNIV [intro]: connected (UNIV :: 'a::real_normed_vector set)
by (simp add: convex_connected)

lemma convex_prod:
assumes Ai. i € Basis = conver {z. P iz}
shows conver {x. Vi€Basis. P i (z+i)}
using assms unfolding convex_def
by (auto simp: inner-add_left)

lemma convex_positive_orthant: conver {z::'a::euclidean_space. (Vi€Basis. 0 <

by (rule convex_prod) (simp flip: atLeast_def)
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1.7.8 Convex hull

lemma convex_convex_hull [iff]: convex (convex hull s)
unfolding hull_def
using convez_Inter[of {t. convexr t N s C t}]
by auto

lemma convex_hull_subset:
s C convex hull t = convex hull s C convex hull t
by (simp add: subset_hull)

lemma convex_hull_eq: convex hull s = s «— convezx s
by (metis convex_conver_hull hull_same)

Convex hull is ”preserved” by a linear function

lemma convex_hull_linear_image:
assumes f: linear f
shows [ ‘ (convex hull s) = convex hull (f ‘ s)
proof
show convex hull (f “s) C f ‘ (convex hull )
by (intro hull_minimal image_mono hull_subset conver_linear_image assms con-
vex_convex_hull)
show f ¢ (convex hull s) C convexr hull (f s)
proof (unfold image_subset_iff_subset_vimage, rule hull_minimal)
show s C f —¢ (convez hull (f * s))
by (fast intro: hull_inc)
show convezr (f —* (convex hull (f ¢ s)))
by (intro convex_linear_vimage [OF f] convez_convez_hull)
qed
qed

lemma in_conver_hull_linear_image:
assumes linear f
and z € convex hull s
shows fz € convex hull (f “s)
using convez_hull_linear_image|OF assms(1)] assms(2) by auto

lemma convex_hull_Times:
convex hull (s x t) = (convex hull s) x (convex hull t)
proof
show convex hull (s x t) C (conver hull s) x (convex hull t)
by (intro hull_minimal Sigma_mono hull_subset convex_Times convez_convex_hull)
have (z, y) € convez hull (s X t) if z: € conver hull s and y: y € convex hull
t for z y
proof (rule hull_induct [OF x|, rule hull_induct [OF y])
fix zy assume z € sand y € ¢t
then show (z, y) € convez hull (s X t)
by (simp add: hull_inc)
next
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fix z let 25 = ((\y. (0, 9)) = (Ap. (— z, 0) + p) ‘ (convex hull s X t))
have convexr 25
by (intro convez_linear_vimage convex_translation convexr_convex_hull,
simp add: linear_iff )
also have 25 = {y. (z, y) € convex hull (s x t)}
by (auto simp: image_def Bexz_def)
finally show conver {y. (z, y) € convezr hull (s x t)} .
next
show convexr {z. (z, y) € convex hull s x t}
proof —
fix y let 25 = ((\z. (z, 0)) —* (Ap. (0, — y) + p) * (convex hull s X t))
have convez 7S
by (intro convez_linear_vimage convex_translation convexr_convex_hull,
simp add: linear_iff )
also have 75 = {z. (z, y) € convex hull (s x 1)}
by (auto simp: image_def Bez_def)
finally show convezr {z. (z, y) € convexr hull (s x t)} .
qed
qed
then show (convex hull s) x (convex hull t) C convex hull (s x t)
unfolding subset_eq split_paired_Ball_Sigma by blast
qed

Stepping theorems for convex hulls of finite sets

lemma convez_hull_empty[simp]: convexr hull {} = {}
by (rule hull_unique) auto

lemma convex_hull_singleton[simp]: convex hull {a} = {a}
by (rule hull_unique) auto

lemma convez_hull_insert:
fixes S :: 'aureal_vector set
assumes S # {}
shows convez hull (insert a S) =
{z.3u>0.3v>0.3b. (u+v=1)Ab € (convex hull S) N (z = u *r a
—|— V *R b)}

(is - = ?hull)
proof (intro equalityl hull_minimal subsetl)
fix z

assume z € insert a S
then have Ju>0. 3v>0. u + v =1 A (Fb. b € convex hull S N z = u *g a
—|— vV *R b)

unfolding insert_iff
proof

assume 7 = a

then show ?thesis

by (rule_tac z=1 in exl) (use assms hull_subset in fastforce)

next
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assume z € S
with hull_subset[of S convex] show ?thesis
by force
qed
then show z € %hull
by simp
next
fix z
assume z € Zhull
then obtain u v b where obt: u>0v>0u + v =1b € convex hull Sz = u *g
a+ v*g b
by auto
have a € convex hull insert a S b € convex hull insert a S
using hull_mono[of S insert a S convezx] hull_monolof {a} insert a S convez]
and obt(4)
by auto
then show z € convex hull insert a S
unfolding obt(5) using obt(1—3)
by (rule convexD [OF convex_conver_hull])
next
show convezr Zhull
proof (rule convexl)
fixzyuwv
assume as: (0:real) < uw 0 <vwu+v=1and z:z € ?hull and y: y € Zhull
from z obtain u! vi b1 where
obtl: ul1>0v1i>0ul + vi = 1 bl € convex hull S and zeq: © = ul *g a +
vl xg bl
by auto
from y obtain u2 v2 b2 where
obt2: u2>0 v2>0 u2 + v2 = 1 b2 € convex hull § and yeq: y = u2 *g a +
v2 *R b2
by auto
have *: A(z::'a) s1 s2. x — sl xg ¢ — s2 xp x = (({::real) — (s + s2)) *g «
by (auto simp: algebra_simps)
have b € convex hull S. u xg ©x + v xg y =
(u*xul)*ga+ (vxul)*ga+ (b— (uxul)*xpb— (v*u2)*gb)
proof (cases u x vl + v * v2 = 0)
case True
have *: A\(z::'a) s1 s2. ¢ — s1 xg  — s2 xg © = ((L=real) — (s1 + s2))
*R T
by (auto simp: algebra_simps)
have eq0: u x vl = 0v % v2 =0
using True mult_nonneg_nonneg| OF w>0> vl >0)] mult_nonneg-nonneg| OF
wWw>0) w2>0)]
by arith+
then have u * ul + v x u2 = 1
using as(3) obt1(3) obt2(3) by auto
then show ?thesis
using * eq0 as obt1(4) zeq yeq by auto
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next
case False
have I — (u* ul + v * u2) = (v + v) — (u* ul + v * u2)
using as(3) obt1(3) obt2(3) by (auto simp: field_simps)

also have ... = u * (vI + ul — ul) + v * (V2 + u2 — u2)
using as(3) obt1(3) obt2(3) by (auto simp: field_simps)
also have ... = u * vl + v * v2
by simp

finally have *x:1 — (u *x ul + v x u2) = u * vI + v * v2 by auto
let 20 = ((uw *x v1) / (u* vl + v *v2)) xg bl + (v *xv2) / (u* vl + v %
v2)) *p b2
have zeroes: 0 < u*x vl +v*x0v20 <uxvli0<uxvl+vxv20<wvx*
v2
using as(1,2) obt1(1,2) obt2(1,2) by auto
show ?thesis
proof
show v xg © + v xg y = (u* ul) *g a + (v *x u2) *g a + (?b — (u *
ul) *p b — (v * u2) xg 2b)
unfolding zeq yeq * *x
using False by (auto simp: scaleR_left_distrib scaleR_right_distrib)
show ?b € convex hull S
using Fulse zeroes obtl1(4) obt2(4)
by (auto simp: convexD [OF conver_convez_hull] scaleR_left_distrib
scaleR_right_distrib add_divide_distrib[symmetric] zero_le_divide_iff)
qed
qed
then obtain b where b: b € convezr hull S
usp t +vxgy=(u*xul)*xga+ (v*u2)*xgpa+ (b— (ux*xul)*gbd
— (v x u2) g b) ..

have u!: ul < I
unfolding obt1(3)[symmetric] and not_le using obt1(2) by auto
have u2: u2 < 1
unfolding 0bt2(3)[symmetric] and not_le using 0bt2(2) by auto
have ul * u + u2 * v < maz ul u2 * u + max ul u2 * v
proof (rule add_mono)
show vl * v < mar ul u2 x v u2 *x v < mar ul u2 x v
by (simp_all add: as mult_right_-mono)
qed
also have ... < 1
unfolding distrib_left[symmetric] and as(3) using ul u2 by auto
finally have lel: ul * v + u2 x v < 1.
show u g x + v xg y € Zhull
proof (intro Collect] exI congl)
show 0 < u % ul + v * u2
by (simp add: as(1) as(2) obt1(1) obt2(1))
show 0 < 1 — u % ul — v * u2
by (simp add: lel diff-diff-add mult.commute)
qged (use b in (auto simp: algebra_simps))
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qed
qed

lemma convex_hull_insert_alt:
convex hull (insert a §) =
(if S = {} then {a}
else {(1 —u)*pa+u*gz|lzu 0 <uAhu<I1Az€E conver hull S})
apply (auto simp: convex_hull_insert)
using diff_eq_eq apply fastforce
using diff-add_cancel diff-ge_0-iff-ge by blast

Explicit expression for convex hull

proposition convex_hull_indexed:
fixes S :: 'a::real_vector set
shows convex hull S =
{y. Ik vz Vie{lunat .. k}. 0 <uiANziel)A
(sumu{1.k}=1)ANO i=1.k uixgzi)=y}
(is Pxyz = Zhull)
proof (rule hull_unique [OF _ convexI])
show S C ?hull
by (clarsimp, rule_tac =1 in exl, rule_tac x=Az. 1 in exl, auto)
next
fix T
assume S C T convex T
then show 2hull C T
by (blast intro: conver_sum)
next
fixzyuwv
assume uv: 0 < u 0 < vu+ v = (1:real)
assume zy: x € ?hull y € Zhull
from zy obtain kI ul z1 where
z [rule_format]: Vie{l:nat.k1}. 0<ul i ANxli € S
sum ul {Suc 0.k1} =1 (O i = Suc 0.k1. ul i xg z1 i) =x
by auto
from zy obtain k2 u2 z2 where
y [rule_format]: Vie{l:nat..k2}. 0<u2i N z2i € S
sum u2 {Suc 0..k2} = 1 (D i = Suc 0..k2. u2i g 221i) =y
by auto
have x: AP (z::'a) y s t i. (if P i then s else t) xg (if P i then z else y) = (if P
i then s xp x else t xp y)
{1.k1 + K2y N {1.k1} = {1.k1} {1.k1 + K2} N — {L.k1} = (Ni. i +
k1) “{1.k2}
by auto
have inj: inj_on (Mi. i + k1) {1..k2}
unfolding inj_on_def by auto
let 2uu = Xi. if i € {1..k1} then u x ul i else v * u2 (i — k1)
let %zz = Xi. if i € {1..k1} then z1 i else z2 (i — k1)
show u xp = + v *xg y € Zhull
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proof (intro CollectI exI congl balll)
show 0 < %uu i %2z i € S if i € {1..k1+k2} for i
using that by (auto simp add: le_diff-conv uv(1) z(1) wv(2) y(1))
show (> i =1.k1 + k2. 2uui)=1 (D1 = 1.kl + k2. Puu i *p %zxi) =
U ¥R T + UV kR Y
unfolding * sum.If_cases|OF finite_atLeastAtMost[of 1 k1 + k2]]
sum.reindex[OF inj] Collect_-mem_eq o_def
unfolding scaleR_scaleR[symmetric] scaleR_right.sum [symmetric] sum_distrib_left[symmetric]
by (simp_all add: sum_distrib_left[symmetric] z(2,3) y(2,3) wv(3))
qed
qed

lemma convex_hull_finite:
fixes S :: 'a::real_vector set
assumes finite S
shows convezr hull S = {y. Ju. (V2€S. 0 < uz) AsumuS =1 A sum (Az. u

z*p ) S =y}

(is HULL = _)
proof (rule hull_unique [OF _ convexI|; clarify)
fix z

assume z € S
then show Ju. (Vz€S. 0 <uax) Asumu S =1A (D z€S. ux *g ) =z
by (rule_tac x=MAy. if x=y then 1 else 0 in exl) (auto simp: sum.delta’|OF
assms] sum_delta"|OF assms])
next
fix v v :: real
assume uv: 0 < ul <vu+v=1
fix uz assume uz [rule_format]: Vz€S. 0 < uzx x sum uzx S = (1::real)
fix uy assume uy [rule_format]: Vz€S. 0 < uy z sum uy S = (1::real)
have 0 < u x ur z + v *x uy z if z€S for x
by (simp add: that uwv uz(1) uy(1))
moreover
have (> ze€S. uxuzz + v *x uyx) = 1
unfolding sum.distrib and sum_distrib_left[symmetric] uz(2) uy(2)
using wv(3) by auto
moreover
have (> zeS. (u*x urxx + v x uy z) *g ) = u xg (O TES. ur z *xg ) + v *R
(> zES. uy z *g 1)
unfolding scaleR _left_distrib sum.distrib scaleR_scaleR[symmetric] scaleR_right.sum
[symmetric]
by auto
ultimately
show Juc. (VzeS. 0 < ucz) A sumucS =1 A
>ozeS. ucx xgpx) =u*g (D 2€S. urz *gp ) + v *p (O TES. uy x
*R 33)
by (rule_tac =X z. u x ux £ + v * uy = in exl, auto)
qed (use assms in (auto simp: conver_explicit))
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Another formulation

Formalized by Lars Schewe.

lemma convex_hull_explicit:
fixes p :: 'a::real_vector set
shows convex hull p =
{y. IS u. finite SAS Cp A VaeS. 0 <uz)AsumuS=1Asum (Av. u
v g v) S =y}
(is ?lhs = ?rhs)
proof —
{
fix z
assume z€ ?lhs
then obtain %k u y where
obt: Vie{l:nat.k}. 0 <uiANyicpsumu{l.k}=1 O i=1.k ui
unfolding convex_hull_indexed by auto

have fin: finite {1..k} by auto
have fin": Av. finite {i € {1..k}. y i = v} by auto
{
fix j
assume je{1..k}
then have yj € p A0 < sumu {i. Suc0 <iANi<kANyi=yj}
using obt(1)[THEN bspec[where z=j]] and 0bt(2)
by (metis (no_types, lifting) One_nat_def atLeastAtMost_iff mem_Collect_eq
obt(1) sum-nonneg)

}

moreover
have (> vey ‘{1..k}. sum v {i € {1..k}. yi=0}) =1
unfolding sum.image_gen|OF fin, symmetric] using obt(2) by auto
moreover have (> vey ‘{I1..k}. sumu {i € {1..k}. yi =v} xpv) =12z
using sum.image_gen|[OF fin, of Ai. u i xg y iy, symmetric]
unfolding scaleR_left.sum using obt(3) by auto
ultimately
have 35 u. finite S A S Cp A (VzeS. 0 <uz)AsumuS =1A (D veS.
UV KR V) =
apply (rule_tac z=y ‘ {1..k} in exl)
apply (rule_tac z=>Mv. sum u {i€{1..k}. y i = v} in ezl, auto)
done
then have z¢€ ?rhs by auto

}

moreover
{
fix y
assume Y€ ?rhs
then obtain S u where
obt: finite S S CpVzeS. 0 <uzsumuS =1 veES. uvxgv)=y
by auto
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obtain f where f: injon f {1..card S} f ‘{1..card S} = S
using ex_bij_betw_nat_finite_1[OF obt(1)] unfolding bij_betw_def by auto
{
fix i :: nat
assume i€{I..card S}
then have fi € S
using f(2) by blast
then have 0 < u (fi) fi € p using 0bt(2,3) by auto
}
moreover have x: finite {I..card S} by auto
{
fix y
assume yeS
then obtain ¢ where ic{1..card S} fi =y
using f using image_iff [of y f {I..card S}]
by auto
then have {z. Suc 0 <z Az < card S A fz =y} = {i}
using f(1) inj.onD by fastforce
then have card {z. Suc 0 <z ANz < card S A fz =y} = 1 by auto
then have (> ze{z € {I..card S}. fe =y} u (fz)) =uy
Oze{z €e{l..card S}. fr =y} u (fz) *r f2) =uy *r ¥y
by (auto simp: sum_constant_scaleR)

then have (> z = f..card S. u (fz)) =1 Qi = 1..card S. u (fi) g fi) =

unfolding sum.image_gen[OF x(1), of Ax. u (fz) *g [z f]
and sum.image_gen|OF *(1), of Az. u (f z) f]
unfolding f
using sum.cong [of S S Ay. O xze{x € {I..card S}. fz =y} u (fz) *g f
z) A\v. u v xR v
using sum.cong [of S S Ay. O xze{z € {I..card S}. fz = y}. v (fz)) u
unfolding obt(4,5)
by auto
ultimately
have Fkuz. (Vie{l1..k}. 0 <wiAziecp) Asumu{l..k}=1A
Sdcnat =1.k.ui*xgai)=y
apply (rule_tac x=card S in exl)
apply (rule_tac z=u o f in exl)
apply (rule_tac z=f in exl, fastforce)
done
then have y € ?lhs
unfolding convex_hull_indexed by auto
}

ultimately show ?thesis
unfolding set_eq_iff by blast
qed
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A stepping theorem for that expansion

lemma convex_hull_finite_step:
fixes S :: 'a::real_vector set
assumes finite S
shows
(FJu. Vacinsert a S. 0 < ux) A sum u (insert a S) = w A sum (Az. u & xR
z) (insert a S) = y)
> (Fv>0.Ju. (Vzes. 0 <uz)AsumuS=w— v A sum (Az. uz *p
z) S =y — v xR a)
(is 2lhs = ?rhs)
proof (cases a € S)
case True
then have *: insert a S = S by auto
show ?thesis
proof
assume ?lhs
then show ?rhs
unfolding * by force
next
have fin: finite (insert a S) using assms by auto
assume ?rhs
then obtain v v where uv: v>0VzeS. 0 <uzsumu S =w — v (D z€S.
UL %R T) =Y — U %R a
by auto
then show ?lhs
using uv True assms
apply (rule_tac z = Az. (if a = x then v else 0) + v z in exl)
apply (auto simp: sum_clauses scaleR_left_distrib sum.distrib sum_delta’|OF
fin)
done
qed
next
case Fulse
show ?thesis
proof
assume ?lhs
then obtain u where u: Vz€insert a S. 0 < u z sum u (insert a S) = w
(> zeinsert a S. ux *p ) =y
by auto
then show ?rhs
using u (a¢S by (rule_tac z=u a in exl) (auto simp: sum_clauses assms)
next
assume ?rhs
then obtain v v where uv: v>0 VzeS. 0 <uzsumu S =w — v (D z€S.
UL ¥R L) =Y — U %R a
by auto
moreover
have (> z€S. if a = z thenvelse uz) = sumu S (D x€S. (if a = x then v
else uz) xg ) = (Y z€S. ux *p )
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using Fualse by (auto introl: sum.cong)
ultimately show ¢lhs
using Fualse by (rule_tac x=MAz. if a = x then v else u x in exl) (auto simp:
sum_clauses(2)[OF assms])
qed
qed

Hence some special cases

lemma convez_hull_2: convex hull {a,b} ={u*g a4+ v*gb|uv. 0 <uA0<
vAu+v=1}
(is ?lhs = ?rhs)
proof —
have xx: finite {b} by auto
have Az vu. [0 <wv;v<1;(1 —v)*gb=2z— vx*g a]
— dJuv.z=uxga+v*sg bANO<uANO<vAu+uv=1
by (metis add.commute diff-add_cancel diff-ge_0_iff_ge)
moreover
have Auv. [0 < u; 0 < wv; u+ v =1]
= dp>0.3q. 0 < qbANgb=1—-—pANqgbxgpb=1ux*pa+ v*pg
b—p+*pa
apply (rule_tac x=u in exl, simp)
apply (rule_tac z=Az. v in exl, simp)
done
ultimately show ?thesis
using convez_hull_finite_step[OF xx, of a 1]
by (auto simp add: convex_hull_finite)
qed

lemma convez_hull_2_alt: convex hull {a,b} = {a + u*r (b —a) | u. 0 < uA
u<1}
unfolding convexr_hull_2
proof (rule Collect_cong)
have x: Az y real. z + y=1+—2x=1—y
by auto
fix z
show (Gvu.z2=v*gat+uspgbAO<ovANO<uAv+u=1)+—
Hu.z=a+uxg(b—a)AN0<uAhu<l)
apply (simp add: *)
by (rule ex_congl) (auto simp: algebra_simps)
qed

lemma conver_hull_3:
convex hull {a,b,c} ={u*pa+vxgb+wsgc|luvw 0<uA0<uvA
O<wAu+v+w=1}
proof —
have fin: finite {a,b,c} finite {b,c} finite {c}
by auto
have x: Azyzureal. 2 + y+z2=1«+—z=1—-y — z
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by (auto simp: field_simps)
show ?thesis
unfolding convex_hull_finite[OF fin(1)] and convex_hull_finite_step[OF fin(2)]
and x
unfolding convex_hull_finite_step|OF fin(3)]
apply (rule Collect_cong, simp)
apply auto
apply (rule_tac z=va in exl)
apply (rule_tac z=u c in ezl, simp)
apply (rule_-tac =1 — v — w in exl, simp)
(
(

apply (rule_tac z=v in exl, simp)
apply (rule_tac x=Az. w in exl, simp)
done

qed

lemma convex_hull_3_alt:
convez hull {a,b,c} ={a+ux*xgp (b —a)+v*g(c—a)|uv. 0 <uA0<
vAu+ov< 1}
proof —
have x: Acyzureadl .+ y+2=1+—z=1—y — 2
by auto
show ?thesis
unfolding convex_hull_3
apply (auto simp: *)
apply (rule_tac z=v in exl)
apply (rule_tac z=w in exl)
apply (simp add: algebra_simps)
apply (rule_tac z=u in exl)
apply (rule_tac z=v in exI)
apply (simp add: algebra_simps)
done
qed

Py

1.7.9 Relations among closure notions and corresponding
hulls

lemma affine_imp_convex: affine s = convez s
unfolding affine_def convex_def by auto

lemma convez_affine_hull [simp]: convex (affine hull S)
by (simp add: affine_imp_convez)

lemma subspace_imp_convex: subspace s => convezx s
using subspace_imp_affine affine_imp_convexr by auto

lemma convex_hull_subset_span: (convex hull s) C (span s)
by (metis hull_minimal span_superset subspace_imp_convex subspace_span)

lemma convex_hull_subset_affine_hull: (convex hull s) C (affine hull s)
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by (metis affine_affine_hull affine_imp_convexr hull_minimal hull_subset)

lemma aff dim_convex_hull:
fixes S :: 'n::euclidean_space set
shows aff-dim (convex hull S) = aff-dim S
using aff-dim_affine_hull[of S] convex_hull_subset_affine_hull[of S]

hull_subset[of S convex] aff-dim_subset[of S convexr hull S]

aff-dim_subset|of convex hull S affine hull S]
by auto

1.7.10 Caratheodory’s theorem

lemma convex_hull_caratheodory_aff-dim:
fixes p :: (‘a::euclidean_space) set
shows convex hull p =
{y. 3S u. finite S A S Cp A card S < aff-dimp + 1 A
(VzeS. 0 <uz)ANsumuS =1Asum (Av. uv*gv)S =y}
unfolding convex_hull_explicit set_eq_iff mem_Collect_eq

proof (intro alll iffT)
fix y

let P = An. 35S u. finite S A card S =n NS CpANVzeS. 0 <uzx)A
sumu S =1AN (O veES. uv*gpv) =y

assume 35 u. finite SAS Cp A NVzeS. 0 <uz)AsumuS=1A( veS.
UV KR V) =Y

then obtain N where ?P N by auto

then have In<N. Vk<n. = ?P k) A ?Pn
by (rule_tac ex_least_nat_le, auto)

then obtain n where ?P n and smallest: Vk<n. - 2P k
by blast

then obtain S u where obt: finite S card S = n SCp VzeS. 0 < ux
sumu S =1 (O veS. uv xg v) = y by auto

have card S < aff-dimp + 1

proof (rule ccontr, simp only: not_le)
assume aff - dim p + 1 < card S
then have affine_dependent S

using affine_dependent_biggerset| OF obt(1)] independent_card_le_aff-dim not_less
obt(3)

by blast

then obtain w v where wv: sum w S = 0 veSwv # 0 (D vES. wv *x v)
=0

using affine_dependent_explicit_finite]OF obt(1)] by auto

define : where i = (Av. (uv) / (— wo)) ‘{veS. wv < 0}
define ¢ where t = Min i

have Jz€S. wz < 0
proof (rule ccontr, simp add: not_less)
assume as:VzeS. 0 < wzx
then have sum w (S — {v}) > 0
by (meson Diff_iff sum_nonneg)
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then have sum w S > 0
using as obt(1) sum_nonneg_eq_0_iff wv by blast
then show Fulse using wv(1) by auto
qged
then have i # {} unfolding i_def by auto
then have t > 0
using Min_ge_iff [of i 0] and obt(1)
unfolding t_def i_def
using obt(4)[unfolded le_less]
by (auto simp: divide_le_0-iff)
have t: VveS. vv +t*xwv >0
proof
fix v
assume v € S
then have v: 0 < u v
using obt(4)[THEN bspec[where z=v]] by auto
show 0 <wuwv+t*xwwv
proof (cases w v < 0)
case Fulse
thus ?thesis using v (¢>0) by auto
next
case True
then have t < uwv / (— wo)
using «weS) obt unfolding t_def i_def by (auto intro: Min_le)
then show ?thesis
unfolding real_0_le_add_iff
using True neg_le_minus_divide_eq by auto
qed
qged
obtain a¢ where ¢ € S and ¢t = (Av. (uv) / (—wwv)) aand wa < 0
using Min_in[OF _ «i#{})] and obt(1) unfolding i_def t_def by auto
then have a: a € Sua + t *x wa = 0 by auto
have x: Af. sum f (S — {a}) = sum f S — ((f a)::"b::ab_group_add)
unfolding sum.remove[OF 0bt(1) <a€S)] by auto
have (D veS. vv +t*xwv) =1
unfolding sum.distrib wv(1) sum_distrib_left[symmetric] obt(5) by auto
moreover have (3 veS. uv xg v + (t x wv) *g v) — (v a *g a + (t * w
a) *g a) =y
unfolding sum.distrib obt(6) scaleR_scaleR[symmetric] scaleR_right.sum
[symmetric] wv(4)
using a(2) [THEN eq_neg-iff-add_eq-0 [THEN iffD2]] by simp
ultimately have ¢P (n — 1)
apply (rule_tac x=(S — {a}) in exl)
apply (rule_tac x=Av. v v + t * w v in exl)
using obt(1—3) and ¢ and «a
apply (auto simp: * scaleR_left_distrib)
done
then show Fulse
using smallest{ THEN speclwhere z=n — 1]] by auto
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qed
then show 35 u. finite S A S Cp A card S < aff- dimp + 1 A
(VzeS. 0 <uz)ANsumuS =1A O veES. uv*gpv)=y
using obt by auto
qed auto

lemma caratheodory_aff-dim:
fixes p :: ('a::euclidean_space) set
shows convez hull p = {z. 3S. finite S AN S Cp A card S < aff-dimp + 1 Nz
€ convex hull S}
(is ?lhs = ?rhs)
proof
have Az S u. [finite S; S C p; int (card S) < aff-dim p + 1; Vz€S. 0 < u x;
sumu S = 1]
= (D veS. uv xp v) € convexr hull S
by (simp add: hull_subset convez_explicit [THEN iffD1, OF convex_convez_hull])
then show ?lhs C ?rhs
by (subst convex_hull_caratheodory_aff-dim, auto)
qed (use hull_mono in auto)

lemma convex_hull_caratheodory:
fixes p :: (‘a:euclidean_space) set
shows convex hull p =
{y. IS u. finite SANS Cp A card S < DIM('a) + 1 A
(VzeS. 0 <uz)ANsumuS =1Asum (Av. uv *g v) S =y}
(is ?lhs = ?rhs)
proof (intro set_eql iffI)
fix z
assume z € ?lhs then show z € ?rhs
unfolding convex_hull_caratheodory_aff_dim
using aff-dim_le_DIM [of p] by fastforce
qed (auto simp: convex_hull_explicit)

theorem caratheodory:
convex hull p =
{z:"a::euclidean_space. 3S. finite S NS C p A card S < DIM('a) + 1 Nz €
convex hull S}
proof safe
fix z
assume z € convez hull p
then obtain S u where finite S S C p card S < DIM('a) + 1
VzeS. 0 <uzsumuS =1 veS uvxgv)==z
unfolding convex_hull_caratheodory by auto
then show 38S. finite S AS C p A card S < DIM('a) + 1 A z € convexr hull S
using convez_hull_finite by fastforce
qed (use hull_mono in force)
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1.7.11 Some Properties of subset of standard basis

lemma affine_hull_substd_basis:
assumes d C Basis
shows affine hull (insert 0 d) = {z::'a::euclidean_space. V i€ Basis. i ¢ d — z-i
= 0}
(is affine hull (insert 0 ?A) = ?B)
proof —
have x: AA. () (0::'a) A=A NA. () (— (0:'a)) ‘A=A
by auto
show ?thesis
unfolding affine_hull_insert_span_gen span_substd_basis[OF assms,symmetric]
X .
qed

lemma affine_hull_convex_hull [simp]: affine hull (convex hull S) = affine hull S
by (metis Int_absorb1 Int_absorb2 convex_hull_subset_affine_hull hull_hull hull_mono
hull_subset)

1.7.12 Moving and scaling convex hulls

lemma convex_hull_set_plus:
convex hull (S + T) = convex hull S + convex hull T
unfolding set_plus_image
apply (subst convex_hull_linear_image [symmetric))
apply (simp add: linear_iff scaleR_right_distrib)
apply (simp add: convex_hull_Times)
done

lemma translation_eq_singleton_plus: (Ax. a + ) ‘T ={a} + T
unfolding set_plus_def by auto

lemma convex_hull_translation:
convex hull (Az. a + z) < 8) = (Az. a + z) ‘ (convex hull S)
unfolding translation_eq_singleton_plus
by (simp only: convex_hull_set_plus convex_hull_singleton)

lemma convex_hull_scaling:
convex hull (Az. ¢ g ) *S) = (Az. ¢ *p ) ‘ (convex hull S)
using linear_scaleR by (rule conver_hull_linear_image [symmetric])

lemma convez_hull_affinity:
conver hull (Az. a + ¢ xg z) *S) = (Azx. a + ¢ *xg x) ‘ (convex hull S)
by (metis convex_hull_scaling convex_hull_translation image_image)

1.7.13 Convexity of cone hulls

lemma convex_cone_hull:
assumes conver S
shows convez (cone hull S)
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proof (rule convexl)
fix z y
assume zy: x € cone hull Sy € cone hull S
then have S # {}
using cone_hull_empty_iff [of S] by auto
fix u v :: real
assume uwv: v > 0v>0u +v =1
then have *: u xg © € cone hull S v xg y € cone hull S
using cone_cone_hull[of S| zy cone_def[of cone hull S] by auto
from x obtain cx :: real and zz where z: v xp © = cx *xp 2z cx > Ozx € S
using cone_hull_expl[of S] by auto
from * obtain cy :: real and yy where y: v xgp y = cy xg yy cy > 0 yy € S
using cone_hull_expl[of S] by auto
{
assume cz + cy < 0
then have v xp x = 0 and v xgp y = 0
using z y by auto
then have u xg * + v xg y = 0
by auto
then have u xgp  + v *g y € cone hull S
using cone_hull_contains_0[of S] S # {}> by auto
}

moreover
{
assume cz + cy > 0
then have (cx / (cx + cy)) *r azz + (cy / (cx + cy)) *r yy € S
using assms mem_convez_alt[of S xx yy cx cy| z y by auto
then have cx *p =z + cy *g yy € cone hull S
using mem_cone_hull[of (cz/(cz+cy)) *r zx + (cy/(cz+cy)) *r yy S cx+-cy]
(cx+cy>0
by (auto simp: scaleR_right_distrib)
then have u *xp x + v *xg y € cone hull S
using z y by auto
}

moreover have cx + cy < 0 V cx + cy > 0 by auto
ultimately show u xg © + v xg y € cone hull S by blast
qed

lemma cone_convex_hull:
assumes cone S
shows cone (convex hull S)
proof (cases S = {})
case True
then show ?thesis by auto
next
case Fulse
then have x: 0 € S A (Ve. ¢ >0 — (xg) ¢ ‘S =9)
using cone_iff [of S| assms by auto

{
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fix ¢ :: real

assume c > (

then have (xg) ¢ ‘ (convez hull S) = convex hull ((*g) ¢ ©5)
using convez_hull_scaling[of - S] by auto

also have ... = convez hull §
using * (¢ > () by auto

finally have (xg) ¢ ‘ (convex hull S) = convex hull S
by auto

}

then have 0 € convez hull S Nc. ¢ > 0 = ((*r) ¢ ‘ (convex hull S)) = (convex
hull S)
using * hull_subset[of S convez]| by auto
then show ?thesis
using S # {} cone_iff [of convex hull S| by auto
qed

1.7.14 Radon’s theorem

Formalized by Lars Schewe.

lemma Radon_ex_lemma:
assumes finite ¢ affine_dependent c
shows Ju. sumuc =0 A (3vec. uv # 0) A sum (Av. wv *xg v) ¢ =0
proof —
from assms(2)[unfolded affine_dependent_explicit]
obtain S v where
finite S S CcsumuS =03veS. uv#0 (D veES. uv*gv)=20
by blast
then show ?thesis
apply (rule_tac z=Mv. if v€S then u v else 0 in exl)
unfolding if smult scaleR_zero_left
by (auto simp: Int_absorbl sum.inter_restrict|OF (finite ¢, symmetric])
qed

lemma Radon_s_lemma:
assumes finite S
and sum f S = (0::real)

shows sum f {z€S. 0 < fz} = — sum f {z€S. fz < 0}
proof —
have x: Az. (if fz < 0 then fx else 0) + (if 0 < fx then fzelse 0) = fz
by auto

show “thesis
unfolding add_eq_0_iff [symmetric] and sum.inter_filter|OF assms(1)]
and sum.distrib[symmetric] and *
using assms(2)
by assumption
qed

lemma Radon_v_lemma:
assumes finite S
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and sum fS = 0
and Vz. gz = (0::real) — fx = (0::'a::euclidean_space)
shows (sum f {z€S. 0 < gz}) = — sum f {z€S. gz < 0}
proof —
have *: Az. (if 0 < gz then fz else 0) + (if gz < 0 then fz else 0) = fz
using assms(3) by auto
show ?thesis
unfolding eq_neg_iff-add_eq_0 and sum.inter_filter|OF assms(1)]
and sum.distrib[symmetric] and *
using assms(2)
apply assumption
done
qed

lemma Radon_partition:
assumes finite C affine_dependent C
shows dmp. mNp={} AmUp=C A (convex hull m) N (convezx hull p) #
{
proof —
obtain u v where wv: sum u C = 0veCuv # 0 (O veC. uv *pv) =10
using Radon_ez_lemma|OF assms] by auto
have fin: finite {z € C. 0 < u z} finite {z € C. 0 > u z}
using assms(1) by auto
define z where z = inverse (sum u {z€C. uz > 0}) *p sum (A\z. u z *g )
{zeC. uz > 0}
have sumu {z € C. 0 < uz} # 0
proof (cases u v > 0)
case False
then have u v < 0 by auto
then show ?thesis
proof (cases Jwe{z € C. 0 < uwz}. uw > 0)
case True
then show ?thesis
using sum_nonneg_eq_0_iff [of - u, OF fin(1)] by auto
next
case Fulse
then have sum v C < sum (Az. if v=v then u v else 0) C
by (rule_tac sum_mono, auto)
then show ?thesis
unfolding sum.delta[OF assms(1)] using uv(2) and «w v < () and uv(1)
by auto
qed
qed (insert sum_nonneg_eq-0-iff [of - u, OF fin(1)] uv(2—38), auto)

then have *: sum u {z€C. vz > 0} > 0
unfolding less_le by (metis (no_types, lifting) mem_Collect_eq sum_nonneg)
moreover have sumu {z € C. 0 <uz}U{r € C.uz < 0}) =sumu C
Srze{zeC.O0<uz}U{zeC ur<0}uz*gz)= > zeC. uz *g x)
using assms(1)
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by (rule_tac[!] sum.mono_neutral_left, auto)
then have sumu {z € C. 0 <uz}=—sumu{z e C. 0> uuz}
Sze{lze C.0<uzt uzxgrz)=— O ze{z € C.0>uz} uz *g )
unfolding eq_neg_iff-add_eq_0
using uv(1,4)
by (auto simp: sum.union_inter_neutral|OF fin, symmetric])
moreover have Vze{v € C. uv < 0}. 0 < inverse (sumu {z € C. 0 < uz})
¥ —ux
using * by (fastforce intro: mult_-nonneg-nonneg)
ultimately have z € convez hull {v € C. v v < 0}
unfolding convex_hull_explicit mem_Collect_eq
apply (rule_tac x={v € C. uv < 0} in exl)
apply (rule_tac x=MAy. inverse (sum u {z€C. vz > 0}) * — w y in exl)
using assms(1) unfolding scaleR_scaleR[symmetric] scaleR_right.sum [symmetric]

by (auto simp: z_def sum_negf sum_distrib_left[symmetric))
moreover have Vze{v € C. 0 < uv}. 0 < inverse (sumu {z € C. 0 < uz})
XU T
using * by (fastforce intro: mult_nonneg_nonneg)
then have z € conver hull {v € C. wv > 0}
unfolding convex_hull_explicit mem_Collect_eq
apply (rule_tac z={v € C. 0 < uw v} in ezl)
apply (rule_tac x=MAy. inverse (sum u {z€C. vz > 0}) x u y in exl)
using assms(1)
unfolding scaleR_scaleR[symmetric] scaleR_right.sum [symmetric]
using * by (auto simp: z_def sum_negf sum_distrib_left[symmetric])
ultimately show ?thesis
apply (rule_tac x={veC. uv < 0} in exl)
apply (rule_tac x={veC. wv > 0} in exl, auto)
done
qed

theorem Radon:
assumes affine_dependent c
obtains m p where m C ¢ p C ¢cm N p = {} (conver hull m) N (convex hull

p) # {}

proof —
from assms[unfolded affine_dependent_explicit]
obtain S u where
finite S S C csumu S =03FveS. uv#0 (> veES. uvxgv)=20
by blast
then have x: finite S affine_dependent S and S: S C ¢
unfolding affine_dependent_explicit by auto
from Radon_partition|OF x|
obtain m p where m N p = {} m U p = S convez hull m N convex hull p # {}
by blast
with S show ?thesis
by (force intro: that[of p m])
qed
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1.7.15 Helly’s theorem

lemma Helly_induct:
fixes f :: 'a::euclidean_space set set
assumes card f = n
and n > DIM('a) + 1
and Vsef. convexr s VtCf. card t = DIM('a) + 1 — (Nt # {}
shows (1f # {}
using assms
proof (induction n arbitrary: f)
case (
then show ?case by auto
next
case (Suc n)
have finite f
using (card f = Suc ny by (auto intro: card_ge_0_finite)
show f # {}
proof (cases n = DIM('a))
case True
then show ?thesis
by (simp add: Suc.prems(1) Suc.prems(4))
next
case Fulse
have N (f — {s}) #{} if s € f for s
proof (rule Suc.IH[rule_format])
show card (f — {s}) =n
by (simp add: Suc.prems(1) (finite f> that)
show DIM('a) + 1 < n
using False Suc.prems(2) by linarith
show At. [t C f — {s}; card t = DIM('a) + 1] = Nt # {}
by (simp add: Suc.prems(4) subset_Diff-insert)
qged (use Suc in auto)
then have Vsef. 3z. z € N (f — {s})
by blast
then obtain X where X: As. s¢f = X s e N (f — {s})
by metis
show ?thesis
proof (cases inj_on X f)
case Fulse
then obtain s ¢t where s#t and st: seftef X s =Xt
unfolding inj_on_def by auto
then have «: (\f =N (f — {s}) NN (f — {t}) by auto
show ?thesis
by (metis * X disjoint_iff-not_equal st)
next
case True
then obtain m p where mp: m N p = {} m U p = X * f convex hull m N
convez hull p # {}
using Radon_partition[of X * f] and affine_dependent_biggerset[of X * f]
unfolding card_image[OF True] and <card f = Suc n
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using Suc(3) (finite f> and False
by auto

have m C X ‘fpC X ‘f
using mp(2) by auto

then obtain g h where ghhrm = X ‘gp=X ‘hgC fh Cf
unfolding subset_image_iff by auto

then have f U (¢ U h) = f by auto

then have f: f =g U h
using inj_on_Un_image_eq_iff [of X f g U h] and True
unfolding mp(2)[unfolded image_Un[symmetric] gh]
by auto

have x: g N h = {}
using gh(1) gh(2) local.mp(1) by blast

have convex hull (X ‘h) C (g convex hull (X ‘g) C (h

by (rule hull_minimal; use X * f in cauto simp: Suc.prems(3) convez_Intery)+

then show ?thesis
unfolding f using mp(3)[unfolded gh] by blast

qged
qed
qed

theorem Helly:
fixes f :: ‘a::euclidean_space set set
assumes card f > DIM('a) + 1 Vs€f. convex s
and At. [tCf; card t = DIM('a) + 1] = (Nt # {}
shows (1f # {}
using Helly_induct assms by blast

1.7.16 Epigraphs of convex functions

definition epigraph S (f :: - = real) = {xy. fst xy € S A f (fst zy) < snd xy}

lemma mem_epigraph: (z, y) € epigraph S f +—x € S A fz <y
unfolding epigraph_def by auto

lemma convez_epigraph: convex (epigraph S f) «— convexz_on S f A convex S
proof safe
assume L: convex (epigraph S f)
then show convez_on S f
by (auto simp: convezr_def convex_on_def epigraph_def)
show convez S
using L by (fastforce simp: convex_def convex_on_def epigraph_def)
next
assume convezr_on S f convex S
then show convez (epigraph S f)
unfolding convex_def conver_on_def epigraph_def
apply safe
apply (rule_tac [2] y=u * fa + v * f aa in order_trans)
apply (auto introl:mult_left_mono add_mono)
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done
qed

lemma convex_epigraphl: convex-on S f = convexr S = convex (epigraph S f)
unfolding convex_epigraph by auto

lemma convez_epigraph_convex: conver S = convex_on S f «— convez(epigraph

Sf)
by (simp add: convex_epigraph)

Use this to derive general bound property of convex function

lemma convex_on:
assumes conver S
shows convez_on S f +—
Vkuz (Vie{l.kinat}. 0 <uiAzielS) Asumu{l.k}=1—
f (sum (Mi. wixg xi) {1..k}) < sum (Ni. uwix* f(zi)) {1..k})
(is ?lhs = Vkuz. ?rhs k u z))
proof
assume ?lhs
then have §: convex {zy. fst xy € S A f (fst zy) < snd xy}
by (metis assms convex_epigraph epigraph_def)
show Vku x. rhsk ux
proof (intro alll)
fix kuz
show ?rhs k u z
using §
unfolding convex mem_Collect_eq fst_sum snd_sum
apply safe
apply (drule_tac z=Fk in spec)
apply (drule_tac z=u in spec)
apply (drule_tac x=Xi. (z i, f (2 1)) in spec)
apply simp
done
qed
next
assume Vku x. ?rhs kuz
then show ?lhs
unfolding convex_epigraph_conver|OF assms] convex epigraph_def Ball_def mem_Collect_eq
fst_sum snd_sum
using assms[unfolded convex] apply clarsimp
apply (rule_tac y=>"i = 1..k. wi = f (fst (x 1)) in order_trans)
by (auto simp add: mult_left_mono intro: sum_mono)
qed

1.7.17 A bound within a convex hull

lemma convex_on_convex_hull_bound:
assumes conver-on (convex hull S) f
and VzeS. fz < b
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shows Vz€ convex hull S. fz < b
proof
fix z
assume z € convez hull S
then obtain k£ u v where
w: Vie{l. kunat}. 0 <uiAvie Ssumu{l.k} =10 i=1.k uixgv
i) ==
unfolding convex_hull_indexed mem_Collect_eq by auto
have > i=1.k.uixf (vi)<b
using sum_mono[of {1..k} Ni. wi x f (vi) Xi. ui * b
unfolding sum_distrib_right[symmetric] u(2) mult_1
using assms(2) mult_left_mono u(1) by blast
then show fz < b
using assms(1)[unfolded convex_on[OF convex_convex_hull], rule_format, of k
u v)
using hull_inc u by fastforce
qed

lemma inner_sum_Basis[simp]: i € Basis = (D Basis) - i = 1
by (simp add: inner_sum_left sum.If-cases inner_Basis)

lemma convex_set_plus:
assumes conver S and convexr T shows conver (S + T)
proof —
have convex (Jze S. Uy € T. {z + y})
using assms by (rule convez_sums)
moreover have (Jze S.Jye T. {z+y}) =S+ T
unfolding set_plus_def by auto
finally show convez (S + T) .
qed

lemma convez_set_sum:
assumes \i. i € A = convex (B i)
shows conver (D> i€A. B 1)
proof (cases finite A)
case True then show ?thesis using assms
by induct (auto simp: convez_set_plus)
qed auto

lemma finite_set_sum:
assumes finite A and Vi€ A. finite (B i) shows finite (D> i€A. B i)
using assms by (induct set: finite, simp, simp add: finite_set_plus)

lemma boz_eq_set_sum_Basis:
{z. Vi€Basis. z-i € B i} = (3 i€Basis. (Ax. z xg i) ‘(B 1i)) (is ?lhs = ?rhs)
proof —
have A\z. Vi€Basis. z + i € Bi =
Js. x = sum s Basis A (Vi€Basis. si € (Ax. z *g 1) ‘ B 1)
by (metis (mono_tags, lifting) euclidean_representation image_iff )
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moreover
have sum f Basis - i € B i if i € Basis and f: Vi€Basis. fi1 € (Ax. x g i) °
Biforif
proof —
have (> z€Basis — {i}. fz - i) =0
proof (rule sum.neutral, intro strip)
show fz - i = 0 if z € Basis — {i} for
using that f i € Basis) inner_Basis that by fastforce
qed
then have (> xz€Basis. fz - i) =fi -1
by (metis (no-types) i € Basis) add.right_neutral sum.remove [OF fi-
nite_Basis])
then have (> z€Basis. fz - i) € Bi
using f that(1) by auto
then show ?thesis
by (simp add: inner_sum_left)
qed
ultimately show ?thesis
by (subst set_sum_alt [OF finite_Basis]) auto
qed

lemma convex_hull_set_sum:
convex hull (> i€A. B i) = (D i€A. conver hull (B 1))
proof (cases finite A)
assume finite A then show ?thesis
by (induct set: finite, simp, simp add: convez_hull_set_plus)
qed simp

end

1.8 Definition of Finite Cartesian Product Type

theory Finite_Cartesian_Product
imports
Euclidean_Space
L2_Norm
HOL—- Library. Numeral_Type
HOL—- Library. Countable_Set
HOL— Library. FuncSet
begin

1.8.1 Finite Cartesian products, with indexing and lambdas

typedef (‘a, 'b) vec = UNIV :: ('b:finite = 'a) set
morphisms vec_nth vec_lambda ..

declare vec_lambda_inject [simplified, simp]
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bundle vec_syntaz begin
notation
vec_nth (infixl § 90) and
vec_lambda (binder x 10)
end

bundle no_vec_syntar begin
no_notation
vec_nth (infixl $§ 90) and
vec_lambda (binder x 10)
end

unbundle vec_syntax

Concrete syntax for (‘a, 'b) vec:

e 'a”'b becomes ('a, 'b::finite) vec

e 'a"'b::_becomes ('a, 'b) vec without extra sort-constraint

syntax _vec_type :: type = type = type (infixl * 15)

parse_translation ¢
let

fun vec t u = Syntax.const type_syntax wec> $ t $ u;

fun finite_vec_tr [t, u] =

(case Term_Position.strip_positions u of

v as Free (z, .) =>
if Lexicon.is_tid x then

vec t (Syntaz.const syntax_const_ofsort) $ v $
Syntaz.const class_syntax (finite))

else vec t u
| - => vec t u)
m

[(syntax_const _vec_type), K finite_vec_tr)]

end
)

lemma vec_eq_iff: (z = y) +— (Vi. 281 = y$i)
by (simp add: vec_nth_inject [symmetric] fun_eq_iff)

lemma vec_lambda_beta [simp]: vec_lambda g $ i = g i
by (simp add: vec_lambda_inverse)

lemma vec_lambda_unique: (Vi. f$i = g i) «— vec_lambda g = f

by (auto simp add: vec_eq_iff)

lemma vec_lambda_eta [simp]: (x i. (¢$1)) = g

by (simp add: vec_eq_iff)

181
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1.8.2 Cardinality of vectors

instance vec :: (finite, finite) finite
proof
show finite (UNIV :: (‘a, 'b) vec set)
proof (subst bij_betw_finite)
show bij_betw vec_nth UNIV (Pi (UNIV :: b set) (A_. UNIV :: 'a set))
by (intro bij_betwl[of _ _ _ vec_lambda]) (auto simp: vec_eq_iff)
have finite (PiE (UNIV :: 'b set) (A_. UNIV :: 'a set))
by (intro finite_PiE) auto
also have (PiE (UNIV :: 'b set) (A.. UNIV :: 'a set)) = Pi UNIV (A_. UNIV)
by auto
finally show finite ... .
qed
qed

lemma countable_PiE:
finite I = (\i. i € I = countable (F i)) = countable (Pig I F)
by (induct I arbitrary: F rule: finite_induct) (auto simp: PiE_insert_eq)

instance vec :: (countable, finite) countable
proof
have countable (UNIV :: (‘a, 'b) vec set)
proof (rule countablel_bij2)
show bij_betw vec_nth UNIV (Pi (UNIV ::'b set) (A_. UNIV :: 'a set))
by (intro bij_-betwl[of _ _ _ vec_lambda]) (auto simp: vec_eq_iff )
have countable (PiE (UNIV ::'b set) (A_. UNIV :: 'a set))
by (intro countable_PiE) auto
also have (PiE (UNIV ::'b set) (A_. UNIV :: 'a set)) = Pi UNIV (A_. UNIV)
by auto
finally show countable ...
qed
thus J¢::(‘a, 'b) vec = nat. inj t
by (auto elim!: countableE)
qed

lemma infinite. UNIV _vec:
assumes infinite (UNIV :: 'a set)
shows infinite (UNIV :: ('a™'b) set)
proof (subst bij_betw_finite)
show bij_betw vec_nth UNIV (Pi (UNIV ::'b set) (A.. UNIV :: 'a set))
by (intro bij_betwl[of - _ _ vec_lambda)) (auto simp: vec_eq_iff)
have infinite (PiE (UNIV :: b set) (A_. UNIV :: 'a set)) (is infinite ?A)
proof
assume finite ?A
hence finite ((\f. f undefined) < ?A)
by (rule finite_imagel)
also have (\f. f undefined) ¢ YA = UNIV
by auto
finally show Fulse
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using nfinite (UNIV :: 'a set)) by contradiction
qed
also have ?A = Pi UNIV (A_. UNIV)
by auto
finally show infinite (Pi (UNIV :: b set) (A_. UNIV :: 'a set)) .
qed

proposition CARD_vec [simp]:
CARD('a™'b) = CARD('a) ~ CARD('b)
proof (cases finite (UNIV :: 'a set))
case True
show ?thesis
proof (subst bij_betw_same_card)
show bij_betw vec_nth UNIV (Pi (UNIV :: b set) (A_. UNIV :: 'a set))
by (intro bij_betwl [of - _ _ vec_lambda]) (auto simp: vec_eq_iff)
have CARD('a) *~ CARD('b) = card (PiE (UNIV :: 'b set) (A.. UNIV :: 'a
set))
(is - = card ?A)
by (subst card_PiE) (auto)
also have YA = Pi UNIV (A_. UNIV)
by auto
finally show card ... = CARD('a) "~ CARD('D) ..
qed
qed (simp_all add: infinite.UNIV_vec)

lemma countable_vector:
fixes B:: 'n:finite = 'a set
assumes /\i. countable (B i)
shows countable {V. Vi:'n:finite. V $i € Bi}
proof —
have f € (8) “{V.Vi. V$ie€ Bi}if f € Pig UNIV B for f
proof —
have 3W. (Vi. WSieBi)A(§) W=f
by (metis that PiE_iff UNIV_I vec_lambda_inverse)
then show f € ($) ‘{v.Vi.v $ i€ Bi}
by blast
qed
then have Pig UNIV B = vec_nth ‘{V.Vi:'n. V$i € Bi}
by blast
then have countable (vec_nth ‘{V.Vi. V $i € Bi})
by (metis finite_class.finite_UNIV countable_PiE assms)
then have countable (vec_lambda ‘ vec_nth “{V.Vi. V $ i € Bi})
by auto
then show ?thesis
by (simp add: image_comp o_def vec_nth_inverse)
qed
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1.8.3 Group operations and class instances

instantiation vec :: (zero, finite) zero
begin

definition 0 = (x i. 0)

instance ..
end

instantiation vec :: (plus, finite) plus
begin
definition (+) = (A z y. (x 4. z$i + y$i))
instance ..
end

instantiation vec :: (minus, finite) minus
begin
definition (—) = (A z y. (x . z$i — y$i))
instance ..
end

instantiation vec :: (uminus, finite) uminus
begin
definition uminus = (A z. (x 7. — (2$72)))
instance ..
end

lemma zero_indez [simp]: 0 $ i = 0
unfolding zero_vec_def by simp

lemma vector_add_component [simp]: (x + y)$i = 28i + y$i
unfolding plus_vec_def by simp

lemma vector-minus_component [simp]: (z — y)$i = z$i — y$i
unfolding minus_vec_def by simp

lemma vector_uminus_component [simp]: (— z)$: = — (2$1)
unfolding uminus_vec_def by simp

instance vec :: (semigroup_add, finite) semigroup_add
by standard (simp add: vec_eq_iff add.assoc)

instance vec :: (ab_semigroup_add, finite) ab_semigroup-add
by standard (simp add: vec_eq_iff add.commute)

instance vec :: (monoid_add, finite) monoid_add
by standard (simp_all add: vec_eq_iff’)

instance vec :: (comm_monoid_add, finite) comm_monoid_add
by standard (simp add: vec_eq_iff)
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instance vec :: (cancel_semigroup_add, finite) cancel_semigroup_add
by standard (simp_all add: vec_eq_iff)

instance vec :: (cancel_ab_semigroup-add, finite) cancel_ab_semigroup_add
by standard (simp_all add: vec_eq_iff diff-diff-eq)

instance vec :: (cancel_comm_monoid_add, finite) cancel_comm_monoid_add ..

instance vec :: (group-add, finite) group-add
by standard (simp_all add: vec_eq_iff’)

instance vec :: (ab_group_add, finite) ab_group_add
by standard (simp_all add: vec_eq_iff)

1.8.4 Basic componentwise operations on vectors

instantiation vec :: (times, finite) times
begin

definition (x) = (A zy. (x i (%) * (y$7)))
instance ..

end

instantiation vec :: (one, finite) one
begin

definition 1 = (x i. 1)
instance ..

end

instantiation vec :: (ord, finite) ord

begin

definition 7 < y +— (V1. 281 < y$i)
definition z < (y:'a™b) +—z < yA-y <z
instance ..

end

The ordering on one-dimensional vectors is linear.

instance vec:: (order, finite) order
by standard (auto simp: less_eqvec_def less_vec_def vec_eq_iff
intro: order.trans order.antisym order.strict_implies_order)

instance vec :: (linorder, CARD_1) linorder
proof
obtain a :: 'b where all: AP. (Vi. Pi)<— Pa
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proof —
have CARD ('b) = 1 by (rule CARD_1)
then obtain b :: 'b where UNIV = {b} by (auto iff: card_Suc_eq)
then have AP. (VicUNIV. P i) <— P b by auto
then show thesis by (auto intro: that)
qed
fix zy:: 'a”’b::CARD_1
note [simp] = less_eq_vec_def less_vec_def all vec_eq_iff field_simps
show z < y V y < z by auto
qed

Constant Vectors

definition vec x = (x i. =)

Also the scalar-vector multiplication.

~

definition vector_scalar_mult:: 'a::times = 'a ~ 'n = 'a " 'n (infixl xs 70)

where ¢ xs 2 = (x i. ¢ * (2$%))

scalar product

A

definition scalar_product :: 'a :: semiring_.1 ~'n = ‘a * 'n = 'a where
w$

!/
scalar_product vw = (Y, i € UNIV. v § i % i)
1.8.5 Real vector space
instantiation vec :: (real_vector, finite) real_vector
begin
definition scaleR = (A r z. (x i. scaleR r (2$17)))

lemma vector_scaleR_component [simp]: (scaleR r x)$i = scaleR r (z37)
unfolding scaleR_vec_def by simp

instance
by standard (simp_all add: vec_eq_iff scaleR_left_distrib scaleR_right_distrib)

end

1.8.6 Topological space

instantiation vec :: (topological_space, finite) topological_space
begin

definition [code del]:
open (S = (Ya " 'b) set) +—
(VzeS. FA. (Vi. open (A i) A z8i € Ai) A
Vy. (Vi.y$i e Ai) — ye€9))

instance proof
show open (UNIV :: (‘a " 'b) set)
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unfolding open_vec_def by auto
next
fix ST ::('a " 'b) set
assume open S open T thus open (S N T)
unfolding open_vec_def
apply clarify
apply (drule (1) bspec)+
apply (clarify, rename_tac Sa Ta)
apply (rule_tac z=Xi. Sa i N Ta i in ex])
apply (simp add: open_Int)
done
next
fix K :: (Ya ~ ') set set
assume VYV S€K. open S thus open (| K)
unfolding open_vec_def
apply clarify
apply (drule (1) bspec)
apply (drule (1) bspec)
apply clarify
apply (rule_tac z=A in exl)
apply fast
done
qed

end

lemma open_vector_box: Vi. open (S i) = open {z. Vi.xz $ i € S i}
unfolding open_vec_def by auto

lemma open_vimage_vec_nth: open S = open ((Az. x $ i) —°S)
unfolding open_vec_def
apply clarify
apply (rule_tac x=Mk. if k = i then S else UNIV in exl, simp)
done

lemma closed_vimage_vec_nth: closed S = closed ((A\x. z $ i) —*5)
unfolding closed_open vimage_Compl [symmetric]
by (rule open_vimage_vec_nth)

lemma closed_vector_boz: ¥ i. closed (S i) = closed {z.Vi.z $ i€ Si}
proof —
have {z. Vi.z $ i€ Si} = (Ni. (A\z. 2 $ i) —°51i) by auto
thus Vi. closed (S i) = closed {z.Vi.z $ i€ Si}
by (simp add: closed_INT closed_vimage_vec_nth)
qed

lemma tendsto_vec_nth [tendsto_intros]:
assumes ((Az. fz) —— a) net
shows (A\z. fz $ i) —— a $ 7) net
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proof (rule topological_tendstol)
fix S assume open Sa $i € S
then have open (A\y. y $i) —“S)ae (A\y.y$i) —°9)
by (simp_all add: open_vimage_vec_nth)
with assms have eventually (Mz. fz € (Ay. y $ i) —¢S5) net
by (rule topological_tendstoD)
then show eventually (Az. fz $ i € S) net
by simp
qed

lemma isCont_vec_nth [simp]: isCont f a = isCont (A\z. fz $1i) a
unfolding isCont_def by (rule tendsto_vec_nth)

lemma vec_tendstol:
assumes Ai. (M\z. fz $1) —— a § 9) net
shows ((A\z. f2) —— a) net
proof (rule topological_tendstol)
fix S assume open S and a € S
then obtain A where A: Ai. open (A i) N\i.a$ i€ A
and S: A\y. Vi.y$i€eAdi—=yeSs
unfolding open_vec_def by metis
have Ai. eventually (Mz. fz $ i € A i) net
using assms A by (rule topological_tendstoD)
hence eventually (Az. Vi. fz $ i € A i) net
by (rule eventually_all_finite)
thus eventually (Az. fz € 5) net
by (rule eventually-mono, simp add: S)
qged

lemma tendsto_vec_lambda [tendsto_intros]:
assumes Ai. (A\z. fz i) —— a i) net
shows ((A\z. x &. fz i) —— (x i. ai)) net
using assms by (simp add: vec_tendstol)

lemma open_image_vec_nth: assumes open S shows open ((Az. z $ i) ¢ .9)
proof (rule openl)
fix a assume o € (A\z. 2 $ i) ° S
then obtain z where a = 2 $7and z € S ..
then obtain A where A: Vi. open (Ai) A z$i€ Ai
and S:Vy. (Vi.y$iedi)—yes
using (open S) unfolding open_vec_def by auto
hence A i C (A\z. x $1i) ‘S
by (clarsimp, rule_tac x=x j. if j = 1 then z else z $ j in image_eql,
simp_all)
hence open (Ai)Na€ AiNAiC (Mz.z8$4) ‘S
using A «a = z $ © by simp
then show 3T. open TAa € TAT C (Azx. 2 $14) ‘S by — (rule exl)
qed
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instance vec :: (perfect_space, finite) perfect_space
proof
fix z =
proof
assume open {z}
hence Vi. open (Ax. z $ i) ‘ {z}) by (fast intro: open_image_vec_nth)
hence Vi. open {z $ i} by simp
thus False by (simp add: not_open_singleton)
qed
qed

‘a " 'b show — open {z}

1.8.7 Metric space

instantiation vec :: (metric_space, finite) dist
begin

definition
dist z y = L2_set (\i. dist (z$i) (y$i)) UNIV

instance ..
end

instantiation vec :: (metric_space, finite) uniformity_dist
begin

definition [code del]:
(uniformity = (("a'b::2) x ('a™b:))) filter) =
(INF ec{0 <..}. principal {(z, y). dist z y < e})

instance
by standard (rule uniformity_vec_def)
end

declare uniformity_Abort[where ‘a="'a :: metric_space " 'b :: finite, code]

instantiation vec :: (metric_space, finite) metric_space
begin

proposition dist_vec_nth_le: dist (z $ i) (y $4) < dist x y
unfolding dist_vec_def by (rule member_le_L2_set) simp_all

instance proof
fixzy:'a”™'b
show distzy =0 «—z =y
unfolding dist_vec_def
by (simp add: L2_set_eq_0-iff vec_eq_iff)
next
fixzyz:'a™'b
show dist x y < dist x z + dist y z
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unfolding dist_vec_def
apply (rule order_trans [OF _ L2_set_triangle_ineq])
apply (simp add: L2_set_mono dist_triangle2)
done
next
fix S :: ("a " 'b) set
have *: open § +— (VzeS. Je>0.Vy. distyz < e — y € 9)
proof
assume open S show VzeS. de>0.Vy. distyx < e —y €S
proof
fix z assume z € S
obtain A where A: Vi. open (A i) Vi.z $ie A4
and S:Vy. (Vi.y$ie Ai)—yels
using (open S) and x € §) unfolding open_vec_def by metis
have VieUNIV. 3r>0.Vy. disty (z $ i) <r—ye€ Ai
using A unfolding open_dist by simp
hence 37. VieUNIV. 0 <ri A NVy. disty (z $1) <ri— y € A1)
by (rule finite_set_choice [OF finite])
then obtain r where r1: Vi. 0 < ri
and 72: Viy. disty (x $4) <ri— y € Ai by fast
have 0 < Min (range ) A (Vy. dist y x < Min (range r) — y € S)
by (simp add: r1 r2 S le_less_trans [OF dist_vec_nth_le])
thus de>0.Vy. distyz <e —y €S ..
qed
next
assume x: Vze€S. Je>0.Vy. dist yx < e — y € S show open S
proof (unfold open_vec_def, rule)
fix z assume z € S
then obtain e where 0 < eand S: Vy. distyz <e —y e S
using * by fast
define r where [abs_def]: i = e / sqrt (of-nat CARD('D)) for i :: 'b
from 0 < e have r: Vi. 0 < ri
unfolding r_def by simp_all
from (0 < e) have e: e = L2_set r UNIV
unfolding r_def by (simp add: L2_set_constant)
define A where A i = {y. dist (z $ i) y < ri} for i
have Vi. open (A i) ANz $ i€ Ai
unfolding A_def by (simp add: open_ball r)
moreover have Vy. (Vi.y$ie€ Ai)—ye s
by (simp add: A_def S dist_vec_def e L2_set_strict_mono dist_commute)
ultimately show 3 A. (Vi. open (A i) ANz $iec Ai)A
Vy. Vi.y$ie Ai) — y € S) by metis
qed
qed
show open S = (Vz€S. Vg (2, y) in uniformity. ' = x — y € S)
unfolding x eventually_uniformity_metric
by (simp del: split_paired_All add: dist_vec_def dist_commute)
qed
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end

lemma Cauchy_vec_nth:

Cauchy (An. X n) = Cauchy (An. X n $ 1)
unfolding Cauchy_def by (fast intro: le_less_trans [OF dist_vec_nth_le])

lemma vec_Cauchyl:
fixes X :: nat = ’a::metric_space " 'n
assumes X: Ai. Cauchy (An. X n $ i)
shows Cauchy (An. X n)
proof (rule metric_.Cauchyl)
fix r :: real assume 0 < r
hence 0 < r / of nat CARD('n) (is 0 < %s) by simp
define N where N i = (LEAST N.Vm>N.Vn>N. dist (X m $i) (X n$ i)
< %s) for i
define M where M = Max (range N)
have \i. IN.Vm>N.Vn>N. dist (Xm $i) (Xn$i)< %
using X 0 < ?s) by (rule metric_.CauchyD)
hence Ai. Vm>Ni. Vn>Ni. dist (Xm $i) (Xn$i)<?
unfolding N_def by (rule LeastI_ex)
hence M: \i. Vm>M.Vn>M. dist (X m $1i) (Xn$i) < %
unfolding M_def by simp
{
fix m n :: nat
assume M < m M <n
have dist (X m) (X n) = L2_set (\i. dist (X m $4) (X n $4)) UNIV
unfolding dist_vec_def ..
also have ... < sum (Ai. dist (X m $ 1) (X n $ 1)) UNIV
by (rule L2_set_le_sum [OF zero_le_dist])
also have ... < sum (Ai::'n. %s) UNIV
by (rule sum_strict-mono, simp_all add: M M < m) (M < n))
also have ... =r
by simp
finally have dist (X m) (X n) < r .
}
hence Vm>M.Vn>M. dist (X m) (X n) <r
by simp
then show I M. Vm>M.Vn>M. dist (X m) (X n) < r ..
qed

instance vec :: (complete_space, finite) complete_space
proof
fix X :: nat = 'a " 'b assume Cauchy X
have A\i. (An. Xn $ i) —— lim (An. X n $ 1)
using Cauchy_vec_nth [OF (Cauchy X)]
by (simp add: Cauchy_convergent_iff convergent_ LIMSEQ_iff)
hence X —— wvec_lambda (M\i. lim (An. X n $§ i)
by (simp add: vec_tendstol)
then show convergent X
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by (rule convergentI)
qed

1.8.8 Normed vector space

instantiation vec :: (real_normed_vector, finite) real_normed_vector
begin

definition norm x = L2_set (Ai. norm (23i)) UNIV
definition sgn (z::'a™'b) = scaleR (inverse (norm z)) x

instance proof
fixa:reland zy :: 'a " 'b
show normz = 0 +— z =0
unfolding norm_vec_def
by (simp add: L2_set_eq_0_iff vec_eq_iff)
show norm (z + y) < norm z + norm y
unfolding norm_vec_def
apply (rule order_trans [OF _ L2_set_triangle_ineq])
apply (simp add: L2_set_mono norm_triangle_ineq)
done
show norm (scaleR a ) = |a| * norm z
unfolding norm_vec_def
by (simp add: L2_set_right_distrib)
show sgn x = scaleR (inverse (norm z)) x
by (rule sgn_vec_def)
show dist x y = norm (z — y)
unfolding dist_vec_def norm_vec_def
by (simp add: dist-norm)
qged

end

lemma norm_nth_le: norm (x $ i) < norm x
unfolding norm_vec_def
by (rule member_le_L2_set) simp_all

lemma norm_le_componentwise_cart:
fixes z :: 'a::real_normed_vector"'n
assumes Ai. norm(z3i) < norm(y$i)
shows norm = < norm y
unfolding norm_vec_def
by (rule L2_set_mono) (auto simp: assms)

lemma component_le_norm_cart: |z$i| < norm x
apply (simp add: norm_vec_def)
apply (rule member_le_L2_set, simp_all)
done
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lemma norm_bound_component_le_cart: norm z < e ==> |z$i| < e
by (metis component_le_norm_cart order_trans)

lemma norm_bound_component_lt_cart: norm x < e ==> |z8i| < e
by (metis component_le_norm_cart le_less_trans)

lemma norm_le_l1_cart: norm x < sum(\i. |x$i]) UNIV
by (simp add: norm_vec_def L2_set_le_sum)

lemma bounded_linear_vec_nthlintro]: bounded_linear (Az. z $ @)
apply standard

apply (rule vector_add_component)

apply (rule vector_scaleR_component)

apply (rule_tac z=1 in exl, simp add: norm_nth_le)

done

instance vec :: (banach, finite) banach ..

1.8.9 Inner product space

instantiation vec :: (real_inner, finite) real_inner
begin

definition inner z y = sum (\i. inner (z$i) (y$i)) UNIV

instance proof
fixr:realandzyz::’a "'
show inner x y = inner y x
unfolding inner_vec_def
by (simp add: inner_commaute)
show inner (z + y) z = inner  z + inner y z
unfolding inner_vec_def
by (simp add: inner_add_left sum.distrib)
show inner (scaleR rx) y = r * inner z y
unfolding inner_vec_def
by (simp add: sum_distrib_left)
show 0 < inner z x
unfolding inner_vec_def
by (simp add: sum_-nonneg)
show imnerzz =0 +—z =10
unfolding inner_vec_def
by (simp add: vec_eq_iff sum_nonneg_eq_0_iff)
show norm z = sqrt (inner z x)
unfolding inner_vec_def norm_vec_def L2_set_def
by (simp add: power2-norm_eq_inner)
qed

end
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1.8.10 Euclidean space

Vectors pointing along a single axis.

definition axis k x = (x 4. if i = k then x else 0)

lemma azis_nth [simp]: azis iz $ i =z
unfolding azis_def by simp

lemma azis_eq_azis: aris iz =arisjy—x=yANi=jVar=0ANy=70
unfolding axis_def vec_eq_iff by auto

lemma inner_azis_axis:
inner (axis i x) (axis j y) = (if © = j then inner z y else 0)
unfolding inner_vec_def
apply (cases i = j)
apply clarsimp
apply (subst sum.remove [of - j], simp_all)
apply (rule sum.neutral, simp add: azis_def)
apply (rule sum.neutral, simp add: azis_def)
done

lemma inner_azis: inner x (azis i y) = inner (z $ 1) y
by (simp add: inner_vec_def axis_def sum.remove [where z=i])

lemma inner_azis”: inner(azis i y) v = inner y (z $ 0)
by (simp add: inner_axis inner_commute)

instantiation vec :: (euclidean_space, finite) euclidean_space
begin

definition Basis = (|Ji. | u€Basis. {axis i u})

instance proof
show (Basis :: ('a * 'b) set) # {}
unfolding Basis_vec_def by simp
next
show finite (Basis :: ('a "~ 'b) set)
unfolding Basis_vec_def by simp
next
fixuv:i:'a™'b
assume u € Basis and v € Basis
thus inner u v = (if u = v then 1 else 0)
unfolding Basis_vec_def
by (auto simp add: inner_axis_axis axis_eq-azis inner-Basis)
next
fixz:'a "'
show (Vu€Basis. inner x u = 0) «— z = 0
unfolding Basis_vec_def
by (simp add: inner_azis euclidean_all_zero_iff vec_eq-iff’)
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qged

proposition DIM_cart [simp]|: DIM('a"'b) = CARD('b) * DIM ('a)
proof —
have card (|Ji::'d. |J u::’a€Basis. {azis i u}) = (3 i::'b€ UNIV . card (|J u::’a€ Basis.

{azis i u}))
by (rule card_UN_disjoint) (auto simp: axis_eq_aris)
also have ... = CARD('b) x DIM('a)

by (subst card-UN_disjoint) (auto simp: axis_eq-axis)
finally show ?thesis
by (simp add: Basis_vec_def)
qed

end

lemma norm_azis_1 [simp]: norm (axis m (1::real)) = 1
by (simp add: inner_axis’ norm_eq_1)

lemma sum_norm_allsubsets_bound_cart:
fixes f:: ‘a = real “'n
assumes fP: finite P and fPs: NQ. @ C P = norm (sum f Q) < e
shows sum (Az. norm (fz)) P < 2 x real CARD('n) % e
using sum_norm_allsubsets_bound[OF assms]
by simp

lemma cart_eq_inner_axis: a $ i = inner a (axis i 1)
by (simp add: inner_axis)

lemma azxis_eq_0_iff [simp]:
shows azis mz = 0 +— z = 0
by (simp add: azis_def vec_eq_iff )

lemma azxis_in_Basis_iff [simp]: azis i a € Basis +— a € Basis
by (auto simp: Basis_vec_def axis_eq_axis)

Mapping each basis element to the corresponding finite index

definition azis_indez :: (‘a::comm_ring_1) “'n = 'n where azis_index v = SOME
1. v = axis i 1

lemma azis_inverse:
fixes v :: real’’'n
assumes v € Basis
shows Ji. v = axis i 1
proof —
have v € (Un. |JreBasis. {azis n r})
using assms Basis_vec_def by blast
then show ?thesis
by (force simp add: vec_eq_iff )
qed
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lemma azis_index:
fixes v :: real™'n
assumes v € Basis
shows v = azis (azis_index v) 1
by (metis (mono_tags) assms axis_inverse azxis_indez_def somel_ex)

lemma azis_index_axis [simp]:
fixes UU :: real™'n
shows (azis_indexr (axis u 1 :: real™'n)) = (u::'n)
by (simp add: axis_eq_axis azis_index_def)

1.8.11 A naive proof procedure to lift really trivial arith-
metic stuff from the basis of the vector space

lemma sum_cong_auz:
Ne.z€e A= for=gz) = sumfA=sumgA
by (auto intro: sum.cong)

hide_fact (open) sum-_cong_auz

method_setup vector = ¢
let
val ss1 =
simpset_of (put_simpset HOL_basic_ss context
addsimps [@Q{thm sum.distrib} RS sym,
Q@Q{thm sum_subtractf} RS sym, Q{thm sum_distrib_left},
Q{thm sum_distrib_right}, Q{thm sum_negf} RS sym])
val ss2 =
simpset_of (context addsimps
[@{thm plus_vec_def }, @Q{thm times_vec_def },
Q@Q{thm minus_vec_def }, @{thm uminus_vec_def },
Q{thm one_vec_def}, @{thm zero_vec_def}, Q{thm vec_def},
@{thm scaleR_vec_def }, @{thm vector_scalar_mult_def }])
fun vector_arith_tac ctat ths =
stmp_tac (put_simpset ss1 ctxt)
THEN' (fn i => resolve_tac ctxt Q{thms Finite_Cartesian_Product.sum_cong_aux}

ORELSE resolve_tac ctxt Q{thms sum.neutral} i
ORELSE simp_tac (put_simpset HOL_basic_ss ctxt addsimps [Q{thm
vec_eq iff}) 1)
(* THEN' TRY o clarify-tac HOL_.cs THEN' (TRY o rtac @{thm iffI}) *)
THEN' asm_full_simp_tac (put_simpset ss2 ctxt addsimps ths)
in
Attrib.thms >> (fn ths => fn ctat => SIMPLE_METHOD' (vector_arith_tac
ctxt ths))
end
y lift trivial vector statements to real arith statements
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lemma vec_0[simp]: vec 0 = 0 by wvector
lemma vec_1[simp]: vec 1 = 1 by vector

lemma vec_inj[simp|: vec x = vec y +— x = y by wvector
lemma vec_in_image_vec: vec z € (vec ‘' S) +— z € S by auto

lemma vec_add: vec(x + y) = vec x + vec y by wvector
lemma vec_sub: vec(x — y) = vec x — vec y by vector
lemma vec_cmul: vec(c * &) = ¢ xs vec x by vector

lemma vec_neg: vec(— x) = — vec © by vector

lemma vec_scaleR: vec(c * ) = ¢ *g vec x
by wector

lemma vec_sum:
assumes finite S
shows vec(sum fS) = sum (vec o f) S
using assms
proof induct
case empty
then show ?Zcase by simp
next
case insert
then show %case by (auto simp add: vec_add)
qed

Obvious ”component-pushing”.

lemma vec_component [simp]: vecz $ i = x
by wvector

lemma vector_mult_component [simp]: (z * y)$i = z$i * y$i
by wector

lemma vector_smult_component [simp]: (¢ *s y)$i = ¢ * (y$7)
by wvector

lemma cond_component: (if b then x else y)$i = (if b then z$i else y$i) by vector

lemmas vector_component =
vec_component vector_add_component vector_mult_component
vector_smult_component vector_minus_component vector_uminus_component
vector_scaleR_component cond_component

1.8.12 Some frequently useful arithmetic lemmas over vec-
tors

instance vec :: (semigroup-mult, finite) semigroup_mult
by standard (vector mult.assoc)
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instance vec :: (monoid_mult, finite) monoid_mult
by standard vector+

instance vec :: (ab_semigroup_mult, finite) ab_semigroup-mult
by standard (vector mult.commute)

instance vec :: (comm_monoid_mult, finite) comm_monoid_mult
by standard vector

instance vec :: (semiring, finite) semiring
by standard (vector field_simps)+

instance vec :: (semiring_0, finite) semiring_0
by standard (vector field_simps)+

instance vec :: (semiring_1, finite) semiring_1
by standard vector

instance vec :: (comm_semiring, finite) comm_semiring
by standard (vector field_simps)+

instance vec :: (comm_semiring_0, finite) comm_semiring-0 ..

instance vec :: (semiring_0_cancel, finite) semiring-0_cancel ..

instance vec :: (comm_semiring_0_cancel, finite) comm_semiring_0_cancel ..
instance vec :: (ring, finite) ring ..

instance vec :: (semiring-1_cancel, finite) semiring-1_cancel ..

instance vec :: (comm_semiring_1, finite) comm_semiring-1 ..

instance vec :: (ring_1, finite) ring_1 ..

instance vec :: (real_algebra, finite) real_algebra
by standard (simp_all add: vec_eq_iff’)

instance vec :: (real_algebra_1, finite) real_algebra_1 ..

lemma of nat_indez: (of-nat n :: 'a::semiring_1 “'n)$i = of_-nat n
proof (induct n)
case (
then show ?case by wvector
next
case Suc
then show ?case by vector
qed
lemma one_index [simp]: (1 :: 'a :: one "~ 'n) $ i =1
by wector

lemma neg_one_index [simp]: (— 1 :: 'a :: {one, uminus} ~'n) $i=— 1
by wector
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instance vec :: (semiring_char_0, finite) semiring_char-0
proof
fix m n :: nat
show inj (of-nat :: nat = ’'a " 'b)
by (auto intro!: injl simp add: vec_eq_iff of-nat_index)
qed

instance vec :: (numeral, finite) numeral ..
instance vec :: (semiring-numeral, finite) semiring-numeral ..

lemma numeral_indez [simp]: numeral w $ i = numeral w
by (induct w) (simp_all only: numeral.simps vector_add_component one_index)

lemma neg_numeral_index [simp]: — numeral w $ i = — numeral w
by (simp only: vector_uminus_component numeral_indez)

instance vec :: (comm_ring_1, finite) comm_ring-1 ..
instance vec :: (ring_char_0, finite) ring_char_0 ..

lemma vector_smult_assoc: a xs (b xs ) = ((a::'a::semigroup_mult) * b) *s z
by (vector mult.assoc)
lemma vector_sadd_rdistrib: ((a::'a::semiring) + b) s = a xsz + b xs «
by (vector field_simps)
lemma vector_add_ldistrib: (c::'a::semiring) s (z + y) = c *sx + ¢ *5 ¥y
by (vector field_simps)
lemma vector_smult_lzero[simp: (0::'a::mult_zero) xs x = 0 by wvector
lemma vector_smult_lid[simp]: (1::'a::monoid-mult) *s x = z by vector
lemma vector_ssub_ldistrib: (c::'a:ring) *s (x — y) = c*sx — ¢ *8 ¥
by (vector field_simps)
lemma vector_smult_rneg: (c::'a::ring) xs —x = —(c¢ *s z) by vector
lemma vector_smult_Ilneg: — (c::'a::ring) *s © = —(c *s z) by vector
lemma vector_sneg-minusl: —x = (—1::'a:ring_1) *s x by vector
lemma vector_smult_rzero[simp]: ¢ xs 0 = (0::'a::mult_zero " 'n) by vector
lemma vector_sub_rdistrib: ((a::'a:ring) — b) *sx = a xsx — b *s x
by (vector field_simps)

lemma vec_eq[simp]: (vec m = vec n) +— (m = n)
by (simp add: vec_eq_iff)

lemma Vector_Spaces_linear_vec [simp]: Vector_Spaces.linear (x) vector_scalar_mult
vec
by unfold_locales (vector algebra_simps)+

lemma vector_mul_eq_0[simp]: (a xs © = 0) +— a = (0:'azidom) V z = 0
by wvector

lemma vector_mul_lcancel[simp]: a xs z = a *s y +— a = (0::'ax:field) V z = y
by (metis eq_iff-diff-eq-0 vector-mul_eq-0 vector_ssub_ldistrib)
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lemma vector_mul_rcancel[simp]: a xs © = b xs & +— (a:'a:field) = bV x =0
by (subst eq_iff-diff-eq_0, subst vector_sub_rdistrib [symmetric]) simp

lemma scalar_mult_eq_scaleR [abs_def]: ¢ s & = ¢ *p ©
unfolding scaleR_vec_def vector_scalar_mult_def by simp

lemma dist_mul[simp]: dist (¢ *s x) (c xs y) = |c| * dist z y
unfolding dist_norm scalar_mult_eq_scaleR
unfolding scaleR_right_diff-distrib[symmetric] by simp

lemma sum_component [simp):

fixes f:: ‘a = ('b::comm_monoid_add) “'n

shows (sum f S)$i = sum (Az. (fz)$i) S
proof (cases finite S)

case True

then show ?thesis by induct simp_all
next

case Fulse

then show ?thesis by simp
qed

lemma sum_eq: sum fS = (x . sum (Az. (fz)$i ) S)
by (simp add: vec_eq_iff)

lemma sum_cmul:
fixes f:: ‘¢ = (‘a:semiring-1) “'n
shows sum (Az. ¢ xs fz) S = ¢ xs sum f S
by (simp add: vec_eq_iff sum_distrib_left)

lemma linear_vec [simp]: linear vec
using Vector_Spaces_linear_vec

apply (auto )
by unfold_locales (vector algebra_simps)+

1.8.13 Matrix operations

/

Matrix notation. NB: an MxN matrix is of type ((‘a, n) vec, 'm) vec, not

(('a, 'm) vec, 'n) vec

definition map-matriz::('a = 'b) = (('a, 'i:finite)vec, j:finite) vec = (('b,
')vee, 'j) vec where
map_matriz fz = (x ij. f (z $18 7))

lemma nth_map_matriz[simp]: map_matric fz $i$j=f (z $¢ )
by (simp add: map-matriz_def)

definition matriz_matriz_mult :: (‘a::semiring-1) “'n™'m = ‘a “p*'n = 'a " 'p

A/m

(infix] *x 70)
where m xx m’ == (x i j. sum (M. (m$:)$k) = ((m'$k)$5)) (UNIV :: 'n set))
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definition matriz_vector-mult :: ("a::semiring_-1) “'n"'m = 'a “'n = 'a " 'm

(infixl xv 70)
where m xv z = (x i. sum (Nj. ((m$9)$5) = (2$7)) (UNIV ::'n set)) = 'a™'m

A

definition vector_matriz_mult :: 'a ~ 'm = ('a::semiring.1) “'n"'m = 'a “'n
(infixl v 70)

where v vx m == (x j. sum (Ai. ((m$i)$5) = (v$i)) (UNIV :: 'm set)) == 'a™'n

definition (mat::’a::zero => ‘a “'n"'n) k = (x i j. if i = j then k else 0)
definition transpose where

(transpose::’a"'n"'m = ‘a”m"'n) A = (x i j. ((A$7)$1))
definition (row::'m => 'a “'n"'m = 'a "'n) i A = (x 7. ((A%9)$7))
definition (column::'n =>'a"'n"'m =>"'a"'m) j A = (x i. ((A%9)$7))
definition rows(A::’a"'n"'m) = { row i A | i. i € (UNIV :: 'm set)}
definition columns(A::'a”'n"'m) = { column i A | i. i € (UNIV :: 'n set)}

lemma times0.left [simp]: (0::'a::semiring-1"'n"'m) %% (A::'a “'p°'n) = 0
by (simp add: matriz-matriz-mult_def zero_vec_def)

lemma timesO_right [simp]: (A::'a::semiring-1"'n""m) xx (0::'a “'p"'n) = 0
by (simp add: matriz_matriz_mult_def zero_vec_def )

lemma mat_0[simp]: mat 0 = 0 by (vector mat_def)
lemma matriz_add_ldistrib: (A xx (B + C)) = (A *x B) + (4 *x CO)
by (vector matriz_matriz_mult_def sum.distrib[symmetric] field_simps)

lemma matriz-mul_lid [simp):
fixes A :: 'a::semiring.1 ~'m " 'n
shows mat 1 *x A = A
apply (simp add: matriz_matriz_mult_def mat_def)
apply vector
apply (auto simp only: if_distrib if-distribR sum.delta'|OF finite]
mult_1_left mult_zero_left if True UNIV_T)
done

lemma matriz-mul_rid [simp]:
fixes A :: 'az:semiring.1 " 'm " 'n
shows A *x mat 1 = A
apply (simp add: matriz_-matriz_mult_def mat_def)
apply vector
apply (auto simp only: if_distrib if-distribR sum.delta|OF finite]
mult_1_right mult_zero_right if-True UNIV_I cong: if-cong)
done

proposition matriz-mul_assoc: A xx (B xx C) = (A xx B) *x C
apply (vector matriz_matriz_—mult_def sum_distrib_left sum_distrib_right mult.assoc)
apply (subst sum.swap)
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apply simp
done

proposition matriz_vector_mul_assoc: A xv (B xv z) = (A *x B) xv z
apply (vector matriz_matriz_—mult_def matriz_vector_mult_def
sum_distrib_left sum_distrib_right mult.assoc)
apply (subst sum.swap)
apply simp
done

proposition scalar_matriz_assoc:
fixes A :: (‘a::real_algebra_1) “'m"'n
shows k xp (A #x B) = (k xg A) *x B
by (simp add: matriz_matriz_mult_def sum_distrib_left mult_ac vec_eq_iff scaleR_sum_right)

proposition matriz_scalar_ac:
fixes A :: (‘a::real_algebra_1) “'m"'n
shows A xx (k xg B) = k xg A =+ B
by (simp add: matriz_matriz_mult_def sum_distrib_left mult_ac vec_eq_iff)

lemma matriz_vector_mul_lid [simp]: mat 1 *v z = (x::'a::semiring-1 " 'n)
apply (vector matriz_vector_mult_def mat_def’)
apply (simp add: if_distrib if_distribR cong del: if weak_cong)
done

lemma matriz_transpose_mul:
transpose(A xx B) = transpose B xx transpose (A::'a::comm_semiring-1"_".)
by (simp add: matriz-matriz-mult_def transpose_def vec_eq_iff mult.commute)

lemma matriz_mult_transpose_dot_column:

shows transpose A xx A = (x i j. inner (column i A) (column j A))

by (simp add: matriz-matriz-mult_def vec_eq_iff transpose_def column_def in-
ner_vec_def )

lemma matriz_mult_transpose_dot_row:
shows A xx transpose A = (x i j. inner (row i A) (row j A))
by (simp add: matriz-matriz-mult_def vec_eq_iff transpose_def row_def inner_vec_def)

lemma matriz_eq:

fixes A B :: 'a::semiring_.1 " 'n " 'm

shows A = B +— (Vz. Axvz = B xvz) (is ?lhs «<— 9rhs)

apply auto

apply (subst vec_eq_iff)

apply clarify

apply (clarsimp simp add: matriz_vector_mult_def if_distrib if_distribR vec_eq_iff
cong del: if weak_cong)

apply (erule_tac z=azis ia 1 in allE)

apply (erule_tac z=i in allE)

apply (auto simp add: ifdistrib if_distribR axis_def
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sum.delta[OF finite] cong del: if weak_cong)
done

lemma matriz_vector_mul_component: (A v z)$k = inner (ASk) z
by (simp add: matriz_vector-mult_def inner_vec_def)

lemma dot_Imul_matriz: inner ((z::real *) vx A) y = inner z (A xv y)

apply (simp add: inner_vec_def matriz_vector_mult_def vector_matriz_mult_def
sum_distrib_right sum_distrib_left ac_simps)

apply (subst sum.swap)

apply simp

done

lemma transpose_mat [simp]: transpose (mat n) = mat n
by (vector transpose_def mat_def)

lemma transpose_transpose [simp]: transpose(transpose A) = A
by (vector transpose_def)

lemma row_transpose [simp]: row i (transpose A) = column i A
by (simp add: row_def column_def transpose_def vec_eq_iff)

lemma column_transpose [simp]: column i (transpose A) = row i A
by (simp add: row_def column_def transpose_def vec_eq_iff)

lemma rows_transpose [simp|: rows(transpose A) = columns A
by (auto simp add: rows_def columns_def intro: set_eql)

lemma columns_transpose [simp]: columns(transpose A) = rows A
by (metis transpose_transpose rows_transpose)

lemma transpose_scalar: transpose (k xr A) = k *g transpose A
unfolding transpose_def
by (simp add: vec_eq_iff)

lemma transpose_iff [iff]: transpose A = transpose B +— A = B
by (metis transpose_transpose)

lemma matriz-mult_sum:

(A:'a::comm_semiring-1""n"'m) xv x = sum (Ai. (x87) *s column i A) (UNIV::
'n set)

by (simp add: matriz_vector-mult_def vec_eq_iff column_def mult.commute)

lemma vector_componentwise:
(z::'auring-1"'n) = (x j. Y€ UNIV. (z81) * (azis i 1 :: 'a™'n) $ j)
by (simp add: axis_def if_distrib sum.If cases vec_eq_iff )

lemma basis_expansion: sum (Ni. (z$1) *s awis 1 1) UNIV = (x::('a:ring-1) "'n)
by (auto simp add: axis_def vec_eq_iff if-distrib sum.If-cases cong del: if-weak_cong)
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Correspondence between matrices and linear operators.

~ [P ay) ~/

definition matriz :: (‘a:{plus,times, one, zero} 'm = 'a " 'n) = ‘a"’'m"'n

where matriz f = (x i j. (f(azis j 1))$1)

lemma matriz_id_mat_1: matriz id = mat 1
by (simp add: mat_def matriz_def axis_def)

lemma matriz_scaleR: (matriz ((xg) r)) = mat r
by (simp add: mat_-def matriz_def azis_def if_distrib cong: if-cong)

lemma matriz_vector_-mul_linear[intro, simp]: linear (Azx. A xv (z::'a::real_algebra_1
)
v (simp add: linear_iff matriz_vector_mult_def vec_eq_iff field_simps sum_distrib_left
sum.distrib scaleR_right.sum)

lemma vector_matrixz_left_distrib [algebra_simps]:
shows (z + y) v* A=zvx A+ yuvx A
unfolding vector_matriz_mult_def
by (simp add: algebra_simps sum.distrib vec_eq_iff)

lemma matriz_vector_right_distrib [algebra_simps]:
Axv(z+y)=Axvz + Axvy
by (vector matriz_vector_mult_def sum.distrib distrib_left)

lemma matriz_vector_mult_diff-distrib [algebra_simps]:
fixes A :: 'a::ring_1"'n"'m
shows A xv (z —y) = Axvzx — Axvy
by (vector matriz_vector_mult_def sum_subtractf right_diff_distrib)

lemma matriz_vector_mult_scaleR|[algebra_simps|:
fixes A :: real”’'n"'m
shows A xv (¢ *p ) = ¢ *xg (A *v )
using linear_iff matriz_vector_mul_linear by blast

lemma matriz_vector_mult_0_right [simp]: A xv 0 = 0
by (simp add: matriz_vector_mult_def vec_eq_iff’)

lemma matriz_vector_mult_0 [simp]: 0 v w = 0
by (simp add: matriz_vector_mult_def vec_eq_iff)

lemma matriz_vector_mult_add_rdistrib [algebra_simps]:
(A4 B) vz = (Axvz)+ (B xvax)
by (vector matriz_vector-mult_def sum.distrib distrib_right)

lemma matriz_vector_mult_diff_rdistrib [algebra_simps]:
fixes A :: 'a :: Ting_1"'n"'m
shows (A — B) vz = (A xvz) — (B *v 1)
by (vector matriz_vector-mult_def sum_subtractf left_diff_distrib)
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lemma matriz_vector_column:

(A:'az:comm_semiring.1"'n"_) xv © = sum (\i. (x87) *s ((transpose A)$i))
(UNIV:: 'n set)

by (simp add: matriz_vector_mult_def transpose_def vec_eq_iff mult.commute)

1.8.14 Inverse matrices (not necessarily square)

definition
invertible(A::'a::semiring-1"'n"'m) +— (A e "m 'n. A xx A’ = mat 1 N A’
xk A = mat 1)

definition
matriz_inv(A:: 'a::semiring-1"'n"'m) =
(SOME A":'a”'m™n. A sx A’ = mat 1 N A" *x A = mat 1)

lemma inj_matriz_vector_mult:
fixes A::'a::field"'n"'m
assumes invertible A
shows inj ((xv) A)
by (metis assms inj_on_inversel invertible_def matriz_vector_mul_assoc matriz_vector_mul_lid)

lemma scalar_invertible:
fixes A :: (‘a::real_algebra_1) “'m"'n
assumes k # 0 and invertible A
shows invertible (k *p A)
proof —
obtain A’ where A xx A’ = mat 1 and A’ *x A = mat 1
using assms unfolding invertible_def by auto
with & # 0
have (k xg A) *x ((1/k) xg A') = mat 1 ((1/k) *g A') *x (k xg A) = mat 1
by (simp_all add: assms matriz_scalar_ac)
thus invertible (k xg A)
unfolding invertible_def by auto
qed

proposition scalar_invertible_iff :
fixes A :: (‘a::real_algebra_1) “'m"'n
assumes k # 0 and invertible A
shows invertible (k xgp A) +— k # 0 A invertible A
by (simp add: assms scalar_invertible)

lemma vector_transpose_matriz [simp]: x vx transpose A = A *v z
unfolding transpose_def vector_matriz_mult_def matriz_vector_mult_def
by simp

lemma transpose_matriz_vector [simp): transpose A xv x = z vx A
unfolding transpose_def vector_matriz_mult_def matriz_vector_mult_def
by simp
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lemma vector_scalar_commute:
fixes A :: a::{field} “'m"'n
shows A xv (¢ xs ) = ¢ *s (A *v )
by (simp add: vector_scalar-mult_def matriz_vector-mult_def mult_ac sum_distrib_left)

lemma scalar_vector-matriz_assoc:
fixes k :: 'a::{field} and z :: 'a:{field} “'n and A :: 'a”'m"'n
shows (k xs z) vx A =k s (z vx A)
by (metis transpose_matriz_vector vector_scalar_commute)

lemma vector-matriz_mult_0 [simp]: 0 vx A = 0
unfolding vector_matriz_mult_def by (simp add: zero_vec_def)

lemma vector_matriz_mult_0_right [simp]: z vx 0 = 0
unfolding vector_matriz_mult_def by (simp add: zero_vec_def)

lemma vector_matriz-mul_rid [simp]:
fixes v :: (‘a::semiring-1) "'n
shows v vx mat 1 = v
by (metis matriz-vector-mul_lid transpose_mat vector_transpose_matriz)

lemma scaleR_vector_matriz_assoc:
fixes k :: real and z :: real™'n and A :: real'm"'n
shows (k xg z) vk A =k g (z vx A)
by (metis matriz_vector-mult_scaleR transpose_matriz_vector)

proposition vector_scaleR_matriz_ac:
fixes k :: real and z :: real”’'n and A :: real'm”'n
shows z vx (k xg A) = k xg (z vx A)
proof —
have z v« (k xg A) = (k *g z) vx A
unfolding vector_matriz_mult_def
by (simp add: algebra_simps)
with scaleR_vector_matriz_assoc
show z vx (k xg A) = k xg (z vx A)
by auto
qed

end

1.9 Linear Algebra on Finite Cartesian Products

theory Cartesian_Space
imports
Finite_Cartesian_Product Linear_Algebra
begin
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1.9.1 Type (‘a, 'n) vec and fields as vector spaces
definition cart_basis = {azis i 1 | i. i€ UNIV'}

lemma finite_cart_basis: finite (cart-basis) unfolding cart_basis_def
using finite_Atleast_Atmost_nat by fastforce

lemma card_cart_basis: card (cart_basis::('a::zero_neq_one"'t) set) = CARD('i)
unfolding cart_basis_def Setcompr_eq_image
by (rule card_image) (auto simp: inj_on_def axis_eq_azis)

interpretation vec: vector_space (xs)
by unfold_locales (vector algebra_simps)+

lemma independent_cart_basis:
vec.independent (cart_basis)
proof (rule vec.independent_if_scalars_zero)
show finite (cart_basis) using finite_cart_basis .
fix f::(‘a, 'b) vec = 'a and z::('a, 'b) vec
assume eq_0: (> z€cart_basis. fz xs ) = 0 and z_in: © € cart_basis
obtain ¢ where z: © = azis i 1 using z_in unfolding cart_basis_def by auto
have sum_eq_0: (3" z€(cart_basis) — {z}. fz * (x $1)) =0
proof (rule sum.neutral, rule balll)
fix za assume za: za € cart_basis — {z}
obtain ¢ where a: za = azxis a 1 and a_-not_i: a # i
using za x unfolding cart_basis_def by auto
have za $ ¢+ = 0 unfolding a aris_def using a_not_i by auto
thus fza *x za $ ¢ = 0 by simp

qed

have 0 = (3 z€cart_basis. f z *s z) $ 7 using eq_0 by simp

also have ... = (>  z€cart_basis. (f x *s z) $ i) unfolding sum_component ..
also have ... = (3" z€cart_basis. fz * (xz $ 1)) unfolding vector_smult_component

”also have ... = fz x (z $ i) + (O z€(cartbasis) — {z}. fz * (z $ 7))

by (rule sum.remove|OF finite_cart_basis x_in])

also have ... = fz x (z $ i) unfolding sum_eq_0 by simp
also have ... = f z unfolding z axis_def by auto
finally show fz = 0 ..

qed

lemma span_cart_basis:
vec.span (cart_basis) = UNIV
proof (auto)
fix z::(a, 'b) vec
let ?f=Xv. 2 $ (THE i. v = axis i 1)
show z € vec.span (cart_basis)
apply (unfold vec.span_finite[OF finite_cart_basis))
apply (rule image_eql[of _ _ ?f])
apply (subst wvec_eq_iff)
apply clarify
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proof —
fix i::'b
let 2w = axis i (1::'a)
have the_eq_i: (THE a. w = azis a 1) = i
by (rule the_equality, auto simp: azis_eq_axis)
have sum_eq_0: (> ve(cart_basis) — {?w}. ¢ $ (THE i. v = azis i 1) x v $ ©)
=0
proof (rule sum.neutral, rule balll)
fix za::('a, 'b) vec
assume za: za € cart_basis — {w}
obtain j where j: xa = azis j 1 and i_not_j: i # j using za unfolding
cart_basis_def by auto
have the_eqj: (THE i. za = axis i 1) = j
proof (rule the_equality)
show za = axis j 1 using j .
show Ai. xa = axis i 1 = i = j by (metis axis_eq_azis j zero_neq_one)
qged
show z $ (THE i. za = azisi 1) * za $ i = 0
apply (subst (2) j)
unfolding the_eq_j unfolding azis_def using i_not_j by simp
qed
have (> vecart_basis. ¢ $ (THE i. v = azisi 1) *sv) $ 1 =
(> vecart basis. (x $ (THE i. v = axis i 1) xs v) $ i) unfolding sum_component

also have ... = (> vecart_basis. x $ (THE i. v = azis i 1) * v $ 7)
unfolding vector_smult_component ..
also have ... = 2 $ (THE a. 2w = azis a 1) * 2w $ i + (D> vE(cart_basis) —

{?w}. x $ (THE i. v = azis i 1) * v $ 1)
by (rule sum.remove|OF finite_cart_basis|, auto simp add: cart_basis_def)

also have ... = 2 $§ (THE a. ?w = azis a 1) * ?w $ i unfolding sum_eq_0 by
stmp
also have ... = z $ ¢ unfolding the_eqi unfolding axis_def by auto

finally show z $ i = (3 v€cart_basis. ¢ $ (THE i. v = azis i 1) xs v) $ i by
simp
qed simp
qed

interpretation vec: finite_dimensional_vector_space (xs) cart_basis
by (unfold_locales, auto simp add: finite_cart_basis independent_cart_basis span_cart_basis)

lemma matriz_vector_mul_linear_gen[intro, simp]:
Vector_Spaces.linear (xs) (xs) ((xv) A)
by unfold_locales
(vector matriz_vector_mult_def sum.distrib algebra_simps)-+

lemma span_vec_eq: vec.span X = span X
and dim_vec_eq: vec.dim X = dim X
and dependent_vec_eq: vec.dependent X = dependent X
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and subspace_vec_eq: vec.subspace X = subspace X

for X::(real*'n) set

unfolding span_raw_def dim_raw_def dependent_raw_def subspace_raw_def
by (auto simp: scalar_mult_eq_scaleR)

lemma linear_componentwise:
fixes f:: ‘a:field “'m = 'a " 'n
assumes If: Vector_Spaces.linear (xs) (xs) f
shows (f 2)$j = sum (Mi. (2$4) * (f (awis i 1)$5)) (UNIV :: 'm set) (is ?lhs =
2rhs)
proof —
interpret If: Vector_Spaces.linear (xs) (xs) f
using If .
let M = (UNIV :: 'm set)
let 2N = (UNIV :: 'n set)
have fM: finite ?M by simp
have ?rhs = (sum (Ai. (2$7) *s (f (axis i 1))) ?M)$j
unfolding sum_component by simp
then show ?thesis
unfolding If .sum[symmetric] If .scale[symmetric]
unfolding basis_expansion by auto
qed

interpretation vec: Vector_Spaces.linear (xs) (xs) (xv) A
using matriz_vector-mul_linear_gen.

interpretation vec: finite_dimensional_vector_space_pair (xs) cart_basis (xs) cart_basis

lemma matriz_works:
assumes If: Vector_Spaces.linear (xs) (xs) f
shows matriz f *v z = f (z::'a:field ~ 'n)
apply (simp add: matriz_def matriz_vector_mult_def vec_eq_iff mult.commute)
apply clarify
apply (rule linear_componentwise[OF If , symmetric])
done

lemma matriz_of-matriz_vector_mul[simp]: matriz(Az. A xv (z :: 'a:field * 'n))
=A
by (simp add: matriz_eq matriz_works)

lemma matriz_compose_gen:
assumes If: Vector_Spaces.linear (xs) (xs) (f::'a:{field} “'n = 'a"'m)
and lg: Vector_Spaces.linear (xs) (xs) (g::'a™'m = 'a".)
shows matriz (g o f) = matrix g *x matriz f
using If lg Vector_Spaces.linear_compose| OF If lg] matriz_works| OF Vector_Spaces.linear_compose| OF
If lg]]

by (simp add: matriz_eq matriz_works matriz_vector_mul_assoc[symmetric] o_def)
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lemma matriz_compose:
assumes linear (f::real”’'n = real™'m) linear (g::real™’m = real”_)
shows matriz (g o f) = matriz g *x matriz f
using matriz-compose_gen|[of f g] assms
by (simp add: linear_def scalar_mult_eq_scaleR)

lemma left_invertible_transpose:

(3(B). B *x transpose (A) = mat (1::'a::comm_semiring_1)) «— (I(B). A *x
B = mat 1)

by (metis matriz_transpose_mul transpose-mat transpose_transpose)

lemma right_invertible_transpose:

(3(B). transpose (A) *x B = mat (1::'a::comm_semiring_1)) +— (3(B). B *x
A= mat 1)

by (metis matriz_transpose_mul transpose-mat transpose_transpose)

lemma linear_matriz_vector_mul_eq:
Vector_Spaces.linear (xs) (xs) f <— linear (f :: real™'n = real “'m)
by (simp add: scalar_mult_eq_scaleR linear_def)

lemma matriz_vector_mul[simp]:
Vector_Spaces.linear (xs) (xs) ¢ = (A\y. matriz g xv y) = ¢
linear f = (Ax. matriz f xvz) = f
bounded_linear f = (A\z. matriz f *v ) = f
for f :: real™'n = real “'m
by (simp_all add: ext matriz-works linear-matriz_vector-mul_eq linear_linear)

lemma matriz_left_invertible_injective:
fixes A :: ‘a::field"'n"'m
shows (3B. B xx A = mat 1) «— inj ((xv) A)
proof safe
fix B
assume B: B #x A = mat 1
show inj ((xv) A)
unfolding inj_on_def
by (metis B matriz_vector-mul_assoc matriz_vector-mul_lid)
next
assume inj ((xv) A)
from vec.linear_injective_left_inverse[ OF matriz_vector_mul_linear_gen this]
obtain g where Vector_Spaces.linear (xs) (xs) g and ¢: g o (xv) A = id
by blast
have matriz g *x A = mat 1
by (metis matriz_vector_mul_linear_gen «Vector_Spaces.linear (xs) (xs) ¢ ¢
matriz_compose_gen
matriz_eq matriz_id_mat_1 matriz_vector_mul(1))
then show 3B. B xx A = mat 1
by metis
qed
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lemma matriz_left_invertible_ker:

(3B. (B:'az{field} “'m"'n) xx (A:'a:{field} “'n"'m) = mat 1) +— (Vz. A xv
r=0—2=70)

unfolding matriz_left_invertible_injective

using vec.inj_on_iff-eq_0[OF vec.subspace_UNIV | of A]

by (simp add: inj_on_def)

lemma matriz_right_invertible_surjective:
(3B. (A:a:field'n"'m) xx (B::'a:field'm"'n) = mat 1) +— surj (Az. A v x)
proof —
{fix B:'a "m"n
assume AB: A xx B = mat 1
{fixz:'a"'m
have A xv (B xvz) =1
by (simp add: matriz_vector-mul_assoc AB) }
hence surj ((xv) A) unfolding surj_def by metis }
moreover
{ assume sf: surj ((xv) A)
from vec.linear_surjective_right_inverse[OF _ this]
obtain g:: ‘a “'m = ‘a “'n where g: Vector_Spaces.linear (xs) (xs) g (xv) A
og=1d
by blast

have A xx (matriz g) = mat 1
unfolding matriz_eq matriz_vector_mul_lid
matriz_vector-mul_assoc[symmetric] matriz_works|OF g(1)]
using ¢(2) unfolding o_def fun_eq_iff id_def

hence 3B. A #x (B::'a”'m"'n) = mat 1 by blast
}
ultimately show ?thesis unfolding surj_def by blast
qed

lemma matriz_left_invertible_independent_columns:
fixes A :: ‘a:{field} “'n"'m
shows (3 (B::'a “m™'n). B xx A = mat 1) +—
(Ve. sum (Ni. ¢ i xs column i A) (UNIV :: 'n set) = 0 — (Vi. ci = 0))
(is 2lhs <— ?rhs)
proof —
let U = UNIV :: 'n set
{ assume k: Vz. Axvzx =0 — 2z =10
{fix ci
assume c: sum (Ni. ¢ i xs column i A) ?U = 0 and i: i € ?U
let 2z = x i. ci
have th0:A xv %z = 0
using c
by (vector matriz_mult_sum)
from k[rule_format, OF th0] i
have c i = 0 by (vector vec_eq_iff )}
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hence ?rhs by blast }
moreover
{ assume H: ?rhs
{ fix z assume z: A xvz = 0
let ?c = Ai. (% ):: 'a)
from H[rule_format, of ?c, unfolded matriz_mult_sum[symmetric], OF x]
have z = 0 by vector }
}
ultimately show ?thesis unfolding matriz_left_invertible_ker by auto
qed

lemma matriz_right_invertible_independent_rows:
fixes A :: ‘a::{field} "'n"'m
shows (3 (B::'a”'m"'n). A xx B = mat 1) +—
(Ve. sum (Ni. ¢ i xs row i A) (UNIV =2 'm set) = 0 — (Vi. ci = 0))
unfolding left_invertible_transpose[symmetric)]
matriz_left_invertible_independent_columns
by (simp add:)

lemma matriz_right_invertible_span_columns:
(3 (B:'axfield “'n"'m). (A:'a “m”'n) xx B = mat 1) +—
vec.span (columns A) = UNIV (is ?lhs = ?rhs)
proof —
let ?2U = UNIV :: 'm set
have fU: finite ?U by simp
have lhseq: ?lhs +— (Vy. I (z::'a™'m). sum (Ni. (28%) *s column i A) ?U = y)
unfolding matriz_right_invertible_surjective matriz_mult_sum surj_def
by (simp add: eq_commute)
have rhseq: ?rhs +— (Vz. z € vec.span (columns A)) by blast
{ assume h: ?lhs
{ fix z:: 'a "'n
from h[unfolded lhseq, rule_format, of z] obtain y :: ‘a “'m
where y: sum (Ni. (y$3) *s column i A) ?U = z by blast
have z € vec.span (columns A)
unfolding y[symmetric] scalar_mult_eq_scaleR
proof (rule vec.span_sum [OF vec.span_scale])
show column i A € vec.span (columns A) for i
using columns_def vec.span_superset by auto
qged
}
then have ?rhs unfolding rhseq by blast }
moreover
{ assume h: ?rhs
let 2P = A(y::'a “'n). I(x:'a”m). sum (Ai. (x87) *s column i A) ?U =y
{fixy
have y € vec.span (columns A)
unfolding h by blast
then have 7P y
proof (induction rule: vec.span_induct_alt)
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case base
then show Zcase
by (metis (full_types) matriz_mult_sum matriz_vector_mult_0_right)
next
case (step c yI y2)
from step obtain i where i: i € U yl = column i A
unfolding columns_def by blast
obtain z:: ‘a “'m where z: sum (\i. (2$i) *s column i A) U = y2
using step by blast
let %z = (x j. if j = i then ¢ + (23%%) else (z$7))::'a"'m
show Zcase
proof (rule exI[where z= ?z], vector, auto simp add: i x[symmetric]
if_distrib distrib_left if_distribR cong del: if weak_cong)
fix j
have th: Vza € ?U. (if za = i then (¢ + (2$i)) * ((column za A)3$7)
else (z$za) * ((column za A$j))) = (if za = i then ¢ * ((column i A)$7)
else 0) + ((z$za) * ((column za A)$7))
using (1) by (simp add: field_simps)
have sum (Aza. if za = i then (¢ + (237)) * ((column za A)$j)
else (z8za) * ((column za A$j))) ?U = sum (Aza. (if za = i then ¢ *
((column i A)$j) else 0) + ((z$za) * ((column za A)$5))) U
by (rule sum.cong[OF refl]) (use th in blast)
also have ... = sum (Aza. if za = i then c * ((column ¢ A)$7) else 0) ?U
+ sum (Aza. ((z8za) * ((column za A)$7))) 2U
by (simp add: sum.distrib)
also have ... = ¢ x ((column i A)$5) + sum (Aza. ((z$za) * ((column za
A)8)) #U
unfolding sum.delta|OF fU]
using i(1) by simp
finally show sum (Aza. if za = i then (¢ + (2$7)) * ((column za A)$j)
else (z$za) * ((column za A$j))) ?U = ¢ * ((column i A)$j) + sum
(Aza. ((z$za) * ((column za A)$j5))) ?2U .
qed
qed
}

then have ?lhs unfolding lhseq ..
}
ultimately show ?thesis by blast
qed

lemma matriz_left_invertible_span_rows_gen:

(3(B::'a™m™'n). B xx (A:’a:field 'n"'m) = mat 1) +— vec.span (rows A) =
UNIV

unfolding right_invertible_transpose[symmetric)

unfolding columns_transpose[symmetric]

unfolding matriz_right_invertible_span_columns

lemma matriz_left_invertible_span_rows:
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(3(B:ireal'm"'n). B sx (A:real'n"'m) = mat 1) <— span (rows A) = UNIV
using matriz_left_invertible_span_rows_gen|of A] by (simp add: span_vec_eq)

lemma matriz_left_right_inverse:
fixes A A’ :: 'a::{field} “'n"'n
shows A xx A’ = mat 1 +— A’ xx A = mat 1
proof —
{fix A A ::'a "'n"'n
assume AA”" A xx A’ = mat 1
have sA: surj ((xv) A)
using AA’ matriz_right_invertible_surjective by auto
from vec.linear_surjective_isomorphism[OF matriz_vector_mul_linear_gen sA]
obtain f':: 'a “'n = 'a “'n
where [ Vector_Spaces.linear (xs) (xs) f'Va. f' (Axvz) =z V. A=xvf’
x = x by blast
have th: matriz f' xx A = mat 1
by (simp add: matriz_eq matriz_works|OF f'(1)]
matriz_vector_mul_assoc[symmetric] f'(2)[rule_format])
hence (matriz f' xx A) xx A" = mat 1 xx A’ by simp
hence matriz f' = A’
by (simp add: matriz-mul_assoc[symmetric] AA’)
hence matriz f' xx A = A’ xx A by simp
hence A’ xx A = mat 1 by (simp add: th)
}
then show ?thesis by blast
qed

lemma invertible_left_inverse:
fixes A :: 'a::{field} “'n"'n
shows invertible A «— (3 (B::'a"'n"'n). B xx A = mat 1)
by (metis invertible_def matrixz_left_right_inverse)

lemma invertible_right_inverse:
fixes A :: ‘a::{field} “'n"'n
shows invertible A «+— (3 (B::'a"'n"'n). Axx B = mat 1)
by (metis invertible_def matrixz_left_right_inverse)

lemma invertible_mult:
assumes nv_A: invertible A
and inv_B: invertible B
shows invertible (Ax*B)
proof —
obtain A’ where AA" A xx A’ = mat 1 and A’A: A’ xx A = mat 1
using inv_A unfolding invertible_def by blast
obtain B’ where BB’ B *x B’ = mat 1 and B'B: B’ xx B = mat 1
using inv_B unfolding invertible_def by blast
show ?thesis
proof (unfold invertible_def , rule exI[of - B'xA’], rule conjI)
have A xx B #x (B’ xx A’) = A sx (B *x (B’ #x A'))
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using matriz_mul_assoclof A B (B’ xx A’), symmetric] .

also have ... = A #x (B #x B’ #x A’) unfolding matriz_mul_assoc[of B B’ A']
also have ... = A #x (mat 1 *x A’) unfolding BB’ ..

also have ... = A *x A’ unfolding matriz_mul_lid ..

also have ... = mat 1 unfolding AA’ ..

finally show A #*x B xx (B’ xx A’) = mat (1::'a) .
have B’ xx A’ xx (A xx B) = B’ xx (A’ xx (A xx B)) using matriz_mul_assoc[of
B’" A’ (A xx B), symmetric] .

also have ... = B’ #x (A’ xx A xx B) unfolding matriz_mul_assoc[of A" A B]
also have ... = B’ xx (mat I %+ B) unfolding A'4 ..
also have ... = B’ xx B unfolding matriz_mul_lid ..
also have ... = mat 1 unfolding B'B ..
finally show B’ *x A’ xx (A xx B) = mat 1 .
qed
qed

lemma transpose_invertible:
fixes A :: real™'n"'n
assumes invertible A
shows invertible (transpose A)
by (meson assms invertible_def matriz_left_right_inverse right_invertible_transpose)

lemma vector-matriz-mul_assoc:

fixes v :: ('a::comm_semiring-1) “'n

shows (v v« M) vx N = v vx (M *x N)
proof —

from matriz_vector_-mul_assoc

have transpose N v (transpose M xv v) = (transpose N xx transpose M) xv v
by fast

thus (v vx M) v« N = v vx (M *x N)

by (simp add: matriz_transpose_mul [symmetric])

qed

lemma matriz_scaleR_vector_ac:

fixes A :: real"('m::finite) “'n

shows A xv (k g v) =k *gp A *xv v

by (metis matriz_vector_mult_scaleR transpose_scalar vector_scaleR_matriz_ac vec-
tor_transpose_matrix)

lemma scaleR_matriz_vector_assoc:
fixes A :: real"(‘m::finite) “'n
shows k xp (A *xvv) =k *p A xv v
by (metis matriz_scaleR_vector_ac matriz_vector_mult_scaleR)

locale linear_first_finite_dimensional_vector_space =
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1% Vector_Spaces.linear scaleB scaleC f +

B?: finite_dimensional_vector_space scaleB BasisB

for scaleB :: ('a::field => 'b::ab_group_add => 'b) (infixr xb 75)
and scaleC :: (a => 'cizab_group_add => 'c¢) (infixr xc 75)
and BasisB :: (b set)

and [ :: ("b=>"c)

lemma vec_dim_card: vec.dim (UNIV::('a::{field} *'n) set) = CARD ('n)
proof —
let ?f=M\i::'n. azis i (1::a)
have vec.dim (UNIV::(‘a::{field} “'n) set) = card (cart_basis::('a”'n) set)
unfolding vec.dim_UNIV ..
also have ... = card ({i. i€ UNIV}::('n) set)
proof (rule bij_betw_same_card|of ?f, symmetric], unfold bij_betw_def, auto)
show inj (Ai::'n. azis i (1::'a)) by (simp add: inj_on_def azis_eq_azis)
fix i::'n
show azis i 1 € cart_basis unfolding cart_basis_def by auto
fix z::'a"'n
assume z € cart_basis
thus z € range (Ai. axis i 1) unfolding cart_basis_def by auto
qed

also have ... = CARD('n) by auto
finally show ?thesis .
qed

interpretation vector_space_over_itself: vector_space (%) :: 'a::field = 'a = 'a
by unfold_locales (simp_all add: algebra_simps)

lemmas [simp del] = vector_space_over_itself .scale_scale

interpretation vector_space_over_itself: finite_dimensional_vector_space
(%) =t 'aufield => 'a => 'a {1}
by unfold_locales (auto simp: vector_space_over_itself .span_singleton)

lemma dimension_eq_1[code_unfold]: vector_space_over_itself .dimension TYPE('a::field)=
1
unfolding vector_space_over_itself .dimension_def by simp

lemma dim_subset_UNIV_cart_gen:
fixes S :: (‘a::field"'n) set
shows vec.dim S < CARD('n)
by (metis vec.dim_eq_full vec.dim_subset_UNIV vec.span-UNIV vec_dim_card)

lemma dim_subset_UNIV_cart:
fixes S :: (real™'n) set
shows dim S < CARD('n)
using dim_subset_UNIV_cart_gen[of S| by (simp add: dim_vec_eq)

Two sometimes fruitful ways of looking at matrix-vector multiplication.



Cartesian_Space.thy 217

lemma matriz_mult_dot: A xv x = (x i. inner (AS$i) x)
by (simp add: matriz_vector_mult_def inner_vec_def)

lemma adjoint_matriz: adjoint(Az. (A:real”'n"'m) xv z) = (Az. transpose A xv
z)

apply (rule adjoint_unique)

apply (simp add: transpose_def inner_vec_def matriz_vector_mult_def

sum_distrib_right sum_distrib_left)

apply (subst sum.swap)

apply (simp add: ac_simps)

done

lemma matriz_adjoint: assumes If: linear (f :: real™’'n = real “'m)
shows matriz(adjoint f) = transpose(matriz f)
proof —
have matriz(adjoint ) = matriz(adjoint ((xv) (matriz f)))
by (simp add: If)

also have ... = transpose(matriz f)
unfolding adjoint_matriz matriz_of_matriz_vector_mul
apply rule
done
finally show ?thesis .
qed

1.9.2 Rank of a matrix

Equivalence of row and column rank is taken from George Mackiw’s paper,
Mathematics Magazine 1995, p. 285.

lemma matriz_vector-mult_in_columnspace_gen:
fixes A :: 'a::field'n"'m
shows (4 *v z) € vec.span(columns A)
apply (simp add: matriz_vector_column columns_def transpose_def column_def)
apply (intro vec.span_sum vec.span_scale)
apply (force intro: vec.span_base)
done

S~

lemma matriz_vector_mult_in_columnspace:
fixes A :: real”’'n"'m
shows (A *v z) € span(columns A)
using matriz_vector_mult_in_columnspace_gen|of A x] by (simp add: span_vec_eq)

lemma subspace_orthogonal_to_vector: subspace {y. orthogonal = y}
by (simp add: subspace_def orthogonal_clauses)

lemma orthogonal_nullspace_rowspace:
fixes A :: real”’'n"'m
assumes 0: A xvz = 0 and y: y € span(rows A)
shows orthogonal = y
using y
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proof (induction rule: span_induct)
case base
then show ?case
by (simp add: subspace_orthogonal_to_vector)
next
case (step v)
then obtain i where v = row i A
by (auto simp: rows_def)
with 0 show Zcase
unfolding orthogonal_def inner_vec_def matriz_vector_mult_def row_def
by (simp add: mult.commute) (metis (no_types) vec_lambda_beta zero_index)
qged

lemma nullspace_inter_rowspace:
fixes A :: real”'n"'m
shows A xvz = 0 A z € span(rows A) «— z = 0
using orthogonal_nullspace_rowspace orthogonal_self span_zero matriz_vector_mult_0_right
by blast

lemma matriz_vector_mul_injective_on_rowspace:
fixes A :: real”’'n"'m
shows [A vz = A xv y; x € span(rows A); y € span(rows A)] = z =y
using nullspace_inter_rowspace [of A z—y]

by (metis diff_eq_diff-eq diff-self matriz_vector_mult_diff_distrib span_diff)

definition rank :: 'a::field "'n"'m=>nat
where row_rank_def_gen: rank A = vec.dim(rows A)

lemma row_rank_def: rank A = dim (rows A) for A::real™'n"'m
by (auto simp: row_rank_def_gen dim_vec_eq)

lemma dim_rows_le_dim_columns:
fixes A :: real”'n"'m
shows dim(rows A) < dim(columns A)
proof —
have dim (span (rows A)) < dim (span (columns A))
proof —
obtain B where independent B span(rows A) C span B
and B: B C span(rows A)card B = dim (span(rows A))
using basis_exists [of span(rows A)] by metis
with span_subspace have eq: span B = span(rows A)
by auto
then have inj: injon ((xv) A) (span B)
by (simp add: inj_on_def matriz_vector-mul_injective_on_rowspace)
then have ind: independent ((xv) A ‘ B)
by (rule linear_independent_injective_image [OF Finite_Cartesian_Product.matriz_vector_mul_linear
tindependent B»)])
have dim (span (rows A)) < card ((xv) A ¢ B)
unfolding B(2)[symmetric]
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using inj
by (auto simp: card_image inj_on_subset span_superset)
also have ... < dim (span (columns A))

using _ ind
by (rule independent_card_le_dim) (auto intro!: matriz_vector_mult_in_columnspace)
finally show ?thesis .
qed
then show ?thesis
by (simp)
qed

lemma column_rank_def:
fixes A :: real”’'n"'m
shows rank A = dim(columns A)
unfolding row_rank_def
by (metis columns_transpose dim_rows_le_dim_columns le_antisym rows_transpose)

lemma rank_transpose:
fixes A :: real”’'n"'m
shows rank(transpose A) = rank A
by (metis column_rank_def row_rank_def rows_transpose)

lemma matriz_vector_mult_basis:
fixes A :: real”'n"'m
shows A xv (azis k 1) = column k A

by (simp add: cart_eq-inner_azis column_def matriz-mult_dot)

lemma columns_image_basis:
fixes A :: real™'n"'m
shows columns A = (xv) A ‘ (range (Ai. azxis i 1))

by (force simp: columns_def matriz_vector_mult_basis [symmetric])

lemma rank_dim_range:
fixes A :: real”’'n"'m
shows rank A = dim(range (Az. A *v x))
unfolding column_rank_def
proof (rule span_eq_-dim)
have span (columns A) C span (range ((xv) A)) (is 21 C ?r)
by (simp add: columns_image_basis image_subsetl span_mono)
then show ?] = 2r
by (metis (no_types, lifting) image_subset_iff matriz_vector_mult_in_columnspace
span_eq span_span)
qed

lemma rank_bound:
fixes A :: real”’'n"'m
shows rank A < min CARD('m) (CARD('n))
by (metis (mono_tags, lifting) dim_subset_UNIV_cart min.bounded_iff
column_rank_def row_rank_def)
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lemma full_rank_injective:
fixes A :: real”’'n"'m
shows rank A = CARD('n) +— inj ((xv) A)
by (simp add: matriz_left_invertible_injective [symmetric] matriz_left_invertible_span_rows
row_rank_def
dim_eq_full [symmetric] card_cart_basis vec.dimension_def)

lemma full_rank_surjective:
fixes A :: real™'n"'m
shows rank A = CARD('m) +— surj ((xv) A)
by (simp add: matriz_right_invertible_surjective [symmetric] left_invertible_transpose
[symmetric]
matriz_left_invertible_injective full_rank_injective [symmetric| rank_transpose)

lemma rank_I: rank(mat 1::real”'n"'n) = CARD('n)
by (simp add: full_rank_injective inj_on_def)

lemma less_rank_noninjective:
fixes A :: real™'n"'m
shows rank A < CARD('n) +— — inj ((xv) A)
using less_le rank_bound by (auto simp: full_rank_injective [symmetric])

lemma matriz_nonfull_linear_equations_eq:

fixes A :: real"'n"'m

shows (3z. (z # 0) AN Axvx = 0) «— rank A # CARD('n)
by (meson matriz_left_invertible_injective full_rank_injective matriz_left_invertible_ker)

lemma rank_eq_0: rank A = 0 <— A = 0 and rank_0 [simp]: rank (0::real "'n""m)
—0

for A :: real”’'n"'m

by (auto simp: rank_dim_range matriz_eq)

lemma rank_mul_le_right:
fixes A :: real”'n"'m and B :: real’'p"'n
shows rank(A xx B) < rank B
proof —
have rank(A =+ B) < dim ((xv) A ‘range ((xv) B))
by (auto simp: rank_dim_range image_comp o_def matriz_vector_mul_assoc)
also have ... < rank B
by (simp add: rank_dim_range dim_image_le)
finally show #“thesis .
qed

lemma rank_mul_le_left:
fixes A :: real”'n"'m and B :: real"’'p"'n
shows rank(A *x B) < rank A
by (metis matriz_transpose_mul rank-mul_le_right rank_transpose)
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1.9.3 Lemmas for working on real’1/2/3/4

lemma exhaust_2:
fixes z 1 2
showsz =1 Vazx =2
proof (induct z)
case (of-int z)
then have 0 < 7z and z < 2 by simp_all
then have z = 0 | z = 1 by arith
then show ?Zcase by auto
qed

lemma forall 2: (Vi:2. Pi)«— P 1 ANP2
by (metis exhaust_2)

lemma exhaust_3:
fixes z :: 8
showsz=1Vz=2Vz=3

proof (induct )
case (of-int z)
then have 0 < z and z < & by simp_all
then have z = 0V z =1V z = 2 by arith
then show ?case by auto

qed

lemma forall.3: (Vi:3. Pi)+— P1ANP2AP3
by (metis exhaust_3)

lemma exhaust_4:
fixes z :: 4
showsz =1Vax=2Vzr=3Va=4
proof (induct )
case (of-int z)
then have 0 < z and z < 4 by simp_all
then have z =0V z=1V 2= 2V z = 8 by arith
then show ?Zcase by auto
qed

lemma forall 4: (Vi:4. Pi)«— P1ANP2ANP3APY
by (metis exhaust_4)

lemma UNIV_1 [simp]: UNIV = {1::1}
by (auto simp add: numi_eq_iff)

lemma UNIV_2: UNIV = {1::2, 2::2}
using ezhaust_2 by auto

lemma UNIV_3: UNIV = {1:8, 2::3, 3:3}
using ezhaust_3 by auto
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lemma UNIV_j: UNIV = {1::4, 2::4, 3::4, 44}
using ezhaust_4 by auto

lemma sum_1: sum f (UNIV::1 set) = f 1
unfolding UNIV_1 by simp

lemma sum_2: sum f (UNIV::2 set) = f1 + f2
unfolding UNIV_2 by simp

lemma sum_3: sum f (UNIV:8set) =f1 +f2+f3
unfolding UNIV_3 by (simp add: ac_simps)

lemma sum_4: sum f (UNIV::4 set) =f1 +f2+f3+ f4
unfolding UNIV_4 by (simp add: ac_simps)

1.9.4 The collapse of the general concepts to dimension one

lemma vector_one: (z::'a "1) = (x 1. (2$1))
by (simp add: vec_eq_iff)

lemma forall_one: (V(z::'a “1). P z) +— (Vz. P(x i. 2))
apply auto
apply (erule_tac x= z$1 in allE)
apply (simp only: vector_one[symmetric])
done

lemma norm_vector_1: norm (z :: 1) = norm (z$1)
by (simp add: norm_vec_def)

lemma dist_vector_1:
fixes 7 :: 'a::real_normed_vector”1
shows dist ¢ y = dist (z$1) (y$1)
by (simp add: dist_norm norm_vector_1)

lemma norm_real: norm(z::real * 1) = |$1]
by (simp add: norm_vector_1)

lemma dist_real: dist(x:real * 1) y = |(z$1) — (y$1)]
by (auto simp add: norm_real dist_norm)

1.9.5 Routine results connecting the types (real, 1) vec and
real

lemma vector_one_nth [simp]:
fixes z :: 'a”! shows vec (2 $ 1) =z
by (metis vec_def vector_one)

lemma tendsto_at_within_vector_1:
fixes S :: 'a :: metric_space set
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assumes (f —— fr) (at x within S)
shows (Ay::’a’1. x i. f (y $ 1)) —— (vec fr::'a’1)) (at (vec x) within vec
S)
proof (rule topological_tendstol)
fix T :: (a’1) set
assume open T vec fr € T
have Vp z in at z within S. fz € (Az. 2 $ 1) ‘T
using (open T) wec fr € T) assms open_image_vec_nth tendsto_def by fastforce
then show YV z::'a”1 in at (vec z) within vec *S. (x i. f (x $ 1)) € T
unfolding eventually_at dist_norm [symmetric]
by (rule ex_forward)
(use copen T) in
(fastforce simp: dist_norm dist_vec_def L2_set_def image_iff vector_one
open_vec_def?)
qed

lemma has_derivative_vector_1:
assumes der_g: (g has_derivative (Az. z x g’ a)) (at a within S)
shows ((Az. vec (g (z $ 1))) has_derivative (xgr) (g9’ a))
(at ((vec a)::real”™1) within vec ¢ S)

using der_g

apply (auto simp: Deriv.has_derivative_within bounded_linear_scale R_right norm_vector_1)
apply (drule tendsto_at_within_vector_1, vector)
apply (auto simp: algebra_simps eventually_at tendsto_def)
done

1.9.6 Explicit vector construction from lists

definition vector | = (x i. foldr (Ax fn. fun_upd (f (n+1)) nz)l (Anz. 0) 11)

lemma vector_1 [simp]: (vector|z]) $1 = =
unfolding vector_def by simp

lemma vector_2 [simp]: (vector[z,y]) $1 = z (vector[z,y] :: 'a"2)$2 = (y::'a::zero)
unfolding vector_def by simp_all

lemma vector_3 [simp]:

(vector [z,y,2] ::(‘a::zero) "8)$1 = z
(vector [z,y,z] ::(‘a::zero) "3)82 = y
(vector [z,y,z] ::(‘a::zero) "8)83 = z
unfolding vector_def by simp_all

lemma forall_vector_1: (Vwv::'a::zero”1. P v) «— (V. P(vector[z]))
by (metis vector_1 vector_one)

lemma forall_vector_2: (Y v::'a::zero 2. P v) «— (Vz y. P(vector|z, y]))
apply auto
apply (erule_tac x=v$1 in allFE)
apply (erule_tac z=v$2 in allF)
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apply (subgoal_tac vector [v$1, v$2] = v)
apply simp

apply (vector vector_def)

apply (simp add: forall.2)

done

lemma forall_vector_3: (Vv::'a::zero 3. P v) «— (Vz y z. P(vector|z, y, z]))
apply auto
apply (erule_tac z=v$1 in allFE)
apply (erule_tac z=v$2 in allF)
apply (erule_tac z=v$3 in allF)
apply (subgoal_tac vector [v$1, v$2, v83] = v)
apply simp
apply (vector vector_def)
apply (simp add: forall_3)
done

1.9.7 lambda skolemization on cartesian products

lemma lambda_skolem: (Vi. 3x. Pix) +—
(Fz:'a " 'n.Yi. Pi(z $ 1)) (is 2lhs «— ?rhs)
proof —
let S = (UNIV :: 'n set)
{ assume H: ?rhs
then have ?lhs by auto }
moreover
{ assume H: ?lhs
then obtain f where f:Vi. P i (f i) unfolding choice_iff by metis
let %z = (x i. (f1)) = 'a " 'n
{ fix i
from f have P i (f i) by metis
then have P i (?z $ i) by auto
}
hence Vi. P i (%z$i) by metis
hence ?rhs by metis }
ultimately show ?thesis by metis
qed

The same result in terms of square matrices.
Considering an n-element vector as an n-by-1 or 1-by-n matrix.
definition rowvector v = (x i j. (v$j))

definition columnvector v = (x i j. (v$7))

lemma transpose_columnvector: transpose(columnuvector v) = rowvector v
by (simp add: transpose_def rowvector_def columnvector_def vec_eq_iff )

lemma transpose_rowvector: transpose(rowvector v) = columnvector v
by (simp add: transpose_def columnvector_def rowvector_def vec_eq_iff)
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lemma dot_rowvector_columnvector: columnvector (A xv v) = A ** columnvector
v
by (vector columnvector_def matriz-matriz_mult_def matriz_vector-mult_def)

lemma dot_matriz_product:
(z::real"'n) - y = (((rowvector x ::real 'n"1) xx (columnvector y :: real " 1"'n))$1)$1
by (vector matriz_matriz_mult_def rowvector_def columnvector_def inner_vec_def)

lemma dot_matriz_vector_mul:
fixes A B :: real “'n “'n and z y :: real “'n
shows (A xv z) - (B xv y) =
(((rowvector x :: real”’'n"1) *x ((transpose A xx B) xx (columnvector y :: real
“1"'n)))$1)%1
unfolding dot_matriz_product transpose_columnvector[symmetric]
dot_rowvector_columnvector matrix_transpose_mul matriz_mul_assoc ..

lemma dim_substandard_cart: vec.dim {z::'a::field"'n.Vi.1 ¢ d — z%i = 0} =
card d
(is vec.dim ?A = _)
proof (rule vec.dim_unique)
let B = ((Ax. arisz 1) ‘d)
have subset_basis: ?B C cart_basis
by (auto simp: cart_basis-def)
show 2B C 24
by (auto simp: axis_def)
show vec.independent ((A\z. axis x 1) ‘ d)
using subset_basis
by (rule vec.independent_mono|OF vec.independent_Basis])
have z € vec.span B if Vi. i ¢ d — ¢ $ i = 0 for z::'a"'n
proof —
have finite B
using subset_basis finite_cart_basis
by (rule finite_subset)
have z = (D icUNIV. z § i *s axis i 1)
by (rule basis_expansion|symmetric])

also have ... = (3 ied. (z $4) *s awis i 1)
by (rule sum.mono_neutral_cong_right) (auto simp: that)
also have ... € vec.span ?B

by (simp add: vec.span_sum vec.span_clauses)
finally show z € vec.span ?B .
qed
then show ?A C wvec.span ?B by auto
qed (simp add: card_image inj_on_def axis_eq_axis)

lemma affinity_inverses:
assumes m0: m # (0::'a::field)
shows (Az. m xs z + ¢) o (Ax. inverse(m) xs  + (—(inverse(m) *s ¢))) = id
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(Az. inverse(m) xs © + (—(inverse(m) *s c))) o (Az. m *s x + ¢) = id

using m0

by (auto simp add: fun_eq_iff vector_add_ldistrib diff_conv_add_uminus simp del:
add_uminus_conv_diff)

lemma vector_affinity_eq:
assumes m0: (m::'a:field) # 0
shows m xs x + ¢ = y +— z = inverse m xs y + —(inverse m *s c)
proof
assume h: m *s T + ¢ =y
hence m *s z = y — ¢ by (simp add: field_simps)
hence inverse m xs (m *s x) = inverse m xs (y — c) by simp
then show z = inverse m s y + — (inverse m *s c)
using m0 by (simp add: vector_smult_assoc vector_ssub_ldistrib)
next
assume h: z = inverse m xs y + — (inverse m s c)
show m *xs x + ¢ = y unfolding h
using m0 by (simp add: vector_smult_assoc vector_ssub_ldistrib)
qed

lemma vector_eq_affinity:
(m:'azfield) # 0 ==> (y = m xs x + ¢ «— inverse(m) xs y + —(inverse(m)
xs ¢) = 1)
using vector_affinity_eq[where m=m and z=xz and y=y and c=c]
by metis

lemma vector_cart:
fixes f :: real"'n = real
shows (x 4. f (azis i 1)) = (_ i€Basis. fi xr 1)
unfolding euclidean_eq_iff [where 'a=real "'n|
by simp (simp add: Basis_vec_def inner_azis)

lemma const_vector_cart:((x i. d)::real”’n) = (> i€Basis. d *g 1)
by (rule vector_cart)

1.9.8 Explicit formulas for low dimensions

lemma prod_neutral_const: prod f {(1::nat)..1} = f 1
by simp

lemma prod_2: prod f {(1::nat)..2} =f1 xf2
by (simp add: eval_nat_-numeral atLeastAtMostSuc_conv mult.commute)

lemma prod_3: prod f {(1:nat)..8} =f1 xf2 «[f3
by (simp add: eval_nat_-numeral atLeastAtMostSuc_conv mult.commute)

1.9.9 Orthogonality of a matrix

definition orthogonal matriz (Q::'a::semiring_1"'n"'n) «—
transpose @ *x Q = mat 1 N Q *x transpose () = mat 1
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“'n) «— transpose Q

lemma orthogonal_matriz: orthogonal-matriz (Q:: real “'n
*x () = mat 1
by (metis matriz_left_right_inverse orthogonal_matriz_def)
lemma orthogonal_-matriz_id: orthogonal_matriz (mat 1 :: _"'n"'n)
by (simp add: orthogonal_matriz_def)

proposition orthogonal_matriz_mul:

fixes A :: real “'n"'n

assumes orthogonal_matriz A orthogonal_matriz B

shows orthogonal_matriz(A ** B)

using assms

by (simp add: orthogonal_matriz matriz_transpose_mul matriz_left_right_inverse
matriz-mul_assoc)

proposition orthogonal_transformation_matriz:
fixes f:: real™'n = real™'n
shows orthogonal_transformation f <— linear f A orthogonal_matriz(matriz f)
(is ?lhs <— ?rhs)
proof —
let ?mf = matric f
let 2ot = orthogonal_transformation f
let ?2U = UNIV :: 'n set
have fU: finite ?U by simp

let 2m1 = mat 1 :: real “'n"'n

{
assume ot: Yot
from ot have If: Vector_Spaces.linear (xs) (xs) f and fd: Avw. fo - fw=wv
- w
unfolding orthogonal_transformation_def orthogonal_matriz linear_def scalar-mult_eq_scaleR
by blast+
{
fix ij
let ?A = transpose ?mf *xx ?mf
have th0: \b (z::'a::comm_ring-1). (if b then 1 else 0)xz = (if b then x else

Ab (z::'az:comm_ring_1). xx(if b then 1 else 0) = (if b then x else 0)
by simp_all
from fd[of axis i 1 axis j 1,
simplified matriz_works[OF If , symmetric] dot-matriz_vector-mul]
have ?A$i$j = ?m1 $i $
by (simp add: inner_vec_def matriz_matriz_mult_def columnvector_def rowvec-
tor_def

}

then have orthogonal_matriz ?mf
unfolding orthogonal_matrix
by wvector

thO sum.delta|OF fU] mat_def axis_def)
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with If have ?rhs
unfolding linear_def scalar_mult_eq_scaleR
by blast
}

moreover
{
assume If: Vector_Spaces.linear (xs) (xs) f and om: orthogonal_matriz ¢mf
from [f om have ?lhs
unfolding orthogonal_-matriz_def norm_eq orthogonal_transformation
apply (simp only: matriz_works|OF If, symmetric] dot-matriz_vector-mul)
apply (simp add: dot_matriz_product linear_def scalar_mult_eq_scaleR)
done
}
ultimately show ?thesis
by (auto simp: linear_def scalar-mult_eq_scaleR)
qed

1.9.10 Finding an Orthogonal Matrix

We can find an orthogonal matrix taking any unit vector to any other.

lemma orthogonal_-matriz_transpose [simp):
orthogonal_matriz(transpose A) <— orthogonal_matriz A
by (auto simp: orthogonal_matriz_def)

lemma orthogonal_matriz_orthonormal_columns:
fixes A :: real”'n"'n
shows orthogonal_matric A +—
(Vi. norm(column i A) = 1) A
(Vij.i#j — orthogonal (column i A) (column j A))
by (auto simp: orthogonal-matriz matriz_mult_transpose_dot_column vec_eq_iff

mat_def norm_eq_1 orthogonal_def)

lemma orthogonal_matrixz_orthonormal_rows:
fixes A :: real”'n"'n
shows orthogonal_matriz A +—
(Vi. norm(row i A) = 1) A
(Vij.i# j — orthogonal (row i A) (row j A))
using orthogonal_matriz_orthonormal_columns [of transpose A] by simp

proposition orthogonal_matrixz_exists_basis:

fixes a :: real'n

assumes norm a = 1

obtains A where orthogonal_matric A A xv (azisk 1) = a
proof —

obtain S where a € S pairwise orthogonal S and noS: Az. z € S = norm x
=1

and independent S card S = CARD('n) span S = UNIV

using vector_in_orthonormal_basis assms by force
then obtain f0 where bij_betw f0 (UNIV::'n set) S
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by (metis finite_class.finite_UNIV finite_same_card_bij finitel_independent)
then obtain f where f: bij_betw f (UNIV::'n set) S and a: a = f k
using bij_swap_iff [of k inv f0 a f0]
by (metis UNIV_I <a € S) bij_betw_inv_into_right bij_betw_swap_iff swap_apply(1))
show thesis
proof
have [simp]: Ai. norm (fi) = 1
using bij_betwE [OF <bij_betw f UNIV S| by (blast intro: noS)
have [simp]: A\ij. i # j = orthogonal (fi) (f7)
using <pairwise orthogonal S) <bij_betw f UNIV S)
by (auto simp: pairwise_def bij_betw_def inj_on_def)
show orthogonal_matriz (x ij. f7 $ ©)
by (simp add: orthogonal_matriz_orthonormal_columns column_def)
show (x ij. fj$i)*vaxisk 1 =a
by (simp add: matriz_vector_mult_def azxis_def a if-distrib cong: if-cong)
qed
qed

lemma orthogonal_transformation_exists_1:
fixes a b :: real'n
assumes norm a = 1 norm b = 1
obtains f where orthogonal_transformation f fa = b
proof —
obtain k::'n where True
by simp
obtain A B where AB: orthogonal_-matriz A orthogonal_matriz B and eq: A *v
(azisk 1) = a B xv (azisk 1) = b
using orthogonal_matriz_ezists_basis assms by metis
let 2f = \z. (B *x transpose A) xv z
show thesis
proof
show orthogonal_transformation ?f
by (subst orthogonal_transformation_matriz)
(auto simp: AB orthogonal_matriz_mul)
next
show ?fa = b
using (orthogonal_matriz A> unfolding orthogonal_matriz_def
by (metis eq matriz_mul_rid matriz_vector-mul_assoc)
qed
qed

proposition orthogonal_transformation_exists:

fixes a b :: real"'n

assumes norm a = norm b

obtains f where orthogonal_transformation f fa = b
proof (casesa =0V b= 0)

case True

with assms show ?thesis

using that by force


Cartesian{_}{\kern 0pt}Space.html

230

next
case Fulse
then obtain f where f: orthogonal_transformation f and eq: f (a /g norm a)
= (b /g norm b)
by (auto intro: orthogonal_transformation_exists_1 [of a /g norm a b /g norm
bl)
show ?thesis
proof
interpret linear f
using [ by (simp add: orthogonal_transformation_linear)
have fa /g norm a = f (a /g norm a)
by (simp add: scale)
also have ... = b /g norm a
by (simp add: eq assms [symmetric])
finally show fa = b
using Fulse by auto
qed (use f in auto)
qed

1.9.11 Scaling and isometry

proposition scaling_linear:
fixes [ :: 'a:real_inner = ’'a::real_inner
assumes f0: f0 = 0
and fd: Vzy. dist (fz) (fy) =cx*x distxy
shows linear f
proof —
{
fix vw
have norm (f z) = ¢ * norm z for z
by (metis dist_0_norm f0 fd)
then have fv - fw = ¢ * (v - w)
unfolding dot_norm_neg dist_norm[symmetric]
by (simp add: fd power2_eq_square field_simps)

then show “thesis
unfolding linear_iff vector_eq[where 'a="a] scalar_mult_eq_scaleR
by (simp add: inner_add field_simps)
qed

lemma isometry_linear:
f (0:azreal_inner) = (0::'a) =V y. dist(fz) (fy) = dist x y = linear f
by (rule scaling_linear[where c¢=1]) simp_all

Hence another formulation of orthogonal transformation

proposition orthogonal_transformation_isometry:

orthogonal_transformation f «— f(0::'az:real_inner) = (0::'a) A (Vz y. dist(f x)
(fy) = dist z y)

unfolding orthogonal_transformation
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apply (auto simp: linear_0 isometry_linear)
apply (metis (no_types, hide_lams) dist_norm linear_diff’)
by (metis dist_0-norm)

Can extend an isometry from unit sphere:

lemma isometry_sphere_extend:
fixes f:: 'a::real_inner = 'a
assumes fI: A\z. norm x = 1 = norm (fz) = 1
and fd1: Az y. [normz = 1; normy = 1] = dist (fz) (fy) = distz y
shows dg. orthogonal_transformation g A (Vz. normz =1 — gx = fx)
proof —
{
fixzyz y'uvu v 'a
assume H: T = norm T *p 4 Y = NOTM Y *R v
z' = norm z xg u' y' = norm y *g v’
and J: norm u = 1 norm u' = 1 norm v = 1 norm v’ = 1 norm(uv’ — v’) =
norm(u — v)
then have x: v -v=u'-v' + v - u' —v-u
by (simp add: norm_eq norm_eq_1 inner_add inner_diff)
have norm (norm x *gr u' — norm y *g v') = norm (norm T *gr u — norm y
kR V)
using J by (simp add: norm_eq norm_eq_1 inner_diff * field_simps)
then have norm(z’ — y’) = norm(z — y)
using H by metis
}

note norm_eq = this
let g = Az. if £ = 0 then 0 else norm z g f (z /r norm x)
have thfg: ?g x = fx if norm z = 1 for z
using that by auto
have thd: dist (?g z) (?g y) = dist x y for z y
proof (cases =0 V y=0)
case Fulse
show dist (%9 z) (%9 y) = dist z y
unfolding dist_norm
proof (rule norm_eq)
show z = norm x *g (x /g norm x) y = norm y *r (y /r norm y)
norm (f (z /r norm z)) = 1 norm (f (y /r norm y)) = 1
using Fualse f1 by auto
qed (use False in (auto simp: field_simps intro: f1 fd1[unfolded dist_norm])
qed (auto simp: fI)
show ?thesis
unfolding orthogonal_transformation_isometry
by (rule exI[where = ?2g]) (metis thfg thd)
qed

1.9.12 Induction on matrix row operations

lemma induct_matriz_row_operations:
fixes P :: real"'n"'n = bool
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assumes zero_row: NA i. rowi A=0—=— P A
and diagonal: NA. (Nij. i #j = A%i$j =0) = P A
and swap_cols: NAmn. [P A; m #n] = P(xij. A$4$ Fun.swap m n id

7)
and row_op: NA mn c. [P A; m # n]
= P(x i.if i = m then row m A + ¢ xg row n A else row i A)
shows P A
proof —

have P Aif (Nij. [j € —K; i # j] = A$i8j = 0) for A K
proof —
have finite K
by simp
then show ?thesis using that
proof (induction arbitrary: A rule: finite_induct)
case empty
with diagonal show ?case
by simp
next
case (insert k K)
note insertK = insert
have P A if kk: A$kSk # 0
and 0: \ij. [j € — insert k K; i # j] = A$i$j = 0
Ni. [t € —L; i # k] = A%iSk = 0 for A L
proof —
have finite L
by simp
then show ?thesis using 0 kk
proof (induction arbitrary: A rule: finite_induct)
case (empty B)
show ?case
proof (rule insertK)
fix 1 j
assume i € — K j # i
show B$j$i=0
using «j # 0 i € — K) empty
by (metis ComplD Compll Compl_eq_Diff-UNIV Diff-empty UNIV_I
insert_iff)
qed
next
case (insert | L B)
show ?case
proof (cases k = 1)
case True
with insert show ?thesis
by auto
next
case Fulse
let 2C = x i.ifi=1thenrow!B — (B$S1$k/BSkSEk)*rrowk
B else row i B
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have 1: [j € —insert k K; i £ j] = ?2C $:$j =10 for ji
by (auto simp: insert.prems(1) row_def)
have 2: ?C$i$ k=0
ifie—Li#kfori
proof (cases i=I)
case True
with that insert.prems show ?thesis
by (simp add: row_def)
next
case Fulse
with that show %thesis
by (simp add: insert.prems(2) row_def)
qed
have 3: ?C$S kS k#0
by (auto simp: insert.prems row_def <k # 1))
have PC: P ?C
using insert.IH [OF 1 2 3] by auto
have eqB: (x i. if i = lthenrow [ ?C + (B$1$k/ BS$kS$k)*g row
k 2C else row i ?C) = B
using <k # D by (simp add: vec_eq-iff row_def)
show ?thesis
using row_op [OF PC, of | k, where ¢ = B$I$k /| B$k$k| eqB <k # D
by (simp add: cong: if-cong)
qged
qed
qed
then have nonzero_hyp: P A
if kk: A$kSk # 0 and zeroes: N\ij. j € — insert k K N i#] = A$i$j =
0 for A
by (auto simp: introl: kk zeroes)
show ?Zcase
proof (cases row k A = 0)
case True
with zero_row show ?thesis by auto
next
case Fulse
then obtain | where [: A$kS$] # 0
by (auto simp: row_def zero_vec_def vec_eq_iff)
show ?thesis
proof (cases k = 1)
case True
with [ nonzero_hyp insert.prems show ?thesis
by blast
next
case Fulse
have x: A$i 8 Funswap klidj=0ifj#kj¢ Ki+# jforij
using Fualse [ insert.prems that
by (auto simp: swap_def insert split: if_split_asm)
have P (x ij. (x ij. A$ ¢ $ Fun.swap k1id j) $ 1 $ Fun.swap k[ id j)
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by (rule swap_cols [OF nonzero_hyp False]) (auto simp: 1 x)
moreover
have (x ij. (x i1j. A$i$ Fun.swap klidj)$ i $ Fun.swap klidj)= A
by (vector Fun.swap_def)
ultimately show ?thesis
by simp
qed
qed
qed
qed
then show ?thesis
by blast
qed

lemma induct_matriz_elementary:
fixes P :: real™'n"'n = bool
assumes mult: ANA B. [P A; P B] = P(A *x B)
and zero_row: NAi. rowi A=0=— P A
and diagonal: NA. (Nij. 1 #j = A%i$j =0) = P A
and swapl: A\mn. m #n = P(x ij. mat 1 $ i $ Fun.swap m n id j)
and idplus: Amnc. m #n = P(x ij.if i = m A j = n then c else of-bool
(i =4))
shows P A
proof —
have swap: P (x ij. A$ 1 $ Fun.swap m n idj) (is P ?C)
if PAm#nfor Amn
proof —
have A xx (x ij. mat 1 $ 1 $ Fun.swap m n id j) = 2C
by (simp add: matriz_matriz_mult_def mat_def vec_eq_iff if_distrib sum.delta_remove)
then show ?thesis
using mult swapl that by metis

qed
have row: P (x . if i = m then row m A 4+ ¢ xg row n A else row i A) (is P
?C)
if PAm#nfor Amnc
proof —

let VB =xij.ifi =m A j = nthen c else of-bool (i = j)
have ?B xx A = ?2C
using (m # n) unfolding matriz_matriz_mult_def row_def of _bool_def
by (auto simp: vec_eq_iff if_distrib [of Az. z % y for y] sum.remove cong:
if-cong)
then show ?thesis
by (rule subst) (auto simp: that mult idplus)
qed
show ?thesis
by (rule induct_matriz_row_operations [OF zero_row diagonal swap row])
qed

lemma induct_matriz_elementary_alt:
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fixes P :: real'n"'n = bool
assumes mult: NA B. [P A; P B] = P(A *x B)
and zero_row: NA i. rowi A=0= P A
and diagonal: NA. (Nij. i #j = A%i$j =0) = P A
and swapl: Amn. m # n = P(x ij. mat 1 $ 1 $ Fun.swap m n id j)
and idplus: Amn. m #n = P(x ij. of-bool (i=m Aj=nVi=j))
shows P A
proof —
have x: P (x i j. if i = m A j = n then c else of-bool (i = 7))
if m # n for m n ¢
proof (cases ¢ = 0)
case True
with diagonal show ?thesis by auto
next
case Fulse
then have eq: (x ¢ j. if i = m A j = n then c else of-bool (i = j)) =
(x ©J.if i = j then (if j = n then inverse c else 1) else 0) *x
(xij.0fbool (i=mANj=mnVi=7]j)) *x
(x ij.4f i = jthen if j = n then c else 1 else 0)
using (m # n
apply (simp add: matriz-matriz-mult_def vec_eq_iff of-bool_def if-distrib [of
Az. y x z for y] cong: if-cong)
apply (simp add: if-if_eq_conj sum.neutral conj_commute cong: conj_cong)
done
show ?thesis
apply (subst eq)
apply (intro mult idplus that)
apply (auto intro: diagonal)
done
qed
show ?thesis
by (rule induct-matriz_elementary) (auto intro: assms *)
qged

lemma matriz_vector_mult_matriz_matriz_mult_compose:
(xv) (A *x B) = (xv) A o (xv) B
by (auto simp: matriz_vector-mul_assoc)

lemma induct_linear_elementary:
fixes f :: real™'n = real'n
assumes linear f
and comp: Nf g. [linear f; linear g; P f; P g] = P(f o g)
and zeroes: \fi. [linear f; Nz. (fz) $i=0] = Pf
and const: Nc. P(Az. x 4. ¢ i x 281)
and swap: Am n:'n. m # n = P(Az. x i. £ $ Fun.swap m n id i)
and idplus: Am n::'n. m # n = P(Az. x i. if i = m then z$m + z$n else
z$i)
shows P f
proof —
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have P ((xv) A) for A
proof (rule induct_matriz_elementary_alt)
fix A B
assume P ((xv) A) and P ((xv) B)
then show P ((xv) (A #x B))
by (auto simp add: matriz_vector_mult_matriz_matriz_mult_compose intro!:
comp)
next
fix A :: real”’n"'n and i
assume row i A = 0
show P ((xv) A)
using matriz_vector_mul_linear
by (rule zeroes[where i=i])
(metis row 1 A = 0) inner_zero_left matriz_vector_mul_component row_def
vec_lambda_eta)
next
fix A :: real”'n"'n
assume 0: N\ij. 1 #j=—= A$i$;5=0
have A$i$ix2$i= (> jeUNIV.A$i$jxz$j) forzandi: 'n
by (simp add: 0 comm_monoid_add_class.sum.remove [where z=i])
then have (Az. x i. A8 i3 iz 8i)=((xv) 4)
by (auto simp: 0 matriz_vector_mult_def)
then show P ((xv) A)
using const [of Xi. A $ i $ i] by simp
next
fix mn:'n
assume m #* n
have eq: (> j€UNIV. if i = Fun.swap m n id j then x $ j else 0) =
(>2jeUNIV. if j = Fun.swap m n id i then z $ j else 0)
for i and z :: real”'n
unfolding swap_def by (rule sum.cong) auto
have (Az::real™'n. x i. ¢ $ Fun.swap m n id i) = ((xv) (x i j. if i = Fun.swap
m n id j then 1 else 0))
by (auto simp: mat_def matriz_vector_mult_def eq if-distrib [of A\z. z x y for
y] cong: if-cong)
with swap [OF (m # m] show P ((xv) (x 5. mat 1 $ ¢ $ Fun.swap m n id
7))
by (simp add: mat_def matriz_vector_mult_def)
next
fix mn:'n
assume m # n
then have z $ m + x $ n = (0. j€UNIV. ofbool (j =nV m=73)xz$j)
for x :: real™’'n
by (auto simp: of-bool_def if-distrib [of Axz. z * y for y] sum.remove cong:
if_cong)
then have (\z::real™n. x i. if i = mthenx $m + z $nelsex $i) =
((#v) (x i 7. of-bool (i =m ANj=nVi=yj)))
unfolding matriz_vector_mult_def of _bool_def
by (auto simp: vec_eq_iff if-distrib [of Ax. z * y for y] cong: if-cong)
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then show P ((xv) (x iJ. of-bool (i =m ANj=nVi=yj)))
using idplus [OF <m # n)] by simp
qed
then show ?thesis
by (metis (inear ) matriz_vector-mul(2))
qed

end

1.10 Traces and Determinants of Square Matrices

theory Determinants
imports

Cartesian_Space

HOL- Library. Permutations
begin

1.10.1 Trace

definition trace :: 'a::semiring_1"'n"'n = 'a

1 /
where trace A = sum (Ai. ((A%4)$¢)) (UNIV::'n set)

lemma trace_0: trace (mat 0) = 0
by (simp add: trace_def mat_def)

lemma trace_I: trace (mat 1 :: 'a::semiring_1"'n"'n) = of-nat(CARD('n))
by (simp add: trace_def mat_def)

lemma trace_add: trace ((A::'a::comm_semiring-1"'n"'n) + B) = trace A + trace
B
by (simp add: trace_def sum.distrib)

lemma trace_sub: trace ((A::'a::comm_ring_1"'n"'n) — B) = trace A — trace B
by (simp add: trace_def sum_subtractf)

lemma trace_mul_sym: trace ((A::'a::comm_semiring_1"'n"'m) s+ B) = trace (B**A)
apply (simp add: trace_def matriz_matriz_mult_def)
apply (subst sum.swap)
apply (simp add: mult.commute)
done

Definition of determinant

definition det:: ‘a::comm_ring_1"'n"'n = 'a where
det A =
sum (Ap. of-int (sign p) * prod (Ai. A$i$p i) (UNIV :: 'n set))
{p. p permutes (UNIV :: 'n set)}

Basic determinant properties
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lemma det_transpose [simp]: det (transpose A) = det (A::'a::comm_ring-1 “'n"'n)
proof —
let 2di — AA i j. A$i$j
let 2U = (UNIV :: 'n set)
have fU: finite ?U by simp
{
fix p
assume p: p € {p. p permutes ?U}
from p have pU: p permutes ?U
by blast
have sth: sign (inv p) = sign p
by (metis sign_inverse fU p mem_Collect_eq permutation_permautes)
from permutes_inj|OF pU]
have pi: inj_on p 2U
by (blast intro: subset_inj_on)
from permutes_image|OF pU)|
have prod (Ai. ?di (transpose A) i (inv p i) ?U =
prod (Ai. ?di (transpose A) i (inv p 1)) (p © 2U)

by simp

also have ... = prod ((Ai. 2di (transpose A) i (inv p i)) o p) 2U
unfolding prod.reindex[OF pi] ..

also have ... = prod (\i. ?di A i (p 1)) ?U

proof —

have ((\i. ?di (transpose A) i (invpi))op)i= 2di Ai (pi)ifie ?U for

using that permutes_inv_o[OF pU] permutes_in_image[OF pU]
unfolding transpose_def by (simp add: fun_eq_iff)
then show prod ((\i. ?di (transpose A) i (invp 1)) o p) 2U = prod (Ai. ?di
A1 (pi)) 2U
by (auto intro: prod.cong)
qed
finally have of-int (sign (inv p)) * (prod (\i. ?di (transpose A) i (inv p 1))
?2U) =
of-int (sign p) = (prod (Mi. ?di A i (p 1)) ?U)
using sth by simp
}
then show ?thesis
unfolding det_def
by (subst sum_permutations_inverse) (blast intro: sum.cong)
qed

lemma det_lowerdiagonal:
fixes A :: 'a::comm_ring_1"('n::{finite,wellorder}) "('n::{ finite,wellorder})
assumes ld: \ij. i < j = A$i$j =0
shows det A = prod (N\i. A$i$:) (UNIV:: 'n set)
proof —
let U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
let ?pp = Ap. of-int (sign p) * prod (Ni. A$i$p 1) (UNIV :: 'n set)
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have fU: finite ?U
by simp
have id0: {id} C ?PU
by (auto simp: permutes_id)
have p0: Vp € ?PU — {id}. ?ppp =0
proof
fix p
assume p € ?PU — {id}
then obtain ¢ where i: p i > ¢
by clarify (meson lel permutes_natset_le)
from Id[OF i] have 3i € ?U. A$iSp i = 0
by blast
with prod_zero[OF fU] show ?pp p = 0
by force
qed
from sum.mono_neutral_cong_left|OF finite_permutations|OF fU| id0 p0] show
?thesis
unfolding det_def by (simp add: sign_id)
qed

lemma det_upperdiagonal:
fixes A :: 'a::comm_ring_1"'n::{finite,wellorder} “'n::{ finite,wellorder}
assumes ld: \ij. i > j = A$i$j =0
shows det A = prod (A\i. A$i$i) (UNIV:: 'n set)
proof —
let ?U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
let ?pp = (Ap. of-int (sign p) * prod (Ai. A$i$p i) (UNIV :: 'n set))
have fU: finite ?2U
by simp
have id0: {id} C ?PU
by (auto simp: permutes_id)
have p0: Vp € ?PU —{id}. %ppp = 0
proof
fix p
assume p: p € ?PU — {id}
then obtain ¢ where i: p i < ¢
by clarify (meson lel permutes_natset_ge)
from Id[OF i] have 3i € ?U. A$i$p i = 0
by blast
with prod_zero[OF fU] show ?%pp p = 0
by force
qed
from sum.mono_neutral_cong_left|OF finite_permutations|OF fU] id0 p0] show
Zthesis
unfolding det_def by (simp add: sign_id)
qed

proposition det_diagonal:
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fixes A :: 'a::comm_ring_1"'n"'n
assumes ld: \ij. i #j = A$i$j =0
shows det A = prod (A\i. A$i$i) (UNIV::'n set)
proof —
let ?U = UNIV:: 'n set
let ?PU = {p. p permutes ?U}
let ?pp = Ap. of-int (sign p) = prod (Mi. A$i$p i) (UNIV :: 'n set)
have fU: finite 2U by simp
from finite_permutations|OF fU] have fPU: finite YPU .
have id0: {id} C ?PU
by (auto simp: permutes_id)
have p0: Vp € ?PU — {id}. ?ppp = 0
proof
fix p
assume p: p € ?PU — {id}
then obtain i where i: p i # ¢
by fastforce
with Id have 37 € 2U. A$i$p i = 0
by (metis UNIV_I)
with prod_zero [OF fU] show %pp p = 0
by force
qed
from sum.mono_neutral_cong_left[OF fPU id0 p0] show ?thesis
unfolding det_def by (simp add: sign_id)
qed

lemma det_I [simp]: det (mat 1 :: 'a::comm_ring-1"'n"'n) = 1
by (simp add: det_diagonal mat_def)

lemma det_0 [simp]: det (mat 0 :: 'a::comm_ring-1"'n"'n) = 0
by (simp add: det_def prod_zero power,O,left)

lemma det_permute_rows:
fixes A :: 'a::comm_ring_1"'n"'n
assumes p: p permutes (UNIV :: 'n:finite set)
shows det (x i. ASp i :: ‘a™'n"'n) = of-int (sign p) * det A
proof —
let ?2U = UNIV :: 'n set
let ?PU = {p. p permutes ?U}
have *: (3 qe?PU. of.int (sign (q o p)) * ([[ic?U. A$pi$ (qop)i))=
(>-ne?PU. of-int (sign p) * of-int (sign n) * ([[i€?U. A$ i $ ni)
proof (rule sum.cong)
fix ¢
assume qPU: q € ?PU
have fU: finite ?2U
by simp
from ¢PU have q: q permutes ?U
by blast
have prod (M\i. A$p i$ (q o p) i) 2U = prod ((Mi. A$p i$(q o p) i) o invp) ?2U
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by (simp only: prod.permute[OF permutes_inv[OF p|, symmetric])

also have ... = prod (A\i. A$ (poinvp)i$ (qo (poinvp))i) ?2U
by (simp only: o_def)
also have ... = prod (\i. A$i$q i) ?U

by (simp only: o_def permutes_inverses|OF p))
finally have thp: prod (\i. A$p i$ (q o p) i) ?U = prod (\i. A$i$q i) ?U
by blast
from p ¢ have pp: permutation p and ¢p: permutation g
by (metis fU permutation_permutes)—+
show of-int (sign (g o p)) * prod (Ai. A$ p i$ (¢ o p) i) ?U =
of-int (sign p) * of-int (sign q) * prod (Ai. A$i$q i) 2U
by (simp only: thp sign_compose|OF qp pp] mult.commute of-int_mult)
qed auto
show ?thesis
apply (simp add: det_def sum_distrib_left mult.assoc[symmetric])
apply (subst sum_permutations_compose_right|OF p])
apply (rule x)
done
qed

lemma det_permute_columns:
fixes A :: 'a::comm_ring_1"'n"'n
assumes p: p permutes (UNIV :: 'n set)
shows det(x ij. A$i$ pj :: '/a’’'n"'n) = of_int (sign p) x det A
proof —
let Ap =x ij. A$i$ pj - 'a”’'n"'n
let ?At = transpose A
have of_int (sign p) * det A = det (transpose (x i. transpose A $ p 7))
unfolding det_permute_rows|OF p, of ?At] det_transpose ..
moreover
have ?Ap = transpose (x i. transpose A $ p )
by (simp add: transpose_def vec_eq_iff )
ultimately show ?thesis
by simp
qed

lemma det_identical_columns:
fixes A :: 'a::comm_ring_1"'n"'n
assumes jk: j # k

and r: column j A = column k A

shows det A = 0

proof —
let 2U=UNIV::'n set
let ?t_jk=Fun.swap j k id
let 2PU={p. p permutes ?U}
let 2S1={p. p€?PU A evenperm p}
let 252={(?t_jk o p) |p. p €251}
let 2f=Ap. of-int (sign p) = ([[i€UNIV. A$i$ pi)
let 2g=Ap. ?t_jk o p
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have ¢ S1: 252 = %¢‘ 251 by auto
have inj_g: inj_on ?g 251
proof (unfold inj_on_def, auto)
fix z y assume z: x permutes ?U and even_x: evenperm x
and y: y permutes YU and even_y: evenperm y and eq: ?t_jk o x = %t jk oy
show x = y by (metis (hide_lams, no_types) comp_assoc eq id_comp swap_id_idempotent)
qed
have tjk_permutes: ?t_jk permutes ?U unfolding permutes_def swap_id_eq by
(auto,metis)
have tjk_eq: Vil. A$i$ %tjkl = A$:i$1
using r jk
unfolding column_def vec_eq_iff swap_id_eq by fastforce
have sign_tjk: sign ?t_jk = —1 using sign_swap_id[of j k] jk by auto
{fix z
assume z: z€ 251
have sign (?t_jk o z) = sign (?t_jk) = sign z
by (metis (lifting) finite_class.finite_.UNIV mem_Collect_eq
permutation_permutes permutation_swap_id sign_compose x)
also have ... = — sign x using sign_tjk by simp
also have ... # sign  unfolding sign_def by simp
finally have sign (?t_jk o z) # sign x and (%t_jk o z) € 252
using = by force+
}

hence disjoint: 251 N 252 = {}
by (force simp: sign_def)
have PU_decomposition: ?PU = 251 U 252
proof (auto)
fix z
assume z: x permutes YU and V p. p permutes U — x = Fun.swap j k id o
p —> - evenperm p
then obtain p where p: p permutes UNIV and z_eq: © = Fun.swap jk id o p
and odd_p: — evenperm p
by (metis (mono_tags) id-o o_assoc permutes_compose swap_id_idempotent
tjk_permutes)
thus evenperm z
by (meson evenperm_comp evenperm_swap finite_class.finite.UNIV
gk permutation_permutes permutation_swap_id)
next
fix p assume p: p permutes ?U
show Fun.swap j k id o p permutes UNIV by (metis p permutes_compose
tik_permutes)
qed
have sum ?f 252 = sum ((Ap. of-int (sign p) * ([[+€UNIV. A$i$ pi))
o (o) (Fun.swap j k id)) {p € {p. p permutes UNIV'}. evenperm p}
unfolding ¢_S1 by (rule sum.reindex[OF inj_g])
also have ... = sum (Ap. of_int (sign (?t_jk o p)) x ([[¢€UNIV. A$ i $ pi))
251
unfolding o_def by (rule sum.cong, auto simp: tjk_eq)
also have ... = sum (A\p. — 9fp) 251
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proof (rule sum.cong, auto)
fix z assume z: x permutes ?U
and even_z: evenperm x
hence perm_z: permutation x and perm_tjk: permutation ?t_jk
using permutation_permutes|of x| permutation_permutes|of ?t_jk| permuta-
tion_swap_id
by (metis finite_code)+
have (sign (?t_jk o z)) = — (sign )
unfolding sign_compose[OF perm_tjk perm_x| sign_tjk by auto
thus of-int (sign (?t_jk o z)) x (J[i€UNIV. A$ i $ x 1)
= — (ofuint (sign ) * ([[¢€UNIV. A$i$ z1))

by auto
qed
also have ...= — sum ?f 51 unfolding sum_negf ..
finally have x: sum ?f 252 = — sum ?f 251 .
have det A = (3. p | p permutes UNIV. of-int (sign p) = (J[[¢€UNIV. A $ i $
p 1))
unfolding det_def ..
also have ...= sum ?f 251 + sum ?f 252
by (subst PU_decomposition, rule sum.union_disjoint[OF _ _ disjoint], auto)
also have ...= sum ?f 251 — sum ?f 251 unfolding * by auto
also have ...= 0 by simp
finally show det A = 0 by simp
qed

lemma det_identical_rows:
fixes A :: 'a::comm_ring_1"'n"'n
assumes 7j: { # j and r: rowi A = row j A
shows det A = 0

by (metis column_transpose det_identical_columns det_transpose ij 1)

lemma det_zero_row:
fixes A :: ‘a::{idom, ring_char_0} “'n"'n and F :: 'b::{field} “'m"~'m
shows rowi A =0 — det A=0and rowj F =0 = det F = 0
by (force simp: row_def det_def vec_eq_iff sign_nz intro!: sum.neutral)+

lemma det_zero_column:
fixes A :: ‘a::{idom, ring_char_0} “'n"'n and F :: 'b::{field} “'m~'m
shows column i A = 0 = det A = 0 and column j F = 0 = det F = 0
unfolding atomize_conj atomize_imp
by (metis det_-transpose det_zero_row row_transpose)

lemma det_row-add:
fixes a b ¢ :: 'n:finite = _ " 'n
shows det((x i. if i = k then a i + b i else ¢ i)::'a::comm_ring-1"'n"'n) =
det((x i. if i = k then a i else ¢ i)::’a::comm_ring_1"'n"'n) +
det((x 1. if i = k then b i else ¢ i)::'a::comm_ring-1"'n"'n)
unfolding det_def vec_lambda_beta sum.distrib[symmetric]
proof (rule sum.cong)
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let ?U = UNIV :: 'n set
let ?pU = {p. p permutes ?U}
let 2f = (N\i. if i = k then a i + b i else c i)::'n = 'a::comm_ring_1"'n
let g = (A 4. if i = k then a i else ¢ 1)::'n = 'a::comm_ring_1"'n
let 2h = (X i. if i = k then b i else ¢ ©)::'n = 'a::comm_ring-1"'n
fix p
assume p: p € pU
let 2Uk = 2U — {k}
from p have pU: p permutes ?U
by blast
have kU: ?U = insert k ?Uk
by blast
have eq: prod (Ni. ?fi $ p i) 2Uk = prod (M\i. 294 $ p i) ?Uk
prod (Mi. 2fi 8 pi) 2Uk = prod (\i. ?h i $ pi) ?Uk
by auto
have Uk: finite ?Uk k ¢ ?Uk
by auto
have prod (M\i. 2f i $ p i) ?U = prod (Mi. ?fi $ p i) (insert k ?2Uk)
unfolding kU[symmetric| ..

also have ... = 2fk $ p k * prod (Mi. 2fi $ pi) ?Uk
by (rule prod.insert) auto
alsohave ... = (a k $ pk * prod (Ni. 2fi $pi) 2Uk) + (b k$ p k x prod (\i.

i $ pi) 2Uk)
by (simp add: field_simps)
also have ... = (a kS pk x prod (A\i. 2gi $ p i) 2Uk) + (b kS p k * prod (\i.
hi'$pi) 2Uk)
by (metis eq)
also have ... = prod (Ai. 29 1 $ p i) (insert k ?Uk) + prod (Ni. ?h i $ p i)
(insert k ?Uk)
unfolding prod.insert[OF Uk| by simp
finally have prod (Ai. 2fi $ p i) 2U = prod (Ai. 291 $ pi) 2U + prod (N\i. ?h
i$pi)2U
unfolding kU[symmetric| .
then show of_int (sign p) = prod (\i. 2fi $ pi) ?U =
of-int (sign p) * prod (Mi. 291 $ p i) 2U + of-int (sign p) * prod (A\i. ?h i $
pi) U
by (simp add: field_simps)
qed auto

lemma det_row_mul:
fixes a b :: 'n::finite = _ " 'n
shows det((x i. if i = k then ¢ xs a i else b i)::'a::comm_ring_1"'n"'n) =
¢ x det((x 1. if i = k then a i else b i)::’a::comm_ring_-1"'n"'n)
unfolding det_def vec_lambda_beta sum_distrib_left
proof (rule sum.cong)
let ?2U = UNIV :: 'n set
let ?pU = {p. p permutes ?U}
let ?f = (M\i. if i = k then cxs a i else b i)::'n = a::comm_ring_1"'n
let 29 = (A i. if © = k then a i else b i)::'n = 'a::comm_ring_1"'n
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fix p

assume p: p € pU

let Uk = ?U — {k}

from p have pU: p permutes ?U
by blast

have kU: ?U = insert k ?Uk
by blast

have eq: prod (\i. 2fi $ p i) 2Uk = prod (A\i. 291 $ pi) 2Uk
by auto

have Uk: finite ?Uk k ¢ ?Uk
by auto

have prod (\i. /i $ p i) ?U = prod (Mi. ?fi $ p i) (insert k ?Uk)
unfolding kU [symmetric| ..

also have ... = 2fk $pk * prod (\i. ?f1 $ p 1) ?Uk
by (rule prod.insert) auto

also have ... = (¢xsa k) $ pk = prod (Ai. 9fi$ pi) ?Uk
by (simp add: field_simps)

also have ... = ¢x (ak S pk * prod (Xi. 2918 p i) ?Uk)
unfolding eq by (simp add: ac_simps)

also have ... = c¢x (prod (Ai. %91 $ p i) (insert k ?Uk))

unfolding prod.insert|OF Uk] by simp
finally have prod (Xi. 2f 4 $ p i) 2U = cx (prod (Mi. 291 $ p i) 2U)
unfolding kU[symmetric] .
then show of-int (sign p) * prod (Ai. 2fi $ p i) 2U = c * (of-int (sign p) *
prod (Ai. 291 $ pi) ?U)
by (simp add: field_simps)
qed auto

lemma det_row_0:
fixes b :: 'ni:finite = _ " 'n
shows det((x i. if i = k then 0 else b ©)::'a::comm_ring-1"'n""n) = 0
using det_row_mullof k 0 Ai. 1 b)
apply simp
apply (simp only: vector_smult_lzero)
done

lemma det_row_operation:
fixes A :: ‘a:{comm_ring_-1} “'n"'n
assumes ij: i # j
shows det (x k. if k = i then row i A 4+ ¢ *s row j A else row k A) = det A
proof —
let 27 = (x k. if k = i then row j A else row k A) :: 'a “'n"'n
have th: row i ?Z = row j ?Z by (vector row_def)
have th2: ((x k. if k = i then row i A else row k A) = 'a”'n"'n) = A
by (vector row_def)
show ?thesis
unfolding det_row_add [of i] det-row-mul]of i| det_identical_rows|OF ij th] th2
by simp
qed
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lemma det_row_span:
fixes A :: 'a::{field} “'n"'n
assumes z: ¢ € vec.span {row j A |j. j # i}
shows det (x k. if k = i then row i A + x else row k A) = det A
using z
proof (induction rule: vec.span_induct_alt)
case base
have (if k = i then row i A + 0 else row k A) = row k A for k
by simp
then show ?case
by (simp add: row_def)
next
case (step ¢ z y)
then obtain j where j: z = rowj A i # j
by blast
let 2w =rowi A+ y
have th0: row i A + (cxs z + y) = 2w + cxs 2
by wvector
let 2d = A\z. det (x k. if k = i then x else row k A)
have thz: 2d z = 0
apply (rule det_identical_rows|OF j(2)])
using j
apply (vector row_def)
done
have 2d (rowi A + (cxs z + y)) = 2d (%w + cxs 2)
unfolding th0 ..
then have 2d (row i A + (c*xs z + y)) = det A
unfolding thz step.IH det_row_mul[of i] det_row_add[of i] by simp
then show ?case
unfolding scalar-mult_eq_scaleR .
qed

lemma matriz_id [simp): det (matriz id) = 1
by (simp add: matriz_id_mat_1)

proposition det_matriz_scaleR [simp]: det (matriz (((xg) 7)) = real”’'n"'n) = r
" CARD('n::finite)

apply (subst det_diagonal)

apply (auto simp: matriz_def mat_def)

apply (simp add: cart_eq_inner_axis inner_azis-axis)

done

May as well do this, though it’s a bit unsatisfactory since it ignores exact
duplicates by considering the rows/columns as a set.

lemma det_dependent_rows:
fixes A:: 'a::{field} “'n"'n
assumes d: vec.dependent (rows A)
shows det A = 0
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proof —
let ?2U = UNIV :: 'n set
from d obtain ¢ where i: row i A € vec.span (rows A — {row i A})
unfolding vec.dependent_def rows_def by blast
show ?thesis
proof (cases Vij. i #j — rowi A # row j A)
case True
with ¢ have vec.span (rows A — {row i A}) C wvec.span {row j A |j. j # i}
by (auto simp: rows_def intro!: vec.span-mono)
then have — row i A € vec.span {row j Alj. j # i}
by (meson i subsetCE vec.span_neg)
from det_row_span[OF this]
have det A = det (x k. if k = i then 0 *s 1 else row k A)
unfolding right_minus vector_smult_lzero ..
with det_row_mul[of i 0 Xi. 1]
show ?thesis by simp
next
case Fulse
then obtain j k& where jk: j # krowj A =rowk A
by auto
from det_identical_-rows[OF jk] show ?Zthesis .
qed
qed

lemma det_dependent_columns:
assumes d: vec.dependent (columns (A::real“'n"'n))
shows det A = 0
by (metis d det_dependent_rows rows_transpose det_transpose)

Multilinearity and the multiplication formula

lemma Cart_lambda_cong: (\z. fx = gz) = (vec_lambda f::'a"'n) = (vec_lambda
g 'a’'n)
by auto

lemma det_linear_row_sum:
assumes fS: finite S
shows det ((x i. if i = k then sum (a i) S else ¢ i)::'a::comm_ring_1"'n"'n) =
sum (Nj. det ((x i. if i = k then a ijelse ci)::'a’'n"'n)) S
using fS by (induct rule: finite_induct; simp add: det_row-0 det_-row_add cong:
if-cong)

lemma finite_bounded_functions:

assumes fS: finite S

shows finite {f. (Vi € {1.. (kznat)}. fi € S)ANVi.i ¢ {1 ..k} — fi=1)}
proof (induct k)

case (

have x: {f. Vi. fi =i} = {id}

by auto
show ?Zcase
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by (auto simp: *)
next
case (Suc k)
let 2f = A(y::nat,g) i. if i = Suc k then y else g i
let 25 = 2f (S x {f. (Vie{1..k}. fi e S)AN(Vi.i ¢ {1.k} — fi=1)})
have 25 = {f. (Vie{l.. Suck}. fi € S) A (Vi.i ¢ {I1.. Suck} — fi=1)}

apply (auto simp: image_iff)

apply (rename_tac f)

apply (rule_tac x=f (Suc k) in bexI)

apply (rule_tac x = Ai. if i = Suc k then i else fi in exl, auto)
done

with finite_imagel[OF finite_cartesian_product| OF fS Suc.hyps(1)], of ?f]
show ?case
by metis
qed

lemma det_linear_rows_sum_lemma:
assumes fS: finite S
and fT: finite T
shows det ((x 4. if i € T then sum (a i) S else ¢ i):: 'a::comm_ring-1"'n"'n) =
sum (Nf. det((x ¢. if i € T then a i (fi) else ¢ i)::'a"'n"'n))
{(f.(VieT.fieS)ANi.i¢ T — fi=1i)}
using T
proof (induct T arbitrary: a c set: finite)
case empty
have th0: Nz y. (x i. if i € {} thenz i else y i) = (x 4. y ©)
by wvector
from empty.prems show ?Zcase
unfolding th0 by (simp add: eq_id_iff)
next
case (insert z T a c)
let ?F = AT. {f. (Vi€ T.fie S)A(Vi.i¢ T —s fi=1i)}
let ?h = A\(y,g) i. if i = z then y else g i
let %k = Ah. (h(2),(Ni. if i = z then i else h 1))
let s =AXkacf. det((x i ifi € Tthenai (f1i) else ci):'a™'n"'n)
let 2c = Xji.if it = zthen aijelse ci
have thif: Aa b c d. (if a V b then ¢ else d) = (if a then c else if b then c else d)
by simp
have thif2: ANa b ¢ d e. (if a then b else if ¢ then d else e) =
(if ¢ then (if a then b else d) else (if a then b else €))
by simp
from z ¢ T) have nz: Ni. i € T = i # 2
by auto
have det (x i. if i € insert z T then sum (a i) S else ¢ i) =
det (x i. if i = z then sum (a i) S else if i € T then sum (a i) S else ¢ i)
unfolding insert_iff thif ..
also have ... = (}_j€S. det (x i. if i € T then sum (a i) S else if i = z then
aijelse ci))
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unfolding det_linear_row_sum[OF fS]
by (subst thif2) (simp add: nz cong: if-cong)
finally have tha:
det (x i. if i € insert z T then sum (a i) S else ¢ i) =
-G, f)eS x 2F T. det (x i.4f i € T then ai (f1)
else if i = z then a ij
else ¢ i))
unfolding insert.hyps unfolding sum.cartesian_product by blast
show ?case unfolding tha
using <z ¢ T)
by (intro sum.reindex_bij_witness|where i=?%k and j=?h])
(auto introl: cong|OF refl[of det]] simp: vec_eq_iff )
qed

lemma det_linear_rows_sum:
fixes S :: 'n:finite set
assumes fS: finite S
shows det (x i. sum (a i) S) =
sum (Af. det (x i. a i (fi) :: ‘acz:comm_ring_1 ~ 'n"'n)) {f. Vi. fi € S}
proof —
have th0: ANz y. ((x i. if i € (UNIV:: 'n set) then z i else y i) :: 'a™'n"'n) = (x

by wvector
from det_linear_rows_sum_lemma[OF fS, of UNIV :: 'n set a, unfolded th0, OF
finite]
show ?thesis by simp
qed

lemma matriz_mul_sum_alt:
fixes A B :: 'a::comm_ring_1"'n"'n
shows A xx B = (x i. sum (Ak. A$i$k xs B $ k) (UNIV :: 'n set))
by (vector matriz_matriz_mult_def sum_component)

lemma det_rows-mul:
det((x i. ¢ i *s a i)::'a::comm_ring_1"'n"'n) =
prod (Mi. ¢ i) (UNIV:: 'n set) * det((x i. a i)::'a"'n"'n)
proof (simp add: det_def sum_distrib_left cong add: prod.cong, rule sum.cong)
let ?U = UNIV :: 'n set
let ?PU = {p. p permutes ?U}
fix p
assume pU: p € ?PU
let %s = of-int (sign p)
from pU have p: p permutes ?U
by blast
have prod (A\i. cix a1 $ pi) ?U = prod ¢ ?U * prod (Mi. a1 $ pi) ?U
unfolding prod.distrib ..
then show ?s x ([[zac?U. cza *x aza $ p za) =
prod ¢ 2U  (%sx ([[za€?U. a za $ p za))
by (simp add: field_simps)
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qged rule

proposition det_mul:
fixes A B :: 'a::comm_ring_1"'n"'n
shows det (A *x B) = det A x det B
proof —
let ?2U = UNIV :: 'n set
let 2F ={f. Vi€ ?U. fie 2U)N (Vi.i ¢ ?U — fi=1)}
let ?PU = {p. p permutes ?U}
have p € ?F if p permutes ?U for p
by simp
then have PUF: ?PU C ?F by blast
{
fix f
assume fPU: f € ?F — ?PU
have fUU: f < ?2U C ?U
using fPU by auto
from fPU have f: Vi€ ?U. fie€ UVi.i ¢ U — fi=14i-Ny. Ilz. fz
=)
unfolding permutes_def by auto

let 4 = (x i. A%i8f i xs B$f i) :: 'a™’'n"'n
let B = (x i. B$fi) :: 'a™'n"'n
{
assume fni: - inj_on f U
then obtain i j where ij: fi = fji #j
unfolding inj_on_def by blast
then have row i B = row j B
by (vector row_def)
with det_identical_rows|OF ij(2)]
have det (x i. A$i$f i s B$fi) = 0
unfolding det_rows_mul by force

}

moreover
{
assume fi: injon f U
from f fi have fith: N\ij. fi=fj = i=]
unfolding inj_on_def by metis
note fs = filunfolded surjective_iff_injective_gen[OF finite finite refl fUU,
symmetric]]
have 3!z. fz = y for y
using fith fs by blast
with f(3) have det (x i. A$i$f i xs B$f1) = 0
by blast

ultimately have det (y i. A$i$f i xs B$fi) = 0
by blast
}

then have zth: V fe 2F — 2PU. det (x i. A$i$f i xs B$fi) = 0



Determinants.thy 251

by simp
{
fix p
assume pU: p € 7PU
from pU have p: p permutes ?U
by blast
let %s = Ap. of-int (sign p)
let 2f = Xq. %sp* ([[ic 2U. ASiSpi)=* (?sqgx*([[ic 2U.BS$i$ qi))
have (sum (Aq. %s q
(Ilie 2U. (xi. A$iSpixsBSpiz'a’n"'n)$i$ qi)) ?PU) =
(sum (Aq. ?sp x ([Tic 2U. A$i$pi)«(%sqx([[ic 2U.BSi$ qi)))
?PU)
unfolding sum_permutations_compose_right[OF permutes_inv[OF p], of ?f]
proof (rule sum.cong)
fix ¢
assume qU: ¢ € ?PU
then have ¢: q permutes ?U
by blast
from p ¢ have pp: permutation p and pq: permutation q
unfolding permutation_permutes by auto
have th00: of-int (sign p) * of-int (sign p) = (1::'a)
Na. of-int (sign p) * (of-int (sign p) * a) = a
unfolding mult.assoc[symmetric]
unfolding of-int_mult[symmetric]
by (simp-all add: sign_idempotent)
have ths: ?s ¢ = %sp x ?s (q o inv p)
using pp pq permutation_inverse| OF pp] sign_inverse| OF pp]
by (simp add: th00 ac_simps sign_idempotent sign_compose)
have th001: prod (Ai. B$i$ ¢ (inv p i)) ?U = prod ((A\i. B$i$ ¢ (invp i)) o
p) ?U
by (rule prod.permute[OF p])
have thp: prod (Ai. (x i. A$i$p i xs B$p i :: '"a™'n"'n) $i § qi) U =
prod (Mi. A$i$p i) 2U * prod (\i. B$i$ q (inv p 1)) 2U
unfolding th001 prod.distrib[symmetric] o-def permutes_inverses|OF p]
apply (rule prod.cong[OF refl])
using permutes_in_image[OF ¢]
apply vector
done
show ?2s q x prod (\i. (((x 7. A$i$p i xs B$p i) :: 'a™'n""n)$i%q 1)) 2U =
2s p % (prod (Ni. A%i8p i) ?U) % (?s (q o inv p) * prod (Ai. B$i$(q o inv
p) i) 20)
using ths thp pp pq permutation_inverse[OF pp| sign_inverse[OF pp]
by (simp add: sign_nz th00 field_simps sign_idempotent sign_compose)
qged rule
}
then have th2: sum (A\f. det (x i. A$i$f i s B$f 1)) ?PU = det A x det B
unfolding det_def sum_product
by (rule sum.cong [OF refl])
have det (A*xB) = sum (\f. det (x i. A$i$ fixsB$ f1)) ?F
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unfolding matriz_mul_sum_alt det_linear_rows_sum[OF finite]
by simp
also have ... = sum (\f. det (x i. A$:i$f i xs B$fi)) ?PU
using sum.mono_neutral_cong_left[OF finite PUF zth, symmetric]
unfolding det_rows_mul by auto
finally show ?thesis unfolding th2 .
qed

1.10.2 Relation to invertibility

proposition invertible_det_nz:
fixes A::’a::{field} “'n"'n
shows invertible A <— det A # 0
proof (cases invertible A)
case True
then obtain B :: '‘a"'n"'n where B: A xx B = mat 1
unfolding invertible_right_inverse by blast
then have det (A *xx B) = det (mat 1 :: 'a"'n"'n)
by simp
then show ?thesis
by (metis True det_I det_mul mult_zero_left one_neq_zero)
next
case Fulse
let ?U = UNIV :: 'n set
have fU: finite U
by simp
from Fulse obtain c i where c: sum (A\i. ¢ i xsrow i A) U = 0 and iU: i €
U and ci: ci # 0
unfolding invertible_right_inverse matriz_right_invertible_independent_rows
by blast
have thr0: — row i A = sum (Nj. (1/ c i) xs (cj *s row j A)) (?U — {i})
unfolding sum_cmul using c ci
by (auto simp: sum.remove|OF fU 1U| eq_vector_fraction_iff add_eq_0_iff)
have thr: — row i A € vec.span {row j A| j. j # i}
unfolding thr0 by (auto intro: vec.span_base vec.span_scale vec.span_sum)
let B = (x k. if k = i then 0 else row k A) :: 'a™'n"'n
have thrb: row i B = 0 using iU by (vector row_def)
have det A = 0
unfolding det_row_span|OF thr, symmetric| right_minus
unfolding det_zero_row(2)[OF thrd] ..
then show ?thesis
by (simp add: False)
qed

lemma det_nz_iff-inj_gen:
fixes f :: ‘a:field 'n = 'a:field 'n
assumes Vector_Spaces.linear (xs) (xs) f
shows det (matriz f) # 0 <— inj f
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proof
assume det (matriz f) # 0
then show inj f
using assms invertible_det_nz inj_matriz_vector_mult by force
next
assume nj f
show det (matriz f) # 0
using vec.linear_injective_left_inverse [OF assms <inj f)]
by (metis assms invertible_det_nz invertible_left_inverse matriz_compose_gen ma-
triz_id-mat_1)
qed

lemma det_nz_iff-inj:
fixes [ :: real™'n = real™'n
assumes linear f
shows det (matriz f) # 0 <— inj f
using det_nz_iff-inj_gen|[of f] assms
unfolding linear_matriz_vector_mul_eq .

lemma det_eq-0_rank:
fixes A :: real”’'n"'n
shows det A = 0 +— rank A < CARD('n)
using invertible_det_nz [of A]

by (auto simp: matriz_left_invertible_injective invertible_left_inverse less_rank_noninjective)

Invertibility of matrices and corresponding linear functions

lemma matriz_left_invertible_gen:
fixes [ :: ‘a:field”’'m = 'a:field"'n
assumes Vector_Spaces.linear (xs) (xs) f
shows ((3B. B xx matriz f = mat 1) <— (3 g. Vector_Spaces.linear (xs) (*s)
gAgof=id)
proof safe
fix B
assume [: B xx matriz f = mat 1
show Jg. Vector_Spaces.linear (xs) (xs) g A g o f = id
proof (intro exl conjl)
show Vector_Spaces.linear (xs) (xs) (Ay. B *v y)
by simp
show ((xv) B) o f = id
unfolding o_def
by (metis assms 1 eq_id_iff matriz_vector-mul(1) matriz_vector-mul_assoc
matriz_vector_mul_lid)
qed
next
fix g
assume Vector_Spaces.linear (xs) (xs) g g o f = id
then have matriz g *x matriz f = mat 1
by (metis assms matriz_compose_gen matriz_id_mat_1)
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then show 3 B. B sx matrix f = mat 1 ..
qed

lemma matriz_left_invertible:

linear f = ((3B. B *x matriz f = mat 1) +— (g. linear g A g o f = id))
for f::real™'m = real™'n

using matriz_left_invertible_gen|of f]

by (auto simp: linear_matriz_vector_mul_eq)

lemma matriz_right_invertible_gen:
fixes f :: 'a:field'm = 'a"'n
assumes Vector_Spaces.linear (xs) (xs) f
shows ((3 B. matriz f *x B = mat 1) <— (3 g. Vector_Spaces.linear (xs) (xs)
gAfog=id))
proof safe
fix B
assume 1: matriz f *x B = mat 1
show T g. Vector_Spaces.linear (xs) (xs) g A f o g = id
proof (intro exl conjl)
show Vector_Spaces.linear (xs) (xs) ((xv) B)
by simp
show f o (xv) B = id
using 1 assms comp_apply eq_id_iff vec.linear_id matriz_id_mat_1 matriz_vector_mul_assoc
matriz_works
by (metis (no_types, hide_lams))
qed
next
fix g
assume Vector_Spaces.linear (xs) (xs) g and f o g = id
then have matriz f *x matrix ¢ = mat 1
by (metis assms matriz_compose_gen matriz_id-mat_1)
then show 3 B. matriz f *x B = mat 1 ..
qed

lemma matriz_right_invertible:

linear f = ((3B. matriz f xx B = mat 1) +— (3 g. linear g N\ [ o g = id))
for f::real”'m = real™'n

using matriz_right_invertible_gen[of f]

by (auto simp: linear_matriz_vector_mul_eq)

lemma matriz_invertible_gen:
fixes [ :: ‘a::field”’'m = 'a:field"'n
assumes Vector_Spaces.linear (xs) (xs) f
shows invertible (matriz f) «— (3 g. Vector_Spaces.linear (xs) (xs) g A f o g
=id N gof=1id)
(is ?lhs = ?2rhs)
proof
assume ?lhs then show ?rhs
by (metis assms invertible_def left_right_inverse_eq matriz_left_invertible_gen
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matriz_right_invertible_gen)
next
assume ?rhs then show ?lhs
by (metis assms invertible_def matriz_compose_gen matriz_id_mat_1)
qed

lemma matriz_invertible:
linear f = invertible (matriz f) +— (I g. linear g AN f o g =id N g o f = id)
for f::real”'m = real”'n
using matriz_invertible_gen|of f]
by (auto simp: linear_matriz_vector_mul_eq)

lemma invertible_eq_bij:
fixes m :: 'a::field"'m"'n
shows invertible m <— bij ((xv) m)
using matriz_invertible_gen| OF matriz_vector-mul_linear_gen, of m, simplified
matriz_of-matriz_vector-mul)
by (metis bij_betw_def left_right_inverse_eq matriz_vector_mul_linear_gen o_bij
vec.linear_injective_left_inverse vec.linear_surjective_right_inverse)

1.10.3 Cramer’s rule

lemma cramer_lemma_transpose:
fixes A:: ‘a::{field} “'n"'n
and z :: ‘an{field} “'n
shows det ((x i. if i = k then sum (Ni. 287 s row i A) (UNIV::'n set)
else row i A):'a::{field} “'n"'n) = z$k * det A
(is ?lhs = ?2rhs)
proof —
let ?U = UNIV :: 'n set
let ?Uk = ?U — {k}
have U: ?U = insert k ?Uk
by blast
have kUk: k ¢ 7Uk
by simp
have th00: Nk s. 8k xsrowk A + s = (z$k — 1) xsrowk A+ row k A + s
by (vector field_simps)
have th001: \fk . (A\z. if x = k then fk else fz) = f
by auto
have (x i. row i A) = A by (vector row_def)
then have thdl: det (x i. row i A) = det A
by simp
have thd0: det (x i. if i = kthenrowk A + (3 i € ?Uk. © $ i xs row i A) else
row i A) = det A
by (force intro: det_row_span vec.span_sum vec.span_scale vec.span_base)
show ?lhs = z$k * det A
apply (subst U)
unfolding sum.insert[OF finite kUK]
apply (subst th00)
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unfolding add.assoc
apply (subst det_row_add)
unfolding thd0
unfolding det_row_-mul
unfolding th001[of k Ai. row i A]
unfolding thd1
apply (simp add: field_simps)
done

qed

proposition cramer_lemma:
fixes A :: ‘a::{field} “'n"'n
shows det((x i 7. if j = k then (A xv x)$i else A$i$j):: ‘a::{field} “'n"'n) = «3k
x det A
proof —
let ?U = UNIV :: 'n set
have *: Ac. sum (Ni. ¢ i *s row i (transpose A)) 2U = sum (Ai. ¢ i xs column
i A) 2U
by (auto intro: sum.cong)
show ?thesis
unfolding matriz_mult_sum
unfolding cramer_lemma_transpose|of k x transpose A, unfolded det_transpose,
symmetric)
unfolding *[of Ai. z%i]
apply (subst det_transpose[symmetric])
apply (rule cong[OF refl[of det]])
apply (vector transpose_def column_def row_def)
done
qed

proposition cramer:
fixes A ::'a::{field} “'n"'n
assumes d0: det A # 0
shows A xvx = b +— z = (x k. det(x 1 7. if j=Fk then b$i else A$i$j) / det A)
proof —
from d0 obtain B where B: A xx B = mat 1 B *x A = mat 1
unfolding invertible_det_nz[symmetric] invertible_def
by blast
have (A #x B) xv b = b
by (simp add: B)
then have A xv (B xv b) = b
by (simp add: matriz_vector-mul_assoc)
then have ze: 3z. A xvzx = b
by blast
{
fix z
assume z: A xvzx = b
have z = (x k. det(x i j. if j=k then bS$i else A$i$j5) / det A)
unfolding z[symmetric]
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using d0 by (simp add: vec_eq_iff cramer_lemma field_simps)
}
with ze show ?thesis
by auto
qed

lemma det_1: det (A:'a::comm_ring-1°1"1) = A$181
by (simp add: det_def sign_id)

lemma det_-2: det (A:'a:comm_ring.1°2°2) = A$181 x A$2$2 — A$132 x
A$2%1
proof —
have f12: finite {2::2} 1 ¢ {2::2} by auto
show ?thesis
unfolding det_def UNIV_2
unfolding sum_over_permutations_insert| OF f12]
unfolding permutes_sing
by (simp add: sign_swap_id sign_id swap_id_eq)
qed

lemma det_5:

det (A:'az:comm_ring_1°3°8) =
A$181 « A$282 = A$5%3 +
A$1$2 « A$283 « A$3%1 +
A$1$3 x A$281 x A$3%2 —
A$181 « A$283 = A$35%2 —
A$182 x A$281 « A$39%3
A$183 x A$282 « A$39%1

proof —
have f123: finite {2::3, 3} 1 ¢ {2::3, 3}
by auto
have f23: finite {3:3} 2 ¢ {3::3}
by auto

show ?thesis
unfolding det_def UNIV_3
unfolding sum_over_permutations_insert| OF f123]
unfolding sum_over_permutations_insert| OF 23]
unfolding permutes_sing
by (simp add: sign_swap_id permutation_swap_id sign_compose sign_id swap_id_eq)
qed

proposition det_orthogonal_matriz:
fixes Q:: 'a::linordered_idom"'n"'n
assumes 0@Q): orthogonal_matriz @
shows det ) = 1 V det Q = — 1
proof —
have @ *x transpose @) = mat 1
by (metis 0Q orthogonal_matriz_def)
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then have det (Q *x transpose Q) = det (mat 1:: 'a*'n"'n)
by simp
then have det Q) * det Q = 1
by (simp add: det-mul)
then show ?thesis
by (simp add: square_eq_1_iff)
qed

proposition orthogonal_transformation_det [simp]:
fixes [ :: real’'n = real'n
shows orthogonal_transformation f = |det (matriz f)| = 1
using det_orthogonal_matriz orthogonal_transformation_matriz by fastforce

1.10.4 Rotation, reflection, rotoinversion

definition rotation_matriz Q <— orthogonal_-matrix Q N det Q = 1
definition rotoinversion_matriz () <— orthogonal_matrix Q A det Q = — 1

lemma orthogonal_rotation_or_rotoinversion:
fixes Q :: ‘a::linordered_idom"'n"'n
shows orthogonal_matriz Q <— rotation_matriz @ V rotoinversion_matric @
by (metis rotoinversion_matriz_def rotation_matriz_def det_orthogonal_matrix)

Slightly stronger results giving rotation, but only in two or more dimensions

lemma rotation-matriz_exists_basis:
fixes a :: real'n
assumes 2: 2 < CARD('n) and norm a = 1
obtains A where rotation_matric A A xv (azisk 1) = a
proof —
obtain A where orthogonal_matriz A and A: A xv (azisk 1) = a
using orthogonal_matriz_exists_basis assms by metis
with orthogonal_rotation_or_rotoinversion
consider rotation_matriz A | rotoinversion_matriz A
by metis
then show thesis
proof cases
assume rotation_matriz A
then show ?thesis
using (A xv axis k 1 = a) that by auto
next
from ez_card[OF 2] obtain h i::'n where h # i
by (auto simp add: eval_-nat-numeral card_Suc_eq)
then obtain j where j # k
by (metis (full_types))
let ?TA = transpose A
let ?A = x i.if i = jthen — 1 xg (?TA $ i) else ?TA $i
assume rotoinversion-matriz A
then have [simp]: det A = —1
by (simp add: rotoinversion_matriz_def)
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show ?thesis
proof
have [simp]: row i (x . if t = jthen — 1 g ?TA $ i else ?TA $ i) = (if ¢
= j then — row i ?TA else row i ?TA) for i
by (auto simp: row_def)
have orthogonal_matriz ?A
unfolding orthogonal_matriz_orthonormal_rows
using (orthogonal_matriz A) by (auto simp: orthogonal_matriz_orthonormal_columns
orthogonal_clauses)
then show rotation_matriz (transpose ?A)
unfolding rotation_matriz_def
by (simp add: det_row_mul[of j - Xi. ?TA $ i, unfolded scalar-mult_eq_scaleR))
show transpose ?A *v axis k 1 = a
using j # k» A by (simp add: matriz_vector_column azis_def scalar_mult_eq_scaleR
if-distrib [of Az. z xg ¢ for | cong: if-cong)
qed
qed
qed

lemma rotation_exists_1:
fixes a :: real"'n
assumes 2 < CARD('n) norm a = 1 norm b = 1
obtains f where orthogonal_transformation f det(matriz f) = 1 fa = b
proof —
obtain k::'n where True
by simp
obtain A B where AB: rotation_matriz A rotation_matriz B
and eq: A xv (axisk 1) = a B xv (azisk 1) = b
using rotation_matriz_exists_basis assms by metis
let ?f = Az. (B *x transpose A) xv x
show thesis
proof
show orthogonal_transformation ?2f
using A B orthogonal_matriz_mul orthogonal_transformation_matriz rotation_matriz_def
matriz_vector_mul_linear by force
show det (matriz 7f) = 1
using AB by (auto simp: det_mul rotation-matriz_def)
show ?fa =0
using AB unfolding orthogonal_matriz_def rotation_matriz_def
by (metis eq matriz_mul_rid matriz_vector_mul_assoc)
qed
qed

lemma rotation_exists:

fixes a :: real”'n

assumes 2: 2 < CARD('n) and eq: norm a = norm b

obtains f where orthogonal_transformation f det(matriz f) = 1 fa = b
proof (cases a = 0 V b = 0)

case True
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with assms have a = 0b = 0
by auto
then show ?thesis
by (metis eq-id_iff matriz_id orthogonal_transformation_id that)
next
case Fulse
then obtain f where f: orthogonal_transformation f det (matriz f) = 1
and " f (a /gr norm a) = b /g norm b
using rotation_exists_1 [of a /r norm a b /g norm b, OF 2] by auto
then interpret linear f by (simp add: orthogonal_transformation)
have fa = b
using [’ False
by (simp add: eq scale)
with f show thesis ..
qed

lemma rotation_rightward_line:
fixes a :: real™'n
obtains f where orthogonal_transformation f 2 < CARD('n) = det(matriz f)
=1
f(norm a xg azisk 1) = a
proof (cases CARD('n) = 1)
case True
obtain f where orthogonal_transformation f f (norm a xgr axis k (1::real)) = a
proof (rule orthogonal_transformation_exists)
show norm (norm a *xg axis k (1::real)) = norm a
by simp
qged auto
then show thesis
using True that by auto
next
case Fulse
obtain f where orthogonal_transformation f det(matriz f) = 1 f (norm a xg
arisk 1) = a
proof (rule rotation_exists)
show 2 < CARD('n)
using Fualse one_le_card_finite [where ‘a='n| by linarith
show norm (norm a *xg axis k (1::real)) = norm a
by simp
qed auto
then show thesis
using that by blast
qed

end



Chapter 2

Topology

theory Elementary_Topology

imports
HOL- Library.Set_Idioms
HOL—- Library.Disjoint_Sets
Product_Vector

begin

2.1 Elementary Topology

Affine transformations of intervals

lemma real_affinity le: 0 < m = m*xz + ¢ < y +— = < inverse m *x y + —
(¢ / m)

for m :: 'a::linordered_field

by (simp add: field_simps)

lemma real_le_affinity: 0 < m = y < m * x + ¢ < inverse m x y + — (¢ /
m) <z

for m :: 'a::linordered_field

by (simp add: field_simps)

lemma real_affinity lt: 0 < m = m x . + ¢ < y +— z < inverse m * y + —
(¢ / m)

for m :: 'a::linordered_field

by (simp add: field_simps)

lemma real_lt_affinity: 0 < m = y < m x z + ¢ «— inverse m x y + — (¢ /
m) <z

for m :: 'a::linordered_field

by (simp add: field_simps)

lemma real_affinity_eq: m # 0 = m x x + ¢ = y +— x = inverse m * y + —

(¢ / m)

for m :: 'a:linordered_field

261
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by (simp add: field_simps)

lemma real_eq_affinity: m # 0 = y = m x z + ¢ <— inversem x y + — (¢ /
m) =z

for m :: 'a::linordered_field

by (simp add: field_simps)

2.1.1 Topological Basis

context topological_space
begin

definition topological_basis B +—
(VbeB. open b) A Vx. open z — (3B’. B'C B A|UB' = x))

lemma topological_basis:
topological_basis B <— (Vx. open © <— (3B’ B'C B A|JB' = 1z))
unfolding topological_basis_def
apply safe
apply fastforce

apply fastforce
apply (erule_tac z=x in allE, simp)

apply (rule_tac z={z} in exl, auto)
done

lemma topological_basis_iff :
assumes AB’. B’ € B = open B’
shows topological_basis B «— (¥ O'. open O’ — (Vx€O’. IB’eB. © € B’ A
B'C 0)
(is - «— ?rhs)
proof safe
fix O’ and z::'a
assume H: topological_basis B open O’ z € O’
then have (3B'CB. |JB' = 0') by (simp add: topological_basis_def)
then obtain B’ where B’ C B O’ = |J B’ by auto
then show 3B’eB. x € B’ A B’ C O’ using H by auto
next
assume H: ?rhs
show topological_basis B
using assms unfolding topological_basis_def
proof safe
fix O':: 'a set
assume open O’
with H obtain f where VzcO' fe e BAz € fz A fa C O’
by (force intro: bchoice simp: Bex_def)
then show 3B'CB. |JB' = O’
by (auto intro: exl[where z={fz |z. x € O'}])
qed
qed
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lemma topological_basisI:
assumes A\B’. B’ € B = open B’
and AO' z. open O' = z € O’ = IB’eB.z € B'ANB'C O’
shows topological_basis B
using assms by (subst topological_basis_iff ) auto

lemma topological_basisE:
fixes O’
assumes topological_basis B
and open O’
and z € O’
obtains B’ where B'c Bx ¢ B’ B’ C O’
proof atomize_elim
from assms have AB'. B'e B = open B’
by (simp add: topological_basis_def )
with topological_basis_iff assms
show 3B’ B'’e BANz € B'’NB’'C O
using assms by (simp add: Bex_def)
qed

lemma topological_basis_open:
assumes topological_basis B
and X € B
shows open X
using assms by (simp add: topological_basis_def)

lemma topological_basis_imp_subbasis:
assumes B: topological_basis B
shows open = generate_topology B
proof (intro ext iffI)
fix S :: 'a set
assume open S
with B obtain B’ where B'C B S = |JB’
unfolding topological_basis_def by blast
then show generate_topology B S
by (auto intro: generate_topology.intros dest: topological_basis_open)
next
fix S :: 'a set
assume generate_topology B S
then show open S
by induct (auto dest: topological_basis_open[OF B])
qed

lemma basis_dense:
fixes B :: 'a set set
and f :: ‘a set = 'a
assumes topological_basis B
and choosefrom_basis: N\B'. B’ # {} = fB' € B’
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shows VX. open X — X # {} — (3B’ € B. fB' € X)
proof (intro alll impl)

fix X :: 'a set

assume open X and X # {}

from topological_basisE[OF (topological_basis B) (open X) choosefrom_basis|OF
X £ ]

obtain B’ where B'e BfX € B'B'C X .

then show 3B’eB. fB' € X

by (auto intro!: choosefrom_basis)

qed

end

lemma topological_basis_prod:
assumes A: topological_basis A
and B: topological_basis B
shows topological_basis ((M(a, b). a x b) ‘(A x B))
unfolding topological_basis_def
proof (safe, simp_all del: ex_simps add: subset_image_iff ex_simps(1)[symmetric|)
fix S :: ("a x 'b) set
assume open S
then show 3XCA x B. (U(a,b)eX. a x b) =S
proof (safe introl: exI[of - {x€A x B. fst x x snd x C S}])
fix z y
assume (z, y) € S
from open_prod_elim[OF (open S) this]
obtain a b where a: open ax € a and b: open by € band a x b C §
by (metis mem_Sigma_iff)
moreover
from A a obtain A0 where A0 € Az € A0 A0 C a
by (rule topological_basisE)
moreover
from B b obtain B0 where B0 € By € B0 B0 C b
by (rule topological_basisE)
ultimately show (z, y) € (U(a, b)e{X € A x B. fst X x snd X C S}. a X
b)
by (intro UN_I[of (A0, BO)]) auto
qed auto
qed (metis A B topological_basis_open open_Times)

2.1.2 Countable Basis

locale countable_basis = topological_space p for p::'a set = bool +
fixes B :: 'a set set
assumes is_basis: topological_basis B
and countable_basis: countable B
begin

lemma open_countable_basis_ex:
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assumes p X

shows 3B’ C B. X = |JB’

using assms countable_basis is_basis
unfolding topological_basis_def by blast

lemma open_countable_basisE:
assumes p X
obtains B’ where B'C B X =B’
using assms open_countable_basis_ex
by atomize_elim simp

lemma countable_dense_exists:

3D:’a set. countable D AN (VX.p X — X #{} — (3d € D. d € X))
proof —

let ?f = (A\B'. SOME z. = € B’)

have countable (?f ‘ B) using countable_basis by simp

with basis_dense[OF is_basis, of ?f] show ?thesis

by (intro exI[where z=2f ¢ B]) (metis (mono_tags) all_not_in_conv imagel

somel )
qed

lemma countable_dense_setE:
obtains D :: 'a set
where countable D NX. p X = X #{} = 3Ide D.de X
using countable_dense_exists by blast

end

lemma countable_basis_openl: countable_basis open B
if countable B topological_basis B
using that
by unfold_locales
(simp_all add: topological_basis topological_space.topological_basis topological_space_axioms)

lemma (in first_countable_topology) first_countable_basisE:
fixes z :: 'a
obtains A where countable A NA. Ac A= 2z € ANA. A€ A= open A
NS. open S = 2z € § = (FJAcA. A CS)
proof —
obtain A where A: (Vi:nat. z € Ai A open (A i) (VS. open S Az €S —
(Fi. Ai C89))
using first_countable_basis[of x] by metis
show thesis
proof
show countable (range A)
by simp
ged (use A in auto)
qed
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lemma (in first_countable_topology) first_countable_basis_Int_stableE:
obtains A where countable A NA. Ac A=z ANA. Ac A= open A
NS. open S =z € § = (FAcA. A CYS)
NMB Aec A= Be A= ANBecA
proof atomize_elim
obtain B where B:
countable B
NB.Be B=z€B
NAB. B € B=> open B
AS. open S = 2z € S = IBeB.BC S
by (rule first_countable_basisE) blast
define A where [abs_def]:
A = (AN. N ((An. from_nat_into B n) * N))  (Collect finite::nat set set)
then show 3 A. countable AN (VA Ac A—zec A ANNA Ac A— open
A) A
(VS. open S — z€ S — (34cA. ACS) ANVNAB. Aec A— Be€
A— AN Be A
proof (safe intro!: exl[where z=A])
show countable A
unfolding A_def by (intro countable_image countable_Collect_finite)
fix A
assume 4 € A
then show z € A open A
using B(4)[OF open_UNIV] by (auto simp: A_def intro: B from_nat_into)
next
let %int = AN. () (from_nat_into B * N)
fix A B
assume A e ABe A
then obtain N M where A = %int N B = ?int M finite (N U M)
by (auto simp: A_def)
then show A N B e A
by (auto simp: A_def intro!: image_eql[where =N U M])
next
fix S
assume open Sz € S
then obtain a where a: a€B a C S using B by blast
then show JacA. a C S using a B
by (intro bexI[where z=a]) (auto simp: A_def intro: image_eql [where
z={to_nat_on B a}])
qed
qed

lemma (in topological_space) first_countablel:
assumes countable A
and 1: NA. Ae A=z ANA. A A= open A
and 2: AS. open S = z€ S = JAcA. ACS
shows 3 A::nat = 'a set. (Vi.z € Ai A open (A i) AN (VS. open S Az €S
— (3. A1 C09))
proof (safe introl: exI[of _ from_nat_into A])
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fix 1
have A # {} using 2[of UNIV| by auto
show = € from_nat_into A i open (from_nat_into A i)
using range_from_nat_into_subset[OF (A # {}] 1 by auto
next
fix S
assume open S €S from 2[OF this]
show i. from_nat_into A1 C S
using subset_range_from_nat_into[OF <countable A)] by auto
qed

instance prod :: (first_countable_topology, first_countable_topology) first_countable_topology
proof
fix z :: 'a x 'b
obtain A where A:
countable A
Na.a e A= fstz € a
Na. a € A= open a
NS. open S = fstz € § = JacA. a C S
by (rule first_countable_basisE|of fst x]) blast
obtain B where B:
countable B
Na.a € B= sndz € a
Na. a € B = open a
NS. open S = sndx € S = JacB. a C S
by (rule first_.countable_basisE|[of snd x]) blast
show JA::inat = (‘a x 'b) set.
(Vi.z e Ai A open (Ai)) AN(VS. open SAz €S — (Fi. Ai C89))
proof (rule first_countablel[of (A(a, b). a x b) ‘(A x B)], safe)
fix a b
assume z: a € A b€ B
show z € a X b
by (simp add: A(2) B(2) mem_Times_iff x)
show open (a x b)
by (simp add: A(3) B(3) open_Times x)
next
fix S
assume open St € S
then obtain a’ b’ where a'b":
by (rule open_prod_elim)
moreover
from a'b’ A(4)[of a') B(4)[of ']
obtain ¢ b where a € A a Ca’'bc BbCb'
by auto
ultimately
show Jae(A(a, b). a X b) ‘(A X B).aC S
by (auto intro!: bexI[of - a x b] bexl|of - a] bexI[of - b))
qed (simp add: A B)
qed

open a’ open b’z € a’ x b a’ x b'C S
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class second_countable_topology = topological_space +
assumes ex_countable_subbasis:
3 B::a set set. countable B A\ open = generate_topology B
begin

lemma ez_countable_basis: 3 B::'a set set. countable B A topological_basis B
proof —
from ex_countable_subbasis obtain B where B: countable B open = gener-
ate_topology B
by blast
let B = Inter ‘{b. finite b AN b C B }

show ?thesis
proof (intro exl conjl)
show countable ?B
by (intro countable_image countable_Collect_finite_subset B)
{
fix S
assume open S
then have 3 B'C{b. finite b AN b C B}. (JbeB'. Nb) =S
unfolding B
proof induct

case UNIV
show ?case by (intro exI[of - {{}}]) simp
next

case (Int a b)
then obtain z y where z: a = |J (Inter ‘z) A\i. i € t = finitei N i C B
and y: b = J(Inter ‘y) N\i. i € y = finitei N i C B
by blast
show ?Zcase
unfolding x y Int_UN_distrib2
by (intro exl[of - {i Uj| ij. i € x A j € y}]) (auto dest: z(2) y(2))
next
case (UN K)
then have VkeK. 3 B'C{b. finite b A b C B}. |J (Inter * B') = k by auto
then obtain k¥ where
VkaeK. k ka C {b. finite b AN b C B} A (Inter ‘ (k ka)) = ka
unfolding bchoice_iff ..
then show 3 B'C{b. finite b A b C B}. |J (Inter ‘B") =|JK
by (intro exl[of - | (k ¢ K)]) auto
next
case (Basis S)
then show ?case
by (intro exlof - {{S}}]) auto
qed
then have (3 B'Clnter ‘ {b. finite b N b C B}. UB' = 9)
unfolding subset_image_iff by blast }
then show topological_basis ?B
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unfolding topological_basis_def
by (safe intro!: open_Inter)
(simp_all add: B generate_topology.Basis subset_eq)
qed
qed

end

lemma univ_second_countable:
obtains B :: ‘a::second_countable_topology set set
where countable B NC. C € B = open C
NS . open S = JU. UCBAS=U
by (metis ex_countable_basis topological_basis_def)

proposition Lindelof:
fixes F :: 'a::second_countable_topology set set
assumes F: \S. S € F = open S
obtains 7' where 7' C F countable F' YF' = JF
proof —
obtain B :: ‘a set set
where countable B NC. C € B = open C
and B: \S. open S = 3U. UCBAS=UU
using univ_second_countable by blast
define D where D= {S. S e BA(SU. U FASCU)}
have countable D
apply (rule countable_subset [OF _ (countable B])
apply (force simp: D_def)
done
have AS.3U. Se€eD —UeFASCU
by (simp add: D_def)
then obtain G where G: A\S. S€D —GSeFASCGS
by metis
have YF C UD
unfolding D_def by (blast dest: F B)
moreover have (JD C JF
using D_def by blast
ultimately have eq1: UF = JD ..
have e¢2: UD =J (G ‘D)
using G eql by auto
show ?thesis
apply (rule_tac F' = G ‘D in that)
using G (countable D)
by (auto simp: eql eq2)
qed

lemma countable_disjoint_open_subsets:
fixes F :: ’a::second_countable_topology set set
assumes A\S. S € F = open S and pw: pairwise disjnt F
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shows countable F
proof —
obtain 7’ where 7' C F countable F'JF'=JF
by (meson assms Lindelof)
with pw have F C insert {} F’
by (fastforce simp add: pairwise_def disjnt_iff’)
then show %thesis
by (simp add: (countable F" countable_subset)
qed

sublocale second_countable_topology <
countable_basis open SOME B. countable B A topological_basis B
using somel_ex[OF ex_countable_basis]
by unfold_locales safe

instance prod :: (second_countable_topology, second_countable_topology) second_countable_topology
proof
obtain A :: 'a set set where countable A topological_basis A
using ex_countable_basis by auto
moreover
obtain B :: 'b set set where countable B topological_basis B
using ez_countable_basis by auto
ultimately show 3 B::('a x 'b) set set. countable B A open = generate_topology
B
by (auto introl: exI[of - (A(a, b). a X b) ‘(A x B)] topological_basis_prod
topological_basis_imp_subbasis)
qged

instance second_countable_topology C first_countable_topology
proof
fixz::'a
define B :: 'a set set where B = (SOME B. countable B A topological_basis B)
then have B: countable B topological_basis B
using countable_basis is_basis
by (auto simp: countable_basis is_basis)
then show 3 A::nat = 'a set.
(Vi.z € Ai Nopen (Ai)) AN(VS. open SAz €S — (Fi. Ai CJ9))
by (intro first_countablel[of {b€B. z € b}])
(fastforce simp: topological_space_class.topological_basis_def )+
qed

instance nat :: second_countable_topology
proof

show 3 B::nat set set. countable B N\ open = generate_topology B

by (intro exI|of _ range lessThan U range greaterThan]) (auto simp: open_nat_def )
qed

lemma countable_separating_set_linorder! :
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shows 3 B::(‘a::{linorder_topology, second_countable_topology} set). countable B
ANVzy. z<y— (3beB.z<bAb<y)
proof —
obtain A::'a set set where countable A topological_basis A using ex_countable_basis
by auto
define B! where Bl = {(LEAST z. z € U)| U. U € A}
then have countable BI using <countable A> by (simp add: Setcompr_eq_image)
define B2 where B2 = {(SOME z. z € U)| U. U € A}
then have countable B2 using <countable A> by (simp add: Setcompr_eq_image)
have b e BIUB2. 2 < bAb<yifz <yforay
proof (cases)
assume J3z. z < z Az < ¥y
then obtain z where z: z < z A z < y by auto
define U where U = {z<..<y}
then have open U by simp
moreover have z € U using z U_def by simp
ultimately obtain V where V€ A2 VV C U
using topological_basisE[OF <topological_basis A)] by auto
define w where w = (SOME z. z € V)
then have w € V using (z € V) by (metis somel2)
then have 2 < w A w < y using (w € V) «(V C Uy U_def by fastforce
moreover have w € Bl U B2 using w_def B2_def «(V € A) by auto
ultimately show ?thesis by auto
next
assume —(Jz. z < z A z < y)
then have *: \z. 2 > © = z > y by auto
define U where U = {z<..}
then have open U by simp
moreover have y € U using & < yp U.def by simp
ultimately obtain V where V¢ Ay e VV CU
using topological_basisE|OF' (topological_basis A>] by auto
have U = {y..} unfolding U_def using * x < y by auto
then have V C {y..} using «(V C U) by simp
then have (LEAST w. w € V) = y using <y € V) by (meson Least_equality
atLeast_iff subsetCFE)
then have y € B! U B2 using (V € Ay Bl_def by auto
moreover have z < y A y < y using ¢ < y by simp
ultimately show ?thesis by auto
qed
moreover have countable (B1 U B2) using (countable B1) (countable B2) by
s1mp
ultimately show ?thesis by auto
qed

lemma countable_separating_set_linorder2:
shows 3 B::('a::{linorder_topology, second_countable_topology} set). countable B
ANVzy z<y— 3beB x<bAb<y))
proof —
obtain A::'a set set where countable A topological_basis A using ex_countable_basis
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by auto
define B! where Bl = {(GREATEST z. x € U) | U. U € A}
then have countable BI using <countable A by (simp add: Setcompr_eq_image)
define B2 where B2 = {(SOME z. z € U)| U. U € A}
then have countable B2 using <countable A by (simp add: Setcompr_eq_image)
have b e BIUB2. s <bAb<yifz<yforzy
proof (cases)
assume 3z. z < 2 Az < y
then obtain z where 2: z < 2z A z < y by auto
define U where U = {z<..<y}
then have open U by simp
moreover have z € U using z U_def by simp
ultimately obtain V where V€ A2 VV C U
using topological_basisE|OF <topological_basis A)] by auto
define w where w = (SOME z. z € V)
then have w € V using z € V) by (metis somel2)
then have z < w A w < y using «w € V) «(V C U» U_def by fastforce
moreover have w € Bl U B2 using w_def B2_def <V € A) by auto
ultimately show ?thesis by auto
next
assume —(3z. z < 2z A z < y)
then have *: Az. z < y = 2z < z using lel by blast
define U where U = {..<y}
then have open U by simp
moreover have z € U using ¢ < 3 U_def by simp
ultimately obtain V where V€ Az e VV C U
using topological_basisE[OF <topological_basis A)] by auto
have U = {..z} unfolding U_def using * & < y by auto
then have V C {..z} using «V C U) by simp
then have (GREATEST z. x € V) = z using « € V) by (meson Great-
est_equality atMost_iff subsetCE)
then have x € B! U B2 using <V € A Bli_def by auto
moreover have z < z A z < y using (z < y by simp
ultimately show #thesis by auto
qed
moreover have countable (Bl U B2) using (countable B1) (countable B2) by
stmp
ultimately show ?thesis by auto
qed

lemma countable_separating_set_dense_linorder:
shows 3 B::('a::{linorder_topology, dense_linorder, second_countable_topology} set).
countable BN Vzy. 2 <y — (3beB. .z <bAb<y))
proof —
obtain B::'a set where B: countable B Az y. x <y = (3b € B.z <bA b
<)
using countable_separating_set_linorderl by auto
have dJbe Bz <bAb<yifz<yforay
proof —
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obtain z where z < z z < y using x < ¥ dense by blast
then obtain b where b € Bz < b A b < z using B(2) by auto
then have x < b A b < y using (z < y» by auto
then show ?thesis using (b € B) by auto
qed
then show ?thesis using B(1) by auto
qed

2.1.3 Polish spaces

Textbooks define Polish spaces as completely metrizable. We assume the
topology to be complete for a given metric.

class polish_space = complete_space + second_countable_topology

2.1.4 Limit Points

definition (in topological_space) islimpt:: 'a = 'a set = bool (infixr islimpt 60)
where z islimpt S +— VT. z€T — open T — (yeS. yeT A y#x))

lemma islimptl:
assumes A\T.2 € T = open T — JyeS. ye TNy #z
shows z islimpt S
using assms unfolding islimpt_def by auto

lemma islimptE:
assumes z islimpt S and z € T and open T
obtains y where y € Sand y € T and y # z
using assms unfolding islimpt_def by auto

lemma islimpt_iff-eventually: x islimpt S <— — eventually (Ay. y ¢ S) (at )
unfolding islimpt_def eventually_at_topological by auto

lemma islimpt_subset: x islimpt S — S C T — x islimpt T
unfolding islimpt_def by fast

lemma islimpt_UNIV_iff: x islimpt UNIV <— — open {z}
unfolding islimpt_def by (safe, fast, case_tac T = {z}, fast, fast)

lemma islimpt_punctured: z islimpt S = z islimpt (S—{z})
unfolding islimpt_def by blast

A perfect space has no isolated points.

lemma islimpt_UNIV [simp, intro]: x islimpt UNIV
for z :: 'a::perfect_space
unfolding islimpt_UNIV_iff by (rule not-open_singleton)

lemma closed_limpt: closed S +— (Vz. x islimpt S — z € S)
unfolding closed_def
apply (subst open_subopen)
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apply (simp add: islimpt_def subset_eq)
apply (metis ComplE Compll)
done

lemma islimpt_. EMPTY [simp]: — x islimpt {}
by (auto simp: islimpt_def)

lemma islimpt_Un: x islimpt (S U T) +— x islimpt S V z islimpt T
by (simp add: islimpt_iff-eventually eventually_conj_iff)

lemma islimpt_insert:
fixes = :: 'a::tl_space
shows z islimpt (insert a s) +— x islimpt s
proof
assume x: z islimpt (insert a s)
show z islimpt s
proof (rule islimptl)
fix t
assume {: z € ¢ open t
show Jyes. y e t ANy # x
proof (cases © = a)
case True
obtain y where y € insertasy €ty #
using * ¢t by (rule islimptE)
with (z = @) show ?thesis by auto
next
case Fulse
with ¢ have ¢t z € t — {a} open (t — {a})
by (simp_all add: open_Diff)
obtain y where y € insert asy € t — {a} y # z
using x t’ by (rule islimptFE)
then show ?thesis by auto
qed
qed
next
assume 2z islimpt s
then show z islimpt (insert a s)
by (rule islimpt_subset) auto
qed

lemma islimpt_finite:
fixes x :: 'a::tl_space
shows finite s = — z islimpt s
by (induct set: finite) (simp_all add: islimpt_insert)

lemma islimpt_Un_finite:
fixes z :: 'a::tl_space
shows finite s = x islimpt (s U t) +— z islimpt ¢
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by (simp add: islimpt_Un islimpt_finite)

lemma islimpt_eq_acc_point:
fixes | :: 'a :: t1_space
shows [ islimpt S «— (VY U. leU — open U — infinite (U N §))
proof (safe introl: islimptl)
fix U
assume [ islimpt S'1 € U open U finite (U N S)
then have [ islimpt S1 € (U — (U NS — {i})) open (U — (U NS — {l}))
by (auto intro: finite_imp_closed)
then show False
by (rule islimptE) auto
next
fix T
assume *: YV U. leU — open U — infinite (U N S) 1 € T open T
then have infinite (T N S — {I})
by auto
then have 3z. z € (T N S — {l})
unfolding ex_in_conv by (intro notl) simp
then show dyeS. y € T Ay #1
by auto
qed

lemma acc_point_range_imp_convergent_subsequence:
fixes [ :: 'a :: first_countable_topology
assumes [: VU. leU — open U — infinite (U N range f)
shows 3 rinat=nat. strictimono r A (f o r) —— 1
proof —
from countable_basis_at_decseq|of ]
obtain A where A:
Ni. open (A 1)
Ni.le A
NS. open S = 1 € § = eventually (Mi. A 1 C S) sequentially
by blast
define s where s ni = (SOME j. i < j A fj € A (Sucn)) for n i
{
fix ni
have infinite (A (Suc n) N range f — f{.. i})
using [ A by auto
then have 3z. 2 € A (Suc n) N range f — f4.. i}
unfolding ex_in_conv by (intro notl) simp
then have 3j. fj € A (Sucn) Aj ¢ {.. i}
by auto
then have Ja. i < a A fa € A (Suc n)
by (auto simp: not_le)
then have i < snif (sni) € A (Sucn)
unfolding s_def by (auto intro: somel2_ex)
}

note s = this
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define r where r = rec_nat (s 0 0) s
have strict_mono r
by (auto simp: r_def s strict_mono_Suc_iff )
moreover
have (An. f (rn)) —— 1
proof (rule topological_tendstol)
fix S
assume open S € S
with A(3) have eventually (Ai. A i C S) sequentially
by auto
moreover
{
fix 4
assume Suc 0 < i
then have f (ri) € A
by (cases ) (simp_all add: r_def s)
}

then have eventually (M\i. f (r i) € A i) sequentially
by (auto simp: eventually_sequentially)
ultimately show eventually (Ai. f (r i) € S) sequentially
by eventually_elim auto
qed
ultimately show 3 r:nat=-nat. strictmonor A (f or) —— 1
by (auto simp: convergent_def comp_def)
qed

lemma islimpt_range_imp_convergent_subsequence:
fixes | :: ‘a :: {t1_space, first_countable_topology}
assumes [: [ islimpt (range f)
shows I r:nat=nat. strict_mono r A (f o r) —— 1
using [ unfolding islimpt_eq_acc_point
by (rule acc_point_range_imp_convergent_subsequence)

lemma sequence_unique_limpt:
fixes f :: nat = 'a::t2_space
assumes (f —— 1) sequentially
and 1’ islimpt (range f)
shows [’ = |
proof (rule ccontr)
assume [’ # |
obtain s t where open s open tl' € sl etsnt={}
using hausdorff [OF <’ # D] by auto
have eventually (An. fn € t) sequentially
using assms(1) copen t) < € © by (rule topological_tendstoD)
then obtain N where Vn>N. fn €t
unfolding eventually_sequentially by auto

have UNIV = {.<N} U {N..}
by auto
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then have [’ islimpt (f * ({.<N} U {N..}))
using assms(2) by simp

then have [’ islimpt (f “{.<N} U f‘{N.})
by (simp add: image_Un)

then have [’ islimpt (f * {N..})
by (simp add: islimpt_Un_finite)

then obtain y where y € f ‘{N..} yesy # 1’
using (' € s (open ) by (rule islimptE)

then obtain n where N < nfne€sfn#1
by auto

with Vn>N. fn € t) have fne snNt
by simp

with s N ¢t = {}» show False
by simp

qed

2.1.5 Interior of a Set

definition interior :: (‘a::topological_space) set = 'a set where
interior S = J{T. open T AN T C S}

lemma interiorl [intro?):
assumes open Tand z € Tand T C §
shows z € interior S
using assms unfolding interior_def by fast

lemma interiorE [elim?):
assumes z € interior S
obtains T where open Tand ¢t € Tand T C S
using assms unfolding interior_def by fast

lemma open_interior [simp, intro|: open (interior S)
by (simp add: interior_def open_Union)

lemma interior_subset: interior S C S
by (auto simp: interior_def)

lemma interior_mazimal: T C S = open T = T C interior S
by (auto simp: interior_def)

lemma interior_open: open S — interior S = S
by (intro equalityl interior_subset interior_mazimal subset_refl)

lemma interior_eq: interior S = S +— open S
by (metis open_interior interior_open)

lemma open_subset_interior: open S — S C interior T +— S C T
by (metis interior_mazimal interior_subset subset_trans)
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lemma interior_empty [simp]: interior {} = {}
using open_empty by (rule interior_open)

lemma interior_-UNIV [simp]: interior UNIV = UNIV
using open_UNIV by (rule interior_open)

lemma interior_interior [simp|: interior (interior S) = interior S
using open_interior by (rule interior_open)

lemma interior-mono: S C T = interior S C interior T
by (auto simp: interior_def)

lemma interior_unique:
assumes T C § and open T
assumes AT T'C S = open T'= T'C T
shows interior S = T
by (intro equalityl assms interior_subset open_interior interior_mazximal)

lemma interior_singleton [simp]: interior {a} = {}
for a :: 'a::perfect_space
by (meson interior_eq interior_subset not_open_singleton subset_singletonD)

lemma interior_Int [simp]: interior (S N T) = interior S N interior T
by (meson Int_mono Int_subset_iff antisym_conv interior_maximal interior_subset
open_Int open_interior)

lemma eventually_nhds_in_nhd: x € interior s = eventually (\y. y € s) (nhds

z)

using interior_subset|of s] by (subst eventually_nhds) blast

lemma interior_limit_point [introl:
fixes z :: 'a::perfect_space
assumes z: x € interior S
shows z islimpt S
using z islimpt_ UNIV [of z]
unfolding interior_def islimpt_def
apply (clarsimp, rename_tac T T")
apply (drule_tac x=T N T’ in spec)
apply (auto simp: open_Int)
done

lemma interior_closed_Un_empty_interior:
assumes ¢S closed S
and iT: interior T = {}
shows interior (S U T) = interior S
proof
show interior S C interior (S U T)
by (rule interior_mono) (rule Un_upperl)
show interior (S U T) C interior S
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proof
fix z
assume z € interior (S U T)
then obtain R where open Rzt € RRC SU T ..
show z € interior S
proof (rule ccontr)
assume z ¢ interior S
with (x € R <open R) obtain y where y € R — S
unfolding interior_def by fast
from <open R) <closed S) have open (R — S)
by (rule open_Diff)
from(RC SUT>have R—-— SCT
by fast
from «(y € R — S <open (R — S) (R — S C T «nterior T = {}» show Fulse
unfolding interior_def by fast
qed
qed
qed

lemma interior_Times: interior (A X B) = interior A X interior B
proof (rule interior_unique)
show interior A x interior B C A x B
by (intro Sigma_mono interior_subset)
show open (interior A x interior B)
by (intro open_Times open_interior)
fix T
assume T C A x B and open T
then show T C interior A X interior B
proof safe
fix zy
assume (z, y) € T
then obtain C' D where open C open D C x D C Tx € Cy € D
using (open T) unfolding open_prod_def by fast
then have open C open D C CADC Bze CyeD
using (T' C A x B) by auto
then show z € interior A and y € interior B
by (auto intro: interiorl)
qed
qed

lemma interior_Ici:
fixes z :: 'a :: {dense_linorder linorder_topology}
assumes b < T
shows interior {z ..} = {z <..}
proof (rule interior_unique)
fix T
assume T C {z ..} open T
moreover have z ¢ T
proof
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assume z € T
obtain y where y < z {y <..2} C T
using open_left[OF (open T) «x € T) <b < o] by auto
with dense[OF (y < 2] obtain z where z € Tz < z
by (auto simp: subset_eq Ball_def)
with (T C {z ..}» show Fualse by auto
qed
ultimately show T C {z <..}
by (auto simp: subset_eq less_le)
qed auto

lemma interior_lic:
fixes z :: 'a ::{dense_linorder,linorder_topology }
assumes z < b
shows interior {.. z} = {.< z}
proof (rule interior_unique)
fix T
assume T C {.. z} open T
moreover have ¢ ¢ T
proof
assume z € T
obtain y where z < y {z .< y} C T
using open_right|OF open T) ¢ € T) x < b)) by auto
with dense[OF z < ] obtain z where z € Tz < z
by (auto simp: subset_eq Ball_def less_le)
with (T C {.. z}) show False by auto
qed
ultimately show T C {.< z}
by (auto simp: subset_eq less_le)
qed auto

lemma countable_disjoint_nonempty_interior_subsets:
fixes F :: 'a::second_countable_topology set set
assumes pw: pairwise disjnt F and int: \S. [S € F; interior S = {}] = S =
{}
shows countable F
proof (rule countable_image_inj_on)
have disjoint (interior ¢ F)
using pw by (simp add: disjoint_image_subset interior_subset)
then show countable (interior © F)
by (auto intro: countable_disjoint_open_subsets)
show inj_on interior F
using pw apply (clarsimp simp: inj_on_def pairwise_def)
apply (metis disjnt_def disjnt_subset! inf.orderE int interior_subset)
done
qed
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2.1.6 Closure of a Set

definition closure :: ('a::topological_space) set = 'a set where
closure S = S U {x . z islimpt S}

lemma interior_closure: interior S = — (closure (— S))
by (auto simp: interior_def closure_def islimpt_def)

lemma closure_interior: closure S = — interior (— S)
by (simp add: interior_closure)

lemma closed_closure[simp, intro]: closed (closure S)
by (simp add: closure_interior closed_Compl)

lemma closure_subset: S C closure S
by (simp add: closure_def)

lemma closure_hull: closure S = closed hull S
by (auto simp: hull_def closure_interior interior_def)

lemma closure_eq: closure S = S <— closed S
unfolding closure_hull using closed_Inter by (rule hull_eq)

lemma closure_closed [simp]: closed S = closure S = S
by (simp only: closure_eq)

lemma closure_closure [simp]: closure (closure S) = closure S
unfolding closure_hull by (rule hull_hull)

lemma closure_mono: S C T — closure S C closure T
unfolding closure_hull by (rule hull_mono)

lemma closure_minimal: S C T = closed T = closure S C T
unfolding closure_hull by (rule hull_minimal)

lemma closure_unique:
assumes S C T
and closed T
and AT. SCT'= closed T'"—= T C T’
shows closure S = T
using assms unfolding closure_hull by (rule hull_unique)

lemma closure_empty [simp]: closure {} = {}
using closed_empty by (rule closure_closed)

lemma closure_.UNIV [simp]: closure UNIV = UNIV
using closed_UNIV by (rule closure_closed)

lemma closure_Un [simp]: closure (S U T) = closure S U closure T
by (simp add: closure_interior)
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lemma closure_eq_empty [iff]: closure S = {} +— S = {}
using closure_empty closure_subset|of S| by blast

lemma closure_subset_eq: closure S C S +— closed S
using closure_eq[of S| closure_subset[of S| by simp

lemma open_Int_closure_eq_empty: open S = (S N closure T) = {} +— SN T
={}

using open_subset_interior[of S — T]

using interior_subset[of — T]

by (auto simp: closure_interior)

lemma open_Int_closure_subset: open S => S N closure T C closure (S N T)
proof
fix x
assume x: open Sz € S N closure T
have z islimpt (S N T) if *%: z islimpt T
proof (rule islimptl)
fix A
assume z € A open A
with * have z € A N S open (AN S)
by (simp_all add: open_Int)
with #* obtain y where y €¢ Ty ANSy # =z
by (rule islimptE)
then have ye SN Tye ANy #x
by simp_all
then show Jye(SNT).ye ANy #zx..
qed
with * show z € closure (S N T)
unfolding closure_def by blast
qed

lemma closure_complement: closure (— S) = — interior S
by (simp add: closure_interior)

lemma interior_complement: interior (— S) = — closure S
by (simp add: closure_interior)

lemma interior_diff : interior(S — T) = interior S — closure T
by (simp add: Diff-eq interior_complement)

lemma closure_Times: closure (A X B) = closure A x closure B
proof (rule closure_unique)
show A x B C closure A x closure B
by (intro Sigma-mono closure_subset)
show closed (closure A x closure B)

by (intro closed_Times closed_closure)
fix T



Elementary_Topology.thy 283

assume A x B C T and closed T

then show closure A x closure B C T
apply (simp add: closed_def open_prod_def, clarify)
apply (rule ccontr)
apply (drule_tac z=(a, b) in bspec, simp, clarify, rename_tac C D)
apply (simp add: closure_interior interior_def )
apply (drule_tac z=C in spec)
apply (drule_tac z=D in spec, auto)
done

qed

lemma closure_open_Int_superset:
assumes open S S C closure T
shows closure(S N T) = closure S
proof —
have closure S C closure(S N T)
by (metis assms closed_closure closure_minimal inf.orderE open_Int_closure_subset)
then show ?thesis
by (simp add: closure_mono dual_order.antisym)
qed

lemma closure_Int: closure (1) < [{closure S |S. S € I}
proof —
{
fix y
assume y € (]
then have y: VS € I. y € S by auto
{
fix S
assume S € [
then have y € closure S
using closure_subset y by auto
}

then have y € ({closure S |S. S € I}
by auto
}

then have (I C ({closure S |S. S € I}
by auto
moreover have closed ((){closure S |S. S € I})
unfolding closed_Inter closed_closure by auto
ultimately show ?thesis using closure_hull[of (1]
hull_minimal[of (I ({closure S |S. S € I} closed] by auto
qed

lemma islimpt_in_closure: (z islimpt S) = (z€closure(S—{z}))
unfolding closure_def using islimpt_punctured by blast

lemma connected_imp_connected_closure: connected S = connected (closure S)
by (rule connectedl) (meson closure_subset open_Int open_Int_closure_eq_empty
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subset_trans connectedD)

lemma bdd_below_closure:
fixes A :: real set
assumes bdd_below A
shows bdd_below (closure A)
proof —
from assms obtain m where A\z. z € A —= m <z
by (auto simp: bdd_below_def)
then have A C {m..} by auto
then have closure A C {m..}
using closed_real_atLeast by (rule closure_minimal)
then show %thesis
by (auto simp: bdd_below_def)
qed

2.1.7 Frontier (also known as boundary)

definition frontier :: ('a::topological_space) set = 'a set where
frontier S = closure S — interior S

lemma frontier_closed [iff]: closed (frontier S)
by (simp add: frontier_def closed_Diff)

lemma frontier_closures: frontier S = closure S N closure (— S)
by (auto simp: frontier_def interior_closure)

lemma frontier_Int: frontier(S N T) = closure(S N T) N (frontier S U frontier
7)
proof —
have closure (S N T) C closure S closure (S N T) C closure T
by (simp_all add: closure_mono)
then show ?thesis
by (auto simp: frontier_closures)
qed

lemma frontier_Int_subset: frontier(S N T) C frontier S U frontier T
by (auto simp: frontier_Int)

lemma frontier_Int_closed:
assumes closed S closed T
shows frontier(S N T) = (frontier S N T) U (S N frontier T)
proof —
have closure (SN T)=TnNS
using assms by (simp add: Int_commute closed_Int)
moreover have T N (closure S N closure (— S)) = frontier SN T
by (simp add: Int_commute frontier_closures)
ultimately show ?thesis
by (simp add: Int_Un_distrib Int_assoc Int_left_commute assms frontier_closures)
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qged

lemma frontier_subset_closed: closed S = frontier S C S
by (metis frontier_def closure_closed Diff-subset)

lemma frontier_empty [simp]: frontier {} = {}
by (simp add: frontier_def)

lemma frontier_subset_eq: frontier S C S <— closed S
proof —
{
assume frontier S C S
then have closure S C S
using interior_subset unfolding frontier_def by auto
then have closed S
using closure_subset_eq by auto
}

then show ?thesis using frontier_subset_closed[of S| ..
qed

lemma frontier_complement [simp]: frontier (— S) = frontier S
by (auto simp: frontier_def closure_complement interior_complement)

lemma frontier_Un_subset: frontier(S U T) C frontier S U frontier T
by (metis compl_sup frontier_Int_subset frontier_complement)

lemma frontier_disjoint_eq: frontier S N S = {} +— open S
using frontier_complement frontier_subset_eq[of — 5]
unfolding open_closed by auto

lemma frontier-UNIV [simp]: frontier UNIV = {}
using frontier_complement frontier_empty by fastforce

lemma frontier_interiors: frontier s = — interior(s) — interior(—s)
by (simp add: Int_commute frontier_def interior_closure)

lemma frontier_interior_subset: frontier(interior S) C frontier S
by (simp add: Diff-mono frontier_interiors interior_-mono interior_subset)

lemma closure_Un_frontier: closure S = S U frontier S
proof —
have S U interior S = S
using interior_subset by auto
then show ?thesis
using closure_subset by (auto simp: frontier_def)
qed
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2.1.8 Filters and the “eventually true” quantifier

Identify Trivial limits, where we can’t approach arbitrarily closely.

lemma trivial_limit_within: trivial_limit (at a within S) «— — a islimpt S
proof
assume trivial_limit (at a within S)
then show — a islimpt S
unfolding trivial_limit_def
unfolding eventually_at_topological
unfolding islimpt_def
apply (clarsimp simp add: set_eq_iff)
apply (rename_tac T, rule_tac z=T in exl)
apply (clarsimp, drule_tac x=y in bspec, simp_all)
done
next
assume — a islimpt S
then show trivial_limit (at a within S)
unfolding trivial_limit_def eventually_at_topological islimpt_def
by metis
qed

lemma trivial_limit_at_iff: trivial_-limit (at a) <— - a islimpt UNIV
using trivial_limit_within [of a UNIV| by simp

lemma trivial_limit_at: — triviel_limit (at a)
for a :: 'a:perfect_space
by (rule at-neq_-bot)

lemma not_trivial_limit_within: — trivial_limit (at © within S) = (z € closure (S

—{z}))

using islimpt_in_closure by (metis trivial_limit_within)

lemma not_in_closure_trivial_limsitl:
x ¢ closure s = trivial_limit (at x within s)
using not_trivial_limit_within[of x s]
by safe (metis Diff_empty Diff-insert0 closure_subset contra_subsetD)

lemma filterlim_at_within_closure_implies_filterlim: filterlim f 1 (at x within s)

if x € closure s = filterlim f 1 (at © within s)

by (metis bot.extremum filterlim_filtercomap filterlim_mono not_in_closure_trivial_limit]
that)

lemma at_within_eq_bot_iff: at ¢ within A = bot <— ¢ ¢ closure (A — {c})
using not_trivial_limit_within[of ¢ A] by blast

Some property holds ”sufficiently close” to the limit point.

lemma trivial_limit_eventually: trivial_limit net = eventually P net
by simp
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lemma trivial_limit_eq: trivial_limit net «— (V P. eventually P net)
by (simp add: filter_eq_iff)

lemma Lim_topological:
(f ——= 1) net +—
trivial_-limit net V (VS. open S — | € § — eventually (A\z. fz € S) net)
unfolding tendsto_def trivial_limit_eq by auto

lemma eventually_within_Un:
eventually P (at © within (s U t)) +—
eventually P (at x within s) N eventually P (at x within t)
unfolding eventually_at_filter
by (auto elim!: eventually_rev_mp)

lemma Lim_within_union:

(f —— 1) (at z within (s U 1)) +—
(f —— 1) (at z within s) A (f —— 1) (at x within t)
unfolding tendsto_def

by (auto simp: eventually_within_Un)

2.1.9 Limits

The expected monotonicity property.

lemma Lim_Un:
assumes (f —— 1) (at z within S) (f —— 1) (at z within T)
shows (f —— 1) (at x within (S U T))
using assms unfolding at_within_union by (rule filterlim_sup)

lemma Lim_Un_univ:
(f — 1) (at z within S) = (f —— 1) (at z within T) =
SUT=UNV = (f — 1) (at z)
by (metis Lim_Un)

Interrelations between restricted and unrestricted limits.

lemma Lim_at_imp_Lim_at_within: (f —— 1) (at z) = (f —— 1) (at = within
5)
by (metis order_refl filterlim_mono subset_UNIV at_le)

lemma eventually_ within_interior:
assumes z € interior S
shows eventually P (at x within S) +— eventually P (at x)
(is ?lhs = ?rhs)
proof
from assms obtain T where T: open Tx € TT C § ..
{
assume ?lhs
then obtain A where open A and z € AandVyeAd. y Az —y € S —
Py
by (auto simp: eventually_at_topological)


Elementary{_}{\kern 0pt}Topology.html

288

with 7 have open (AN T)andz € AN TandVye ANT.y#xz— Py
by auto

then show ?rhs
by (auto simp: eventually_at_topological)

next

assume ?rhs

then show ?lhs
by (auto elim: eventually_mono simp: eventually_at_filter)

}
qed

lemma at_within_interior: z € interior S = at x within S = at
unfolding filter_eq_iff by (intro alll eventually_ within_interior)

lemma Lim_within_ LIMSEQ:

fixes a :: 'a::first_countable_topology

assumes VS. (Vn. Sn#aASneT)ANS —— a— (An. X (Sn)) ——
L

shows (X —— L) (at a within T)

using assms unfolding tendsto_def [where [=1]

by (simp add: sequentially_imp_eventually_within)

lemma Lim_right_bound:
fixes [ :: 'a :: {linorder_topology, conditionally_complete_linorder, no_top} =
'b::{linorder_topology, conditionally_complete_linorder}
assumes mono: Nab.a €l —=bel =2<a=a<b= fa<fb
and bnd: Aa. a el =z <a= K < fa
shows (f —— Inf (f ‘ ({z<..} N 1I))) (at z within ({z<..} N I))
proof (cases {z<.} NI ={})
case True
then show ?thesis by simp
next
case Fulse
show ?thesis
proof (rule order_tendstol)
fix a
assume a: a < Inf (f * ({z<..} N I))
{
fix y
assume y € {z<..} N T
with False bnd have Inf (f * {z<.} N I)) < fy
by (auto intro!: cInf-lower bdd_belowI2)
with ¢ have a < fy
by (blast intro: less_le_trans)
}
then show eventually (A\z. a < fz) (at z within ({z<..} N I))
by (auto simp: eventually_at_filter intro: exI[of - 1] zero_less_one)
next
fix a
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assume Inf (f ‘ {z<.}NI)) < a
from cInf lessD[OF _ this] False obtain y where y: z < yy e Ify <a
by auto
then have eventually (A\z. v € I — fx < a) (at_right )
unfolding eventually_at_right[OF x < y] by (metis less_imp_le le_less_trans
mono)
then show eventually (Az. fz < a) (at z within ({z<..} N I))
unfolding eventually_at_filter by eventually_elim simp
qed
qed

lemma islimpt_sequential:
fixes z :: 'a:first_countable_topology
shows z islimpt S «— (3f. (Vnunat. fn €S — {z}) A (f —— z) sequentially)
(is ?lhs = ?rhs)
proof
assume ?lhs
from countable_basis_at_decseq[of x] obtain A where A:
Ni. open (A 1)
Ni.z e A
AS. open S = z € § = eventually (Ai. A i C S) sequentially
by blast
define f where fn = (SOMEy. y € SAy € An Az #y)forn
{
fix n
from (?lhs) have dy. y e SAy e AnANz #y
unfolding islimpt_def using A(1,2)[of n] by auto
then have fn e SAfne AnAz #fn
unfolding f def by (rule somel_ex)
then have fn € Sfn € Anax # fn by auto

then have Vn. fn € S — {z} by auto
moreover have (An. fn) ——
proof (rule topological_tendstol)
fix S
assume open Sz € S
from A(3)[OF this] <An. fn € A w
show eventually (M\z. fz € S) sequentially
by (auto elim!: eventually-mono)
qed
ultimately show ¢rhs by fast
next
assume ?rhs
then obtain f :: nat = ‘a where f: An. fn € S — {z} and lim: f —— =z
by auto
show ?lhs
unfolding islimpt_def
proof safe
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fix T
assume open T'x € T
from lim[THEN topological_tendstoD, OF this] f
show JyeS. y e TNy # =z
unfolding eventually_sequentially by auto
qed
qed

These are special for limits out of the same topological space.

lemma Lim_within_id: (id —— a) (at a within s)
unfolding id_def by (rule tendsto_ident_at)

lemma Lim_at_id: (id —— a) (at a)
unfolding id_def by (rule tendsto_ident_at)

It’s also sometimes useful to extract the limit point from the filter.

abbreviation netlimit :: 'a::t2_space filter = 'a
where netlimit F = Lim F (Az. z)

lemma netlimit_at [simp]:
fixes a :: 'a:{perfect_space,t2_space}
shows netlimit (at a) = a
using Lim_ident_at [of a UNIV] by simp

lemma lim_within_interior:
z € interior S = (f —— 1) (at z within S) <— (f —— 1) (at 1)
by (metis at_within_interior)

lemma netlimit_within_interior:
fixes z :: 'a::{t2_space,perfect_space}
assumes z € interior S
shows netlimit (at x within S) =
using assms by (metis at_within_interior netlimit_at)

Useful lemmas on closure and set of possible sequential limits.

lemma closure_sequential:
fixes [ :: 'a:first_countable_topology
shows [ € closure S «— (3z. (Vn.zn € S) A (x —— 1) sequentially)
(is ?lhs = 2rhs)
proof
assume ?lhs
moreover
{
assume [ € §
then have ?rhs using tendsto_const|[of | sequentially] by auto

}

moreover

{

assume [ islimpt S
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then have ?rhs unfolding islimpt_sequential by auto
}
ultimately show ?rhs
unfolding closure_def by auto
next
assume ?rhs
then show ?lhs unfolding closure_def islimpt_sequential by auto
qed

lemma closed_sequential_limits:

fixes S :: 'a::first_countable_topology set

shows closed S +— (Vzl. (Vn.zn € S) A (x —— 1) sequentially — 1 € 5)
by (metis closure_sequential closure_subset_eq subset_iff)

lemma tendsto_If within_closures:
assumes f: z € s U (closure s N closure t) =
(f —— L) (at z within s U (closure s N closure t))
assumes ¢: x € t U (closure s N closure t) =
(g —— 1 z) (at z within t U (closure s N closure t))
assumes r € s U ¢
shows ((Az. if x € s then fx else g ) —— l z) (at x within s U t)
proof —
have x: (sUt)N{z.z€s}=s(sUt)N{z.z ¢ st =1t—s
by auto
have (f —— [ z) (at x within s)
by (rule filterlim_at_within_closure_implies_filterlim)
(use «x € O in (auto simp: inf-commute closure_def intro: tendsto_within_subset[ OF
)
moreover
have (9 —— [l z) (at z within t — s)
by (rule filterlim_at_within_closure_implies_filterlim)
(use (x € 2 in
(auto introl: tendsto_within_subset| OF g| simp: closure_def intro: islimpt_subset))
ultimately show %thesis
by (intro filterlim_at_within_If ) (simp_all only: *)
qed

2.1.10 Compactness

lemma brouwer_compactness_lemma:
fixes [ :: 'a::topological_space = 'b::real_normed_vector
assumes compact s
and continuous_on s f
and - (zes. fz = 0)
obtains d where 0 < d and Vz€s. d < norm (f z)
proof (cases s = {})
case True
show thesis
by (rule that [of 1]) (auto simp: True)
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next
case False
have continuous_on s (norm o f)
by (rule continuous_intros continuous_on-norm assms(2))+
with False obtain z where z: © € s Vy€s. (norm o f) z < (norm o f) y
using continuous_attains_inf[OF assms(1), of norm o f]
unfolding o_def
by auto
have (norm o f) x > 0
using assms(3) and z(1)
by auto
then show %thesis
by (rule that) (insert z(2), auto simp: o_def)
qed

Bolzano-Weierstrass property

proposition Heine_Borel_imp_Bolzano_Weierstrass:
assumes compact $
and infinite t
and t C s
shows Jz € s. z islimpt t
proof (rule ccontr)
assume — (3z € s. z islimpt t)
then obtain f where f: Vz€s. z € fa A open (fz) AN (VyEt. y € fz — y =
7)
unfolding islimpt_def
using bchoicelof s A x T.x € T AN open T AN (Vyet. y € T — y = 1))
by auto
obtain g where g: ¢ C {¢t. 3z. z € s At = fa} finitegs C Ug
using assms(1)[unfolded compact_eq_Heine_Borel, THEN spec[where z={t.
dz. ze€s At = fal}]]
using [ by auto
from ¢(1,3) have g"Vzeg. Jza € s. z = fxa
by auto
{
fix zy
assume z € tyectfr=Ffy
then have z € fz y € fo — y =2
using f[THEN bspec[where z=z]] and ¢ C s by auto
then have z = y
using fz = [y and f[THEN bspeclwhere z=y|] and <y € ©) and ¢ C &
by auto
}
then have inj_on ft
unfolding inj_on_def by simp
then have infinite (f ‘ t)
using assms(2) using finite_imageD by auto
moreover
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fix z

assume z € t fx ¢ g

from ¢(3) assms(3) @ € t) obtain h where h € g and z € h
by auto

then obtain y where y € sh = fy
using ¢'[THEN bspeclwhere z=h]] by auto

then have y = z
using f[THEN bspec[where z=y]] and €t and x€h [unfolded h = f ]
by auto

then have Fulse
using «fz ¢ ¢ <h € ¢ unfolding b = f
by auto

then have f ‘t C g by auto
ultimately show Fulse
using ¢(2) using finite_subset by auto
qed

lemma sequence_infinite_lemma:
fixes [ :: nat = 'a::t1_space
assumes Vn. fn # [
and (f —— 1) sequentially
shows infinite (range f)
proof
assume finite (range f)
then have [ ¢ range f A closed (range f)
using (finite (range f)) assms(1) finite_imp_closed by blast
then have eventually (An. fn € — range f) sequentially
by (metis Compl_iff assms(2) open_Compl topological_tendstoD)
then show Fulse
unfolding eventually_sequentially by auto
qged

lemma Bolzano_Weierstrass_imp_closed:
fixes s :: 'a::{first_countable_topology,t2_space} set
assumes V¢. infinite t ANt C s ——> (Fz € s. x islimpt t)
shows closed s
proof —
{
fix z 1
assume as: Vnunat. xn € s (x —— 1) sequentially
then have | € s
proof (cases Vn. zn # 1)
case Fulse
then show /s using as(1) by auto
next
case True note cas = this
with as(2) have infinite (range x)
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using sequence_infinite_lemmalof z I] by auto
then obtain [’ where [l’es I’ islimpt (range z)
using assms[THEN spec[where z=range ]| as(1) by auto
then show [€s using sequence_unique_limpt[of z 1 1]
using as cas by auto
qed
}
then show ?thesis
unfolding closed_sequential_limits by fast
qed

lemma closure_insert:
fixes = :: 'a::tl_space
shows closure (insert x s) = insert x (closure s)
apply (rule closure_unique)
apply (rule insert_mono [OF closure_subset])
apply (rule closed_insert [OF closed_closure])
apply (simp add: closure_minimal)
done

In particular, some common special cases.

lemma compact-Un [intro]:
assumes compact §
and compact t
shows compact (s U t)
proof (rule compactl)
fix f
assume *: Ball f open s Ut C |Jf
from x (compact s» obtain s’ where s’ C f A finite s’ A s C |Js’
unfolding compact_eq_Heine_Borel by (auto elim!: allE]of _ f])
moreover
from * (compact t) obtain t’ where t' C f A finite t' At C |Jt'
unfolding compact_eq_Heine_Borel by (auto elim!: allE]of  f])
ultimately show 3f'Cf. finite f' A s Ut C |Jf’
by (auto introl: exI[of - s' U t])
qed

lemma compact-Union [intro]: finite S = (AT. T € S = compact T) =
compact (|JS)
by (induct set: finite) auto

lemma compact-UN [intro]:
finite A = (A\z. v € A = compact (B z)) = compact (Jz€A. B x)
by (rule compact_-Union) auto

lemma closed_Int_compact [intro]:
assumes closed s
and compact t
shows compact (s N t)
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using compact_Int_closed [of t s] assms
by (simp add: Int_commute)

lemma compact_Int [intro]:
fixes st :: 'a :: t2_space set
assumes compact s
and compact t
shows compact (s N t)
using assms by (intro compact_Int_closed compact_imp_closed)

lemma compact_sing [simp]: compact {a}
unfolding compact_eq_Heine_Borel by auto

lemma compact_insert [simp]:
assumes compact s
shows compact (insert x s)
proof —
have compact ({z} U s)
using compact_sing assms by (rule compact_Un)
then show ?thesis by simp
qed

lemma finite_imp_compact: finite s = compact s
by (induct set: finite) simp_all

lemma open_delete:
fixes s :: 'a::tl_space set
shows open s = open (s — {z})
by (simp add: open_Diff)

Compactness expressed with filters

lemma closure_iff nhds_not_empty:
z € closure X «— (VA.VSCA. open S — 2z € S — X NA#{})
proof safe
assume z: ¥ € closure X
fix S A
assume open Sz € SX NA={}SCA
then have z ¢ closure (—S)
by (auto simp: closure_complement subset_eq[symmetric| intro: interiorl)
with z have z € closure X — closure (—5S)
by auto
also have ... C closure (X N 9)
using (open S) open_Int_closure_subset[of S X] by (simp add: closed_Compl
ac_simps)
finally have X N S # {} by auto
then show False using (X N A = {}h S C A by auto
next
assume VA S. SCA— openS —z €S —XNA#{}
from this|[THEN spec, of — X, THEN spec, of — closure X|
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show z € closure X
by (simp add: closure_subset open_Compl)
qed

lemma compact_filter:

compact U «— (VF. F # bot — eventually (Az. x € U) F — (3z€U. inf
(nhds z) F # bot))
proof (intro alll iffT impl compact_fip] THEN iffD2] notl)

fix F

assume compact U

assume F: F # bot eventually (A\x. x € U) F

then have U # {}

by (auto simp: eventually_False)

define Z where Z = closure ‘ {A. eventually (A\z. z € A) F'}
then have Vz€Z. closed z
by auto
moreover
have ev_Z: \z. z € Z = eventually (A\z. z € z) F
unfolding Z_def by (auto elim: eventually-mono intro: subsetD[OF closure_subset])
have (VB C Z. finite B— U N (B # {})
proof (intro alll impl)
fix B assume finite BB C Z
with (finite B) ev_Z F(2) have eventually (Az. z € U N ((B)) F
by (auto simp: eventually_ball_finite_distrib eventually_conj_iff )
with F show U NN B # {}
by (intro notl) (simp add: eventually_False)
qed
ultimately have U N (Z # {}
using (compact U) unfolding compact_fip by blast
then obtain z where x € Uand z: A\z. 2 € Z = z € 2
by auto

have AP. eventually P (inf (nhds z) F) = P # bot
unfolding cventually_inf eventually_nhds
proof safe
fix PQRS
assume eventually R F open Sz € S
with open_Int_closure_eq_empty[of S {z. R z}] z[of closure {x. R x}]
have S N {z. R z} # {} by (auto simp: Z_def)
moreover assume Ball S Q Vz. Qz AN Rz — bot x
ultimately show False by (auto simp: set_eq_iff )
qed
with « € U) show Jz€U. inf (nhds x) F # bot
by (metis eventually_bot)
next
fix A
assume A: Va€A. closed a VBCA. finite B— UNNOBA{} UnNnNA={}
define F' where F = (INF a€insert U A. principal a)
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have F # bot
unfolding F_def
proof (rule INF_filter_not_bot)
fix X
assume X: X C insert U A finite X
with A(2)[THEN spec, of X — {U}] have U N (X — {U}) # {}
by auto
with X show (INF a€X. principal a) # bot
by (auto simp: INF_principal_finite principal_eq-bot_iff)
qed
moreover
have F < principal U
unfolding F_def by auto
then have eventually (\z. z € U) F
by (auto simp: le_filter_def eventually_principal)
moreover
assume V F. F # bot — eventually (A\z. © € U) F — (Fz€U. inf (nhds )
F # bot)
ultimately obtain z where z € U and z: inf (nhds z) F # bot
by auto

{ fix V assume V € A
then have F' < principal V
unfolding F_def by (intro INF_lower2[of V]) auto
then have V: eventually (A\z. z € V) F
by (auto simp: le_filter_def eventually_principal)
have z € closure V
unfolding closure_iff nhds_not_empty
proof (intro impl alll)
fix S A
assume open Sz € SS C A
then have eventually (A\xz. x € A) (nhds )
by (auto simp: eventually_nhds)
with V have eventually (Az. z € V N A) (inf (nhds x) F)
by (auto simp: eventually_inf)
with z show V N 4 # {}
by (auto simp del: Int_iff simp add: trivial_limit_def)
qed
then have z € V
using «(V € Ay A(1) by simp
}

with z€U) have 2 € U N (A4 by auto
with «U N A = {}> show Fulse by auto
qed

definition countably_compact :: ('a::topological_space) set = bool where
countably_compact U +—
(VA. countable A — (VY a€A. open a) — U C|JA
— (3TCA. finite TAU CUT))
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lemma countably_compactE:
assumes countably_compact s and Vt€C. open t and s C |J C countable C
obtains C’ where C’ C C and finite C'and s C | C’
using assms unfolding countably_compact_def by metis

lemma countably_compactI:

assumes A\C.VteC. opent = s C |J C = countable C = (3 C'CC. finite
C'AnsClC)

shows countably_compact s

using assms unfolding countably_compact_def by metis

lemma compact_imp_countably_compact: compact U = countably_compact U
by (auto simp: compact_eq_Heine_Borel countably_compact_def)

lemma countably_compact_imp_compact:
assumes countably_compact U
and ccover: countable B Y beB. open b
and basis: N\Tz. open T —= 2 € T—=zc U= JbeB.zcbAbNUC
T
shows compact U
using (countably_compact U)
unfolding compact_eq_Heine_Borel countably_compact_def
proof safe
fix A
assume A: Va€A. opena U C|JA
assume *: V A. countable A — (Va€A. open a) — U C |JA — (I TCA.
finite TANUCUT)
moreover define C where C' = {bcB. JacA. bN U C a}
ultimately have countable C' 'V a€C. open a
unfolding C_def using ccover by auto
moreover
have JAN U CC
proof safe
fix z a
assume z € Uz €aa € A
with basis[of a ] A obtain b where b€ Bz € bbN U Ca
by blast
with (@ € A show z € Y C
unfolding C_def by auto
qed
then have U C |J C using U C |J 4> by auto
ultimately obtain T where T: TCC finite TU C T
using * by metis
then have VicT. JacA. t N U C a
by (auto simp: C_def)
then obtain f where VicT. ft c ANtNUCft
unfolding bchoice_iff Bex_def ..
with T show 3 TCA. finite TANU CUT
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unfolding C_def by (intro exI[of - f*T]) fastforce
qed

proposition countably_compact_imp_compact_second_countable:
countably_compact U => compact (U :: 'a :: second_countable_topology set)
proof (rule countably_compact_imp_compact)
fix Tand z :: 'a
assume open T'x € T
from topological_basisE|OF is_basis this] obtain b where
b € (SOME B. countable B N topological_basis B) x € bb C T .
then show 3b€SOME B. countable B A topological_basis B. x € b A b N U C
T
by blast

qged (insert countable_basis topological_basis_open|OF is_basis|, auto)

lemma countably_compact_eq_compact:

countably_compact U <— compact (U :: 'a :: second_countable_topology set)

using countably_compact_imp_compact_second_countable compact_imp_countably_compact
by blast

Sequential compactness

definition seq_compact :: 'a::topological_space set = bool where
seq_compact S +—
Vf. (Vn. fnes)
— (31eS. Irunat=nat. strictemono r A ((f o r) —— 1) sequentially))

lemma seq_compactl:

assumes Af. Vn. fn € S = 3J1eS. Irunat=nat. strict_mono r A ((f o r)
—— 1) sequentially

shows seq_compact S

unfolding seq_compact_def using assms by fast

lemma seq_compactE:

assumes seq_compact S Vn. fn € S

obtains [ r where | € § strict.mono (r :: nat = nat) ((f o r) —— 1)
sequentially

using assms unfolding seq_compact_def by fast

lemma closed_sequentially:
assumes closed s and Vn. fn € sand f —— [
shows [ € s
proof (rule ccontr)
assume [ ¢ s
with (closed $) and (f —— ) have eventually (An. fn € — s) sequentially
by (fast intro: topological_tendstoD)
with Vn. fn € s show Fulse
by simp
qed
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lemma seq_compact_Int_closed:
assumes seq_compact s and closed t
shows seq_compact (s N t)
proof (rule seq_compactl)
fix f assume Vn:nat. fn € sNt
hence Vn. fne€ sandVn. fnet
by simp_all
from (seq_.compact ) and Vn. fn € s
obtain [ r where [ € s and 7: strict-mono r and I: (f o 1) —— |
by (rule seq-compactE)
from Vn. fn € t» haveVn. (for)n et
by simp
from (closed > and this and [ have [ € ¢
by (rule closed_sequentially)
with ( € s and r and [ show 3les N t. Ir. strictmono r A (f o 1) —— |
by fast
qed

lemma seq_compact_closed_subset:
assumes closed s and s C t and seq_compact t
shows seq_compact s
using assms seq_compact_Int_closed [of t s] by (simp add: Int_absorbl)

lemma seq_compact_imp_countably_compact:
fixes U :: 'a :: first_countable_topology set
assumes seq_compact U
shows countably_compact U
proof (safe intro!: countably_compactl)
fix A
assume A: Va€A. open a U C |JA countable A
have subseq: AX. range X C U = Ir z. z € U A strictemono (r :: nat =
nat) N(Xor) ——x
using (seq_compact U» by (fastforce simp: seq_compact_def subset_eq)
show 3 TCA. finite TAU CUT
proof cases
assume finite A
with A show ?thesis by auto
next
assume infinite A
then have A # {} by auto
show ?thesis
proof (rule ccontr)
assume - (3TCA. finite T AU CUT)
then have VT.3z. TC AN finite T — (z € U - JT)
by auto
then obtain X' where T: AT. T C A= finite T —= X' T e U - T
by metis
define X where X n = X' (from_nat_into A ‘ {.. n}) for n
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have X: An. X n € U — (Ui<n. from_nat_into A i)
using (A # {}> unfolding X_def by (intro T) (auto intro: from_nat_into)
then have range X C U
by auto
with subseq[of X] obtain r z where z € U and r: strictemono r (X o )
— T
by auto
from «xelU) (U C JA from_nat_into_surj|OF (countable A)]
obtain n where = € from_nat_into A n by auto
with r(2) A(1) from_nat_into[OF <A # {}, of n]
have eventually (Ai. X (r i) € from_nat_into A n) sequentially
unfolding tendsto_def by (auto simp: comp_def)
then obtain N where A\i. N < i = X (r i) € from_nat_into A n
by (auto simp: eventually_sequentially)
moreover from X have Ai. n < ri = X (r i) ¢ from_nat_into A n
by auto
moreover from (strict_mono m[THEN seq_suble, of maz n N| have Ji. n <
ri AN <1
by (auto intro!: exI[of - maz n NJ)
ultimately show Fulse
by auto
qed
qed
qed

lemma compact_imp_seq_compact:
fixes U :: 'a :: first_countable_topology set
assumes compact U
shows seq_compact U
unfolding seq_compact_def
proof safe
fix X :: nat = 'a
assume Vn. X n € U
then have eventually (A\z. x € U) (filtermap X sequentially)
by (auto simp: eventually_filtermap)
moreover
have filtermap X sequentially # bot
by (simp add: trivial_limit_def eventually_filtermap)
ultimately
obtain z where x € U and z: inf (nhds z) (filtermap X sequentially) # bot (is
F £ )

using (compact Uy by (auto simp: compact_filter)

from countable_basis_at_decseq|of x]
obtain A where A:
Ni. open (A 1)
Ni.z e A
NS. open S = z € § = eventually (Ai. A i C S) sequentially
by blast


Elementary{_}{\kern 0pt}Topology.html

302

define s where s ni = (SOME j. i <j AN Xje A (Sucn)) for ni
{
fix n i
have J3a. i < a A Xa € A (Sucn)
proof (rule ccontr)
assume - (Fa>i. X a € A (Suc n))
then have Aa. Suc i < a = X a ¢ A (Suc n)
by auto
then have eventually (Azx. x ¢ A (Suc n)) (filtermap X sequentially)
by (auto simp: eventually_filtermap eventually_sequentially)
moreover have eventually (Az. x € A (Suc n)) (nhds z)
using A(1,2)[of Suc n] by (auto simp: eventually_-nhds)
ultimately have eventually (Az. False) ?F
by (auto simp: eventually_inf)
with z show False
by (simp add: eventually_False)
qed
then have i < sni X (sni) € A (Sucn)
unfolding s_def by (auto intro: somel2_ex)
}
note s = this
define r where r = rec_nat (s 0 0) s
have strict_mono r
by (auto simp: r_def s strict_mono_Suc_iff)
moreover
have (An. X (rn)) —— =z
proof (rule topological_tendstol)
fix S
assume open S € S
with A(3) have eventually (Ai. A i C S) sequentially
by auto
moreover
{
fix 4
assume Suc 0 < i
then have X (ri) € A
by (cases i) (simp-all add: r_def s)

then have eventually (Ai. X (r i) € A i) sequentially
by (auto simp: eventually_sequentially)
ultimately show eventually (A\i. X (r i) € S) sequentially
by eventually_elim auto
qed
ultimately show 3z € U. 3r. strictmonor A (X or) ——
using € U» by (auto simp: convergent_def comp_def)
qed

lemma countably_compact_imp_acc_point:
assumes countably_compact s
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and countable t
and infinite ¢
and t C s
shows Jz€s. VU. z€U A open U — infinite (U N 1)
proof (rule ccontr)
define C where C = (AF. interior (F U (— t))) ‘{F. finite FANF Ct}
note (countably_compact s
moreover have ViteC. open t
by (auto simp: C_def)
moreover
assume — (Fz€s. VU. 2€U A open U — infinite (U N t))
then have s: Az. x € s = 3U. 2z€U A open U A finite (U N t) by metis
have s C | C
using (¢ C s
unfolding C_def
apply (safe dest!: s)
apply (rule_tac a=U N t in UN_I)
apply (auto introl: interiorl simp add: finite_subset)
done
moreover
from <countable t) have countable C
unfolding C_def by (auto intro: countable_Collect_finite_subset)
ultimately
obtain D where D C C finite D s C|JD
by (rule countably_compactE)
then obtain F where E: E C {F. finite F N F Ct } finite E
and s: s C (|JF€eE. interior (F U (— t)))
by (metis (lifting) finite_subset_image C_def)
from s ¢t C s have t C|JFE
using interior_subset by blast
moreover have finite (| E)
using F by auto
ultimately show Fulse using «nfinite )
by (auto simp: finite_subset)
qed

lemma countable_acc_point_imp_seq_compact:
fixes s :: 'a::first_countable_topology set
assumes Y t. infinite t A countable t Nt C s —
(Jzes. VU. z€eU A open U — infinite (U N t))
shows seq_compact s
proof —
{
fix f :: nat = 'a
assume f: Vn. fn € s
have Jle€s. Ir. strictmono r A ((f o r) —— 1) sequentially
proof (cases finite (range f))
case True
obtain [ where infinite {n. fn = f1}
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using pigeonhole_infinite[OF _ True] by auto

then obtain r :: nat = nat where strictmono r and fr: Vn. f (rn) = f1
using infinite_enumerate by blast

then have strict_mono r A (f o 1) —— f1
by (simp add: fr o_def)

with f show 3les. Ir. strictmono r A (f o r) —— 1
by auto

next

case Fulse

with f assms have Jz€s. VU. z€U A open U — infinite (U N range f)
by auto

then obtain [ where | € s VU. leU A open U — infinite (U N range f)

from this(2) have 3 r. strict-mono r A ((f o r) —— 1) sequentially
using acc_point_range_imp_convergent_subsequencelof | f] by auto
with «( € s show Jles. Ir. strict-mono r A ((f o ) —— 1) sequentially ..
qed
}
then show ?thesis
unfolding seq_compact_def by auto
qed

lemma seq_compact_eq_countably_compact:

fixes U :: 'a :: first_countable_topology set

shows seq_compact U <— countably_compact U

using
countable_acc_point_imp_seq_compact
countably_compact_imp_acc_point
seq_compact_imp_countably_compact

by metis

lemma seq_compact_eq_acc_point:
fixes s :: 'a :: first_countable_topology set
shows seq_compact s +—
(Vt. infinite t N\ countable t ANt C s ——> (Jz€s. YVU. z€U A open U —
infinite (U N t)))
using
countable_acc_point_imp_seq_compact|of s]
countably_compact_imp_acc_point[of s
seq_compact_imp_countably_compact|of s
by metis

lemma seq_compact_eq_compact:
fixes U :: 'a :: second_countable_topology set
shows seq_compact U <— compact U
using seq_compact_eq_countably_compact countably_compact_eq_compact by blast

proposition Bolzano_Weierstrass_imp_seq_compact:
fixes s :: 'a:{t1_space, first_countable_topology} set
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shows Vt. infinite t At C s — (x € s. z islimpt t) = seq_compact s
by (rule countable_acc_point_imp_seq_compact) (metis islimpt_eq_acc_point)

2.1.11 Cartesian products

lemma seq_compact_Times: seq_compact s = seq_compact t =—> seq_compact (s
X 1)
unfolding seq_compact_def
apply clarify
apply (drule_tac x=fst o f in spec)
apply (drule mp, simp add: mem_Times_iff)
apply (clarify, rename_tac 11 1)
apply (drule_tac z=snd o f o r1 in spec)
apply (drule mp, simp add: mem_Times_iff)
apply (clarify, rename_tac 12 r2)
apply (rule_tac z=(11, 12) in rev_bexl, simp)
apply (rule_tac z=r1 o r2 in exl)
apply (rule conjl, simp add: strict-mono_def)
apply (drule_tac f=r2 in LIMSEQ_subseq_LIMSEQ, assumption)
apply (drule (1) tendsto_Pair) back
apply (simp add: o_def)
done

lemma compact_Times:
assumes compact s compact t
shows compact (s x t)
proof (rule compactl)
fix C
assume C: ViteC.opents x t C|YC
have Vz€s. Ja. open a Az € a A (FdCC. finite d A a x t C|Jd)
proof
fix z
assume r € s
have Vyct. Jabc. c € C Nopena N open b ANx € a ANy e bAAaxbCec
(is Vyet. 2P y)
proof
fix y
assume y € ¢
with z € s» C obtain ¢ where ¢ € C (z, y) € ¢ open ¢ by auto
then show ?P y by (auto elim!: open_prod_elim)
qed
then obtain a b ¢ where b: A\y. y € t = open (b y)
and ¢: A\y.yet= cy e C A open (ay) Nopen (by) Nz €EayNy€Ebd
yNayxbyCecy
by metis
then have Vye€t. open (by) t C (Jyet. b y) by auto
with compactE_image[OF <compact ©)] obtain D where D: D C t finite D ¢

C (UyeD. by)
by metis
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moreover from D ¢ have ((yeD. ay) x t C (JyeD. cy)
by (fastforce simp: subset_eq)
ultimately show Ja. open a A z € a A (3dCC. finited A a x t C |Jd)
using ¢ by (intro ezl[of - ¢‘D] exI[of - () (a‘D)] congI) (auto intro!: open_INT)
qed
then obtain « d where a: Az. z€s = open (a x) s C (Jz€E€s. a )
and d: Az.z € s = dz C C A finite (dz) Naz x t CJ(dz)
unfolding subset_eq UN_iff by metis
moreover
from compactE_image|OF (compact s) a]
obtain e where e: ¢ C s finite e and s: s C (Jz€e. a )
by auto
moreover
{
from s have s x t C (|Jz€e. a z X t)
by auto
also have ... C (Jzee. J(d z))
using d (e C s by (intro UN_mono) auto
finally have s x t C (Jz€e. |J(d 2)) .
}
ultimately show 3 C'CC. finite C' A s x t C |J C’
by (intro exI[of - (Jz€e. d x)]) (auto simp: subset_eq)
qed

lemma tube_lemma:
assumes compact K
assumes open W
assumes {z0} x K C W
shows 3 X0. 20 € X0 A open X0 N X0 x K C W
proof —
{
fix y assume y € K
then have (20, y) € W using assms by auto
with (open W)
have 3 X0 Y. open X0 N open Y AN20 € XONye Y ANXO x Y CW
by (rule open_prod_elim) blast
}
then obtain X0 Y where
x:Vy € K. open (X0 y) AN open (Yy) ANa0 € X0yANye YyAX0yx Yy
cw
by metis
from x have VteY ‘ K. open t K C |J(Y ‘ K) by auto
with (compact K) obtain CC where CC: CC C Y ‘ K finite CC K C | CC
by (meson compactE)
then obtain ¢ where ¢: AC. C € CC = ¢ C e KANC=Y (c ()
by (force introl: choice)
with x CC show ?%thesis
by (force intro!: exI[where z= CeCC. X0 (¢ C)])
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qged

lemma continuous_on_prod_compactF:
fixes fr::'a::topological_space x 'b::topological_space = 'c::metric_space
and e::real
assumes cont_fz: continuous-on (U x C) fx
assumes compact C
assumes [intro]: z0 € U
notes [continuous_intros| = continuous-on_compose2[OF cont_fx]
assumes e¢ > (
obtains X0 where 20 € X0 open X0
VezeX0 N U.Yt e C.dist (fr (z,t)) (fr (20,1)) <e
proof —
define psi where psi = (\(z, t). dist (fr (z, t)) (fr (20, t)))
define W0 where W0 = {(z,t) € U x C. psi (z, t) < e}
have W0_eq: W0 = psi —{.<e} N U x C
by (auto simp: vimage_def WO_def)
have open {..<e} by simp
have continuous_on (U x C) psi
by (auto intro!: continuous_intros simp: psi_def split_beta’)
from this[unfolded continuous_on_open_invariant, rule_format, OF (open {..<e}]
obtain W where W: open W W N U x C=WonNnU x C
unfolding W0_eq by blast
have {z0} x CC WnNUx C
unfolding W
by (auto simp: WO_def psi_def 0 < e)
then have {20} x C C W by blast
from tube_lemma|OF <compact C) copen W) this]
obtain X0 where X0: z0 € X0 open X0 X0 x C C W
by blast

have VzeX0 N U.Vt € C. dist (fr (z, 1)) (fr (20, 1)) <e
proof safe
fix r assume z: z € X0z € U
fix ¢t assume t: t € C
have dist (fx (z, t)) (fx (20, t)) = psi (z, t)
by (auto simp: psi_def)
also

have (z, t) € X0 x C

using ¢ x

by auto
also note ... C W)
finally have (z, t) € W .
with ¢t z have (z,t) e WNU x C

by blast
alsonote <(WNUXxC=WonU x C)
finally have psi (z, t) < e

by (auto simp: WO_def)
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}
finally show dist (fr (z, t)) (fr (20, t)) < e by simp
qed
from X0(1,2) this show ?thesis ..
qed

2.1.12 Continuity

lemma continuous_at_imp_continuous_within:

continuous (at z) f = continuous (at x within s) f

unfolding continuous_within continuous_at using Lim_at_imp_Lim_at_within by
auto

lemma Lim_trivial_limit: trivial_-limit net = (f —— 1) net
by simp

lemmas continuous_on = continuous_on_def — legacy theorem name

lemma continuous_within_subset:
continuous (at x within s) f = t C s = continuous (at x within t) f
unfolding continuous_within by (metis tendsto_within_subset)

lemma continuous_on_interior:
continuous_on s f => x € interior s => continuous (at x) f
by (metis continuous_on_eq_continuous_at continuous_on_subset interiork))

lemma continuous_on_eq:
[continuous-on s f; Nz. © € s = fx = g ] = continuous-on s g
unfolding continuous_on_def tendsto_def eventually_at_topological
by simp

Characterization of various kinds of continuity in terms of sequences.

lemma continuous_within_sequentiallyl:
fixes f :: ‘a::{first_countable_topology, t2_space} = 'b::topological_space
assumes Au:nat = ‘a. u —— a = (Vn.un € s) = (An. f (un)) ——
fa
shows continuous (at a within s) f
using assms unfolding continuous_within tendsto_def[where [ = f a]
by (auto intro!: sequentially_imp_eventually_within)

lemma continuous_within_tendsto_compose:
fixes f::'a::t2_space = 'b::topological_space
assumes continuous (at a within s) f
eventually (An. zn € s) F
(t —— a) F
shows ((An. f (zxn)) —— fa) F
proof —
have «: filterlim x (inf (nhds a) (principal s)) F
using assms(2) assms(3) unfolding at_within_def filterlim_inf by (auto simp:
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filterlim_principal eventually-mono)

show ?thesis

by (auto simp: assms(1) continuous_within[symmetric| tendsto_at_within_iff_tendsto_nhds[symmetric]
introl: filterlim_compose[OF _ x])
qed

lemma continuous_within_tendsto_compose’:
fixes f::'a::t2_space = 'b::topological_space
assumes continuous (at a within s) f
An.zn €s
(t — a) F
shows ((An. f (zn)) —— fa) F
by (auto intro!: continuous_within_tendsto_compose| OF assms(1)] simp add: assms)

lemma continuous_within_sequentially:
fixes f :: ’a::{first_countable_topology, t2_space} = 'b::topological_space
shows continuous (at a within s) f +—
(Vz. (Vnunat. zn € s) A (x —— a) sequentially
— ((f o 2) —— [ a) sequentially)
using continuous_within_tendsto_compose’[of a s f _ sequentially]
continuous_within_sequentiallyl [of a s f]
by (auto simp: o_def)

lemma continuous_at_sequentiallyl:
fixes [ :: 'a::{first_countable_topology, t2_space} = 'b::topological_space
assumes A\u. u —— a = (An. f (un)) —— fa
shows continuous (at a) f
using continuous_within_sequentiallyI[of a UNIV f] assms by auto

lemma continuous_at_sequentially:
fixes [ :: ‘a::metric_space = 'b::topological_space
shows continuous (at a) f +—
(Vz. (x —— a) sequentially ——> ((f o ) —— f a) sequentially)
using continuous_within_sequentially[of a UNIV f] by simp

lemma continuous_on_sequentiallyl:
fixes f :: ‘a::{first_countable_topology, t2_space} = 'b::topological_space
assumes Aua. (Vn.un € s) = a€s = u—— a= (An. f (un))
— fa
shows continuous_on s f
using assms unfolding continuous_on_eq_continuous_within
using continuous_within_sequentiallyl[of _ s f] by auto

lemma continuous_on_sequentially:
fixes f :: 'a::{first_countable_topology, t2_space} = 'b::topological_space
shows continuous_on s f <—
(Vz.Va€s. (Yn z(n) €s) AN (z —— a) sequentially
——> ((f o ) —— f a) sequentially)
(is ?lhs = ?rhs)
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proof
assume ?rhs
then show ?lhs
using continuous_within_sequentially[of _ s f]
unfolding continuous_on_eq_continuous_within
by auto
next
assume ?lhs
then show ?rhs
unfolding continuous_on_eq_continuous_within
using continuous_within_sequentially[of - s f]
by auto
qed

Continuity in terms of open preimages.

lemma continuous_at_open:

continuous (at z) f +— (Vi. opent A fz €t ——> (Is. opens ANz € s AN (Va’
€ s. (fa)) € 1))

unfolding continuous_within_topological [of © UNIV f]

unfolding imp_conjL

by (intro all_cong imp_cong ex_cong conj_cong refl) auto

lemma continuous_imp_tendsto:
assumes continuous (at z0) f
and z — z0
shows (f o ) —— (f z0)
proof (rule topological_tendstol)
fix S
assume open S fz0 € S
then obtain T where T_def: open T 20 € TVzeT. fz € S
using assms continuous_at_open by metis
then have eventually (An. z n € T) sequentially
using assms T-def by (auto simp: tendsto_def)
then show eventually (An. (f o z) n € S) sequentially
using T_def by (auto elim!: eventually-mono)
qed

2.1.13 Homeomorphisms

definition homeomorphism s t f g «—
(Vzes. (9(fz) =) A(f “s =t) A continuous_on s f A
(Vyet. (f(gy) =y)) AN (g “t=s) A continuous_on t g

lemma homeomorphismlI [intro?):
assumes continuous_on S f continuous_on T g
[SCTg TCSANr.zeS=g(fr)=vANy.yeT=flgy) =y
shows homeomorphism S T f g
using assms by (force simp: homeomorphism_def)



Elementary_Topology.thy 311

lemma homeomorphism_translation:
fixes a :: 'a :: real_normed_vector
shows homeomorphism ((+) a *S) S ((+) (— a)) ((+) a)

unfolding homeomorphism_def by (auto simp: algebra_simps continuous_intros)

lemma homeomorphism_ident: homeomorphism T T (Xa. a) (Aa. a)
by (rule homeomorphismI) auto

lemma homeomorphism_compose:
assumes homeomorphism S T f g homeomorphism T U h k
shows homeomorphism S U (h o f) (g o k)
using assms
unfolding homeomorphism_def
by (intro conjl balll continuous_on_compose) (auto simp: image_iff)

lemma homeomorphism_cong:
homeomorphism X' Y' f' g’
if homeomorphism X Y fg X' =XY' =Y Az.z € X = f'z=fz N\y. vy
EY=g'y=gy
using that by (auto simp add: homeomorphism_def)

lemma homeomorphism_empty [simp]:
homeomorphism {} {} fg¢
unfolding homeomorphism_def by auto

lemma homeomorphism_symD: homeomorphism S t f g => homeomorphism t S

9f
by (simp add: homeomorphism_def)

lemma homeomorphism_sym: homeomorphism S t f g = homeomorphism t S g f
by (force simp: homeomorphism_def)

definition homeomorphic :: 'a::topological_space set = 'b::topological_space set =
bool
(infixr homeomorphic 60)
where s homeomorphic t = (3 f g. homeomorphism st f g)

lemma homeomorphic_empty [iff]:
S homeomorphic {} «— S = {} {} homeomorphic S +— S = {}
by (auto simp: homeomorphic_def homeomorphism_def)

lemma homeomorphic_refl: s homeomorphic s
unfolding homeomorphic_def homeomorphism_def
using continuous_on_id
apply (rule_tac x = (Az. z) in exl)
apply (rule_tac x = (Az. z) in exl)
apply blast
done
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lemma homeomorphic_sym: s homeomorphic t <— t homeomorphic s
unfolding homeomorphic_def homeomorphism_def
by blast

lemma homeomorphic_trans [trans]:
assumes S homeomorphic T
and T homeomorphic U
shows S homeomorphic U
using assms
unfolding homeomorphic_def
by (metis homeomorphism_compose)

lemma homeomorphic_minimal:
s homeomorphic t +—
(3fg. (Vaes. f(z) € t A (9(f(z)) = 2)) A
(Vyet. g(y) € s A (fg(y) = y)) A
continuous_on s f A continuous_on t g)

(is ?lhs = ?rhs)
proof
assume ?lhs
then show ?rhs
by (fastforce simp: homeomorphic_def homeomorphism_def)
next
assume ?rhs
then show ?lhs
apply clarify
unfolding homeomorphic_def homeomorphism_def
by (metis equalityl image_subset_iff subsetl)
qed

lemma homeomorphicl [intro?):
[fS=T;9°T =05,
continuous_on S f; continuous_on T g;
Ne.z € S = g(f(z)) = x;
Ny.y € T = f(g(y)) = y] = S homeomorphic T
unfolding homeomorphic_def homeomorphism_def by metis

lemma homeomorphism_of_subsets:

[homeomorphism S T fg; S'C S; T"C T;fS'=1T7]

= homeomorphism S’ T' f g
apply (auto simp: homeomorphism_def elim!: continuous_on_subset)
by (metis subsetD imagel)

lemma homeomorphism_apply!: [homeomorphism S T fg; x € S] = g(fz) =«
by (simp add: homeomorphism_def)

lemma homeomorphism_apply2: [homeomorphism S T f g; x € T] = f(g z) =
T
by (simp add: homeomorphism_def)
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lemma homeomorphism_imagel: homeomorphism S T fg = f ‘S =T
by (simp add: homeomorphism_def)

lemma homeomorphism_image2: homeomorphism S T fg — g ‘T =S
by (simp add: homeomorphism_def)

lemma homeomorphism_contl: homeomorphism S T f g = continuous_on S f
by (simp add: homeomorphism_def)

lemma homeomorphism_cont2: homeomorphism S T f g = continuous_on T g
by (simp add: homeomorphism_def)

lemma continuous_on_no_limpt:

(Az. = z islimpt S) = continuous_on S f

unfolding continuous_on_def

by (metis UNIV_I empty_iff eventually_at_topological islimptE open_UNIV tend-
sto_def trivial_limit_within)

lemma continuous_on_finite:
fixes S :: 'a::tl_space set
shows finite S = continuous_on S f
by (metis continuous_on_no_limpt islimpt_finite)

lemma homeomorphic_finite:
fixes S :: ‘a::tl_space set and T :: 'b::tl_space set
assumes finite T
shows S homeomorphic T +— finite S A finite T A card S = card T (is ?lhs
= ?rhs)
proof
assume S homeomorphic T
with assms show ?rhs
apply (auto simp: homeomorphic_def homeomorphism_def)
apply (metis finite_imagel)
by (metis card_image_le finite_imagel le_antisym)
next
assume R: ?rhs
with finite_same_card_bij obtain h where bij_betw h S T
by auto
with R show ?lhs
apply (auto simp: homeomorphic_def homeomorphism_def continuous_on_finite)
apply (rule_tac z=h in exI)
apply (rule_tac x=inv_into S h in exl)
apply (auto simp: bij_betw_inv_into_left bij_betw_inv_into_right bij_betw_imp_surj_on
inv_into_into bij_betwkE)
apply (metis bij_betw_def bij_betw_inv_into)
done
qed

Relatively weak hypotheses if a set is compact.
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lemma homeomorphism_compact:
fixes f :: ‘a::topological_space = 'b::t2_space
assumes compact s continuous_on s f f‘s =1 injonfs
shows 3 g. homeomorphism st f g
proof —
define g where g x = (SOME y. yes A fy = z) for z
have ¢g: Vz€s. g (fz) ==
using assms(3) assms(4)[unfolded inj_on_def] unfolding g_def by auto
{
fix y
assume y € ¢
then obtain x where z:f x = y z€s
using assms(3) by auto
then have ¢ (f ) = z using g by auto
then have f (g y) = y unfolding z(1)[symmetric] by auto
}
then have g"Vzet. f (g ) = x by auto
moreover
{
fix z
have zes =z € g ‘¢t
using g[THEN bspec[where z=z])
unfolding image_iff
using assms(3)
by (auto intro!: bexl[where z=f z])
moreover
{
assume z€g ‘1
then obtain y where y:yct g y = = by auto
then obtain 2z’ where z':z’es fz' =y
using assms(3) by auto
then have z € s
unfolding g_def
using somel2[of \b. b€s A fb =y z' \x. z€s]
unfolding y(2)[symmetric] and g_def
by auto

}

ultimately have zes +— z € g ‘¢ ..
}
then have g ‘¢ = s by auto
ultimately show ?thesis
unfolding homeomorphism_def homeomorphic_def
using assms continuous_on_inv by fastforce
qged

lemma homeomorphic_compact:
fixes [ :: ‘a::topological_space = 'b::t2_space

shows compact s = continuous-on s f = (f ‘s = t) = injoon fs = s

homeomorphic t
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unfolding homeomorphic_def by (metis homeomorphism_compact)

Preservation of topological properties.

lemma homeomorphic_compactness: s homeomorphic t = (compact s <— com-
pact t)

unfolding homeomorphic_def homeomorphism_def

by (metis compact_continuous_image)

2.1.14 On Linorder Topologies

lemma islimpt_greaterThanLessThani:
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows a islimpt {a<..<b}
proof (rule islimptl)
fix T
assume open T a € T
from open_right|OF this <a < b]
obtain ¢ where ¢: a < ¢ {a..<c} C T by auto
with assms dense|of a min ¢ b]
show Jye{a<.<b}.y e TNy #a
by (metis atLeastLessThan_iff greater ThanLessThan_iff min_less_iff-conj
not_le order.strict_implies_order subset_eq)
qed

lemma islimpt_greater ThanLessThan2:
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows b islimpt {a<..<b}
proof (rule islimptl)
fix T
assume open T'b € T
from open_left|OF this (a < b))
obtain ¢ where c¢: ¢ < b {¢<..b} C T by auto
with assms dense|of maz a ¢ b]
show Jye{a<.<b}. y € TAy #b
by (metis greaterThanAtMost_iff greaterThanLess Than_iff maz_less_iff-conj
not_le order.strict_implies_order subset_eq)
qed

lemma closure_greater ThanLessThan[simp]:
fixes a b::'a::{linorder_topology, dense_order}
shows a < b = closure {a <.< b} = {a .. b} (is . = 2l = ?r)
proof
have 2l C closure ?r
by (rule closure_mono) auto
thus closure {a<..<b} C {a..b} by simp
qged (auto simp: closure_def order.order_iff-strict islimpt_greater ThanLessThan1
islimpt_greater ThanLess Than2)
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lemma closure_greater Than[simp]:
fixes a b::'a::{no_top, linorder_topology, dense_order}
shows closure {a<..} = {a..}
proof —
from gt_ex obtain b where a < b by auto
hence {a<..} = {a<..<b} U {b..} by auto
also have closure ... = {a..} using <a < b unfolding closure_Un
by auto
finally show ?thesis .
qed

lemma closure_lessThan[simp]:
fixes b::'a::{no_bot, linorder_topology, dense_order}
shows closure {..<b} = {..b}
proof —
from lt_ex obtain a where a < b by auto
hence {..<b} = {a<..<b} U {..a} by auto
also have closure ... = {..b} using (a < b unfolding closure_Un
by auto
finally show ?thesis .
qed

lemma closure_atLeastLess Than[simp):
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows closure {a ..< b} = {a .. b}

proof —
from assms have {a ..< b} = {a} U {a <..< b} by auto
also have closure ... = {a .. b} unfolding closure_Un

by (auto simp: assms less_imp_le)
finally show ?thesis .
qed

lemma closure_greater ThanAtMost[simp]:
fixes a b::'a::{linorder_topology, dense_order}
assumes a < b
shows closure {a <.. b} = {a .. b}

proof —
from assms have {a <.. b} = {b} U {a <..< b} by auto
also have closure ... = {a .. b} unfolding closure_Un

by (auto simp: assms less_imp_le)
finally show ?thesis .
qged

end
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2.2 Operators involving abstract topology

theory Abstract_Topology
imports
Complex_Main
HOL— Library.Set_Idioms
HOL— Library. FuncSet
begin

2.2.1 General notion of a topology as a value

definition istopology :: ('a set = bool) = bool where
istopology L= (NVST. LS — LT —L(SNT)ANVK (VKeK. LK) —

L(UK))

typedef ‘a topology = {L::("a set) = bool. istopology L}
morphisms openin topology
unfolding istopology_def by blast

lemma istopology_openin|introl: istopology(openin U)
using openin|[of U] by blast

lemma istopology_open: istopology open
by (auto simp: istopology_def)

lemma topology_inverse’: istopology U => openin (topology U) = U
using topology_inverse[unfolded mem_Collect_eq] .

lemma topology_inverse_iff : istopology U +— openin (topology U) = U
using topology-inverse|of U] istopology-openin|of topology U] by auto

lemma topology-eq: T1 = T2 +— (VS. openin T1 S +— openin T2 S)
proof
assume 71 = T2
then show V S. openin T1 S <— openin T2 S by simp
next
assume H: VS. openin T1 S <— openin T2 S
then have openin T1 = openin T2 by (simp add: fun_eqiff)
then have topology (openin T1) = topology (openin T2) by simp
then show T1 = T2 unfolding openin_inverse .
qed

The "universe”: the union of all sets in the topology.

definition topspace T = |J{S. openin T S}

Main properties of open sets

proposition openin_clauses:
fixes U :: 'a topology
shows
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openin U {}
NS T. openin U S = openin U T = openin U (SNT)
AK. (VS € K. openin U S) = openin U (J K)

using openin|of U] unfolding istopology-def by auto

lemma openin_subset: openin U S — S C topspace U
unfolding topspace_def by blast

lemma openin_empty[simp|: openin U {}
by (rule openin_clauses)

lemma openin_Int[intro]: openin U S = openin U T = openin U (S N T)
by (rule openin_clauses)

lemma openin_Unionlintro]: (A\S. S € K = openin U S) = openin U (|J K)
using openin_clauses by blast

lemma openin_Unlintro]: openin U S = openin U T = openin U (S U T)
using openin_Union[of {S,T} U] by auto

lemma openin_topspacelintro, simp|: openin U (topspace U)
by (force simp: openin_Union topspace_def)

lemma openin_subopen: openin U S +— (Vz € S. 3AT. openin UT ANx € T A
T CS)
(is ?lhs <— ?rhs)
proof
assume ?lhs
then show ?rhs by auto
next
assume H: ?rhs
let %t = |J{T. openin UT N T C S}
have openin U ?t by (force simp: openin_Union)
also have ?t = S using H by auto
finally show openin U S .
qed

lemma openin_INT [intro]:
assumes finite |
Ni. i € I = openin T (U i)
shows openin T (((é € I. U i) N topspace T')
using assms by (induct, auto simp: inf-sup_aci(2) openin_Int)

lemma openin_INT2 [intro]:
assumes finite I I # {}
Ni. i € I = openin T (U i)
shows openin T (i € I. Ui)
proof —
have (i € 1. Ui) C topspace T
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using I # {}> openin_subset|OF assms(3)] by auto
then show %thesis
using openin_ INT[of - _ U, OF assms(1) assms(3)] by (simp add: inf.absorb2
inf_commute)
qed

lemma openin_Inter [intro]:
assumes finite F F # {} AX. X € F = openin T X shows openin T ([ F)
by (metis (full_types) assms openin_INT2 image_ident)

lemma openin_Int_Inter:

assumes finite F openin T U ANX. X € F = openin T X shows openin T
(UNnNF)

using openin_Inter [of insert U F| assms by auto

Closed sets

definition closedin :: 'a topology = 'a set = bool where
closedin U S <+— S C topspace U A openin U (topspace U — S)

lemma closedin_subset: closedin U S = S C topspace U
by (metis closedin_def)

lemma closedin_empty[simp]: closedin U {}
by (simp add: closedin_def)

lemma closedin_topspace[intro, simp]: closedin U (topspace U)
by (simp add: closedin_def)

lemma closedin_Unlintro]: closedin U S = closedin U T = closedin U (S U
T)
by (auto simp: Diff-Un closedin_def)

lemma Diff Inter[intro]: A — (S = U{4 — s|s. s€S}
by auto

lemma closedin_Union:
assumes finite S NT. T € S = closedin U T
shows closedin U (| S)

using assms by induction auto

lemma closedin_Inter|intro|:
assumes Ke: K # {}
and Ke: \S. S €K = closedin U S
shows closedin U () K)
using Ke Kc unfolding closedin_def Diff_Inter by auto

lemma closedin_INT [intro]:
assumes A # {} Az. 2 € A = closedin U (B x)
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shows closedin U ((z€A. B x)
using assms by blast

lemma closedin_Int[intro]: closedin U S = closedin U T = closedin U (S N
)
using closedin_Inter[of {S,T} U] by auto

lemma openin_closedin_eq: openin U S +— S C topspace U A closedin U (topspace
U-29)
by (metis Diff-subset closedin_def double_diff equalityD1 openin_subset)

lemma topology._finer_closedin:

topspace X = topspace Y = (VS. openin Y S — openin X S) +— (VS.
closedin Y S — closedin X S)

by (metis closedin_def openin_closedin_eq)

lemma openin_closedin: S C topspace U = (openin U S +— closedin U (topspace
U-29)
by (simp add: openin_closedin_eq)

lemma openin_diff [intro]:
assumes 0S: openin U S
and cT': closedin U T
shows openin U (S — T)
proof —
have S — T = S N (topspace U — T) using openin_subset[of U S] oS ¢T
by (auto simp: topspace_-def openin_subset)
then show %thesis using oS ¢T
by (auto simp: closedin_def)
qed

lemma closedin_diff [intro]:
assumes 0S: closedin U S
and cT: openin U T
shows closedin U (S — T)
proof —
have S — T = 5 N (topspace U — T)
using closedin_subset[of U S] oS ¢T by (auto simp: topspace_def)
then show %thesis
using oS ¢T by (auto simp: openin_closedin_eq)
qed

2.2.2 The discrete topology
definition discrete_topology where discrete_topology U = topology (AS. S C U)

lemma openin_discrete_topology [simp|: openin (discrete_topology U) S «— S C
U
proof —
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have istopology (AS. S C U)
by (auto simp: istopology_def)
then show ?thesis
by (simp add: discrete_topology-def topology_inverse)
qed

lemma topspace_discrete_topology [simp]: topspace(discrete_topology U) = U
by (meson openin_discrete_topology openin_subset openin_topspace order_refl sub-
set_antisym)

lemma closedin_discrete_topology [simp]: closedin (discrete_topology U) S +— S
cvU
by (simp add: closedin_def)

lemma discrete_topology_unique:
discrete_topology U = X +— topspace X = U A (Vz € U. openin X {z}) (is
2lhs = ?rhs)
proof
assume R: ?rhs
then have openin X S if S C U for S
using openin_subopen subsetD that by fastforce
moreover have z € topspace X if openin X S and z € S for z S
using openin_subset that by blast
ultimately
show ?lhs
using R by (auto simp: topology-eq)
qed auto

lemma discrete_topology_unique_alt:
discrete_topology U = X <— topspace X C U A (Vz € U. openin X {z})
using openin_subset
by (auto simp: discrete_topology_unique)

lemma subtopology_eq_discrete_topology_empty:
X = discrete_topology {} <— topspace X = {}
using discrete_topology_unique [of {} X] by auto

lemma subtopology_eq_discrete_topology_sing:
X = discrete_topology {a} +— topspace X = {a}
by (metis discrete_topology_unique openin_topspace singletonD)

2.2.3 Subspace topology

definition subtopology :: 'a topology = 'a set = 'a topology where
subtopology U V = topology (AT.3S. T =8NV A openin U S)

lemma istopology_subtopology: istopology (AT.3S. T =S N V A openin U S)
(is istopology ?L)
proof —
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have ?L {} by blast

fix A B
assume A: ?L A and B: ?L B
from A B obtain Sa and Sb where Sa: openin U Sa A = Sa NV and Sb:
openin USb B =5hnNV
by blast
have A N B = (Sa N Sb) N V openin U (Sa N Sb)
using Sa Sb by blast+
then have ?L (A N B) by blast
}

moreover
{
fix K
assume K: K C Collect ?L
have th0: Collect ?L = (AS. S N V) ¢ Collect (openin U)
by blast
from K[unfolded th0 subset_image_iff]
obtain Sk where Sk: Sk C Collect (openin U) K = (AS. SN V) ‘ Sk
by blast
have UK = (USk) NV
using Sk by auto
moreover have openin U (|J Sk)
using Sk by (auto simp: subset_eq)
ultimately have 7L (|J K) by blast
}
ultimately show ?thesis
unfolding subset_eq mem_Collect_eq istopology_def by auto
qed

lemma openin_subtopology: openin (subtopology U V) S <— (I T. openin U T A
S=TnYV)

unfolding subtopology_def topology_inverse’|OF istopology_subtopology]

by auto

lemma openin_subtopology_Int:
openin X S = openin (subtopology X T) (S N T)
using openin_subtopology by auto

lemma openin_subtopology_Int2:
openin X T = openin (subtopology X S) (S N T)
using openin_subtopology by auto

lemma openin_subtopology_diff_closed:
[S C topspace X; closedin X T] = openin (subtopology X S) (S — T)
unfolding closedin_def openin_subtopology
by (rule_tac z=topspace X — T in ezxl) auto

lemma openin_relative_to: (openin X relative_to S) = openin (subtopology X S)
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by (force simp: relative_to_def openin_subtopology)

lemma topspace_subtopology [simp]: topspace (subtopology U V') = topspace U N
Vv
by (auto simp: topspace_def openin_subtopology)

lemma topspace_subtopology_subset:
S C topspace X = topspace(subtopology X S) = S
by (simp add: inf.absorb_iff2)

lemma closedin_subtopology: closedin (subtopology U V) S «— (3 T. closedin U
TAS=TnNYV)

unfolding closedin_def topspace_subtopology

by (auto simp: openin_subtopology)

lemma openin_subtopology_refl: openin (subtopology U V) V +— V C topspace
U

unfolding openin_subtopology

by auto (metis IntD1 in_mono openin_subset)

lemma subtopology_subtopology:
subtopology (subtopology X S) T = subtopology X (S N T)
proof —
have e¢: AT (35" T'=S'"NTAGEBT. openin X T ANS'=TnNS)) = (3Sa.
T'=San (SNT)A openin X Sa)
by (metis inf_assoc)
have subtopology (subtopology X S) T = topology (ATa. 3Sa. Ta = Sa N T A
openin (subtopology X S) Sa)
by (simp add: subtopology_def)
also have ... = subtopology X (S N T)
by (simp add: openin_subtopology eq) (simp add: subtopology-def)
finally show %thesis .
qged

lemma openin_subtopology_alt:
openin (subtopology X U) S «— S € (AT. U N T) ¢ Collect (openin X)
by (simp add: image_iff inf-commute openin_subtopology)

lemma closedin_subtopology_alt:
closedin (subtopology X U) S «+— S € (AT. U N T) ‘ Collect (closedin X)
by (simp add: image_iff inf-commute closedin_subtopology)

lemma subtopology_superset:
assumes UV topspace U C V
shows subtopology U V = U
proof —

{
fix S

{
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fix T
assume T: openin UT S =T NV
from T openin_subset[OF T(1)] UV have eq: S = T
by blast
have openin U S
unfolding eq using T by blast
}

moreover

{

assume S: openin U S
then have 37T. openin UT NS =TnNV
using openin_subset[OF S| UV by auto
}

ultimately have (3 T. openin UT A S =T N V) <— openin U S
by blast
}

then show ?thesis
unfolding topology_eq openin_subtopology by blast
qed

lemma subtopology_topspace[simp]: subtopology U (topspace U) = U
by (simp add: subtopology_superset)

lemma subtopology_ UNIV [simp]: subtopology U UNIV = U
by (simp add: subtopology-superset)

lemma subtopology_restrict:
subtopology X (topspace X N S) = subtopology X S
by (metis subtopology_subtopology subtopology_topspace)

lemma openin_subtopology_empty:
openin (subtopology U {}) S +— S = {}
by (metis Int_empty_right openin_empty openin_subtopology)

lemma closedin_subtopology_empty:
closedin (subtopology U {}) S «+— S = {}
by (metis Int_empty_right closedin_empty closedin_subtopology)

lemma closedin_subtopology_refl [simp]:
closedin (subtopology U X) X +— X C topspace U
by (metis closedin_def closedin_topspace inf .absorb_iff2 le_inf_iff topspace_subtopology)

lemma closedin_topspace_empty: topspace T = {} = (closedin T S +— S = {})
by (simp add: closedin_def)

lemma open_in_topspace_empty:
topspace X = {} = openin X S +— S = {}
by (simp add: openin_closedin_eq)
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lemma openin_imp_subset:
openin (subtopology US) T = T C S
by (metis Int_iff openin_subtopology subsetl)

lemma closedin_imp_subset:
closedin (subtopology US) T — T C S
by (simp add: closedin_def)

lemma openin_open_subtopology:
openin X S = openin (subtopology X S) T <— openin X T NT C S
by (metis inf.orderE openin_Int openin_imp_subset openin_subtopology)

lemma closedin_closed_subtopology:
closedin X S = (closedin (subtopology X S) T <— closedin X T N T C S)
by (metis closedin_Int closedin_imp_subset closedin_subtopology inf.orderE)

lemma openin_subtopology_Un:
[openin (subtopology X T) S; openin (subtopology X U) S]
= openin (subtopology X (T U U)) S

by (simp add: openin_subtopology) blast

lemma closedin_subtopology_Un:
[closedin (subtopology X T) S; closedin (subtopology X U) S|
= closedin (subtopology X (T U U)) S

by (simp add: closedin_subtopology) blast

lemma openin_trans_full:
[openin (subtopology X U) S; openin X U] = openin X S
by (simp add: openin_open_subtopology)
2.2.4 The canonical topology from the underlying type class

abbreviation euclidean :: 'a::topological_space topology
where euclidean = topology open

abbreviation top_of_set :: 'a::topological_space set = 'a topology
where top_of_set = subtopology (topology open)

lemma open_openin: open S <— openin euclidean S
by (simp add: istopology_open topology_inverse’)

declare open_openin [symmetric, simp]

lemma topspace_euclidean [simp]: topspace euclidean = UNIV
by (force simp: topspace_def)

lemma topspace_euclidean_subtopology[simp]: topspace (top_of-set S) = S
by (simp)
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lemma closed_closedin: closed S +— closedin euclidean S
by (simp add: closed_def closedin_def Compl_eq_Diff UNIV)

declare closed_closedin [symmetric, simp]

lemma openin_subtopology_self [simp]: openin (top_of-set S) S
by (metis openin_topspace topspace_euclidean_subtopology)

The most basic facts about the usual topology and metric on R

abbreviation ecuclideanreal :: real topology
where euclideanreal = topology open

2.2.5 Basic ”localization” results are handy for connected-
ness.

lemma openin_open: openin (top_of-set U) S +— (3T. open T A (S =UNT))
by (auto simp: openin_subtopology)

lemma openin_Int_open:
[openin (top_of-set U) S; open T
= openin (top_of_set U) (S N T)
by (metis open_Int Int_assoc openin_open)

lemma openin_open_Int[intro]: open S = openin (top_of-set U) (U N S)
by (auto simp: openin_open)

lemma open_openin_trans|trans]:
open S = open T = T C S = openin (top-of-set S) T
by (metis Int_absorbl openin_open_Int)

lemma open_subset: S C T = open S = openin (top_of-set T) S
by (auto simp: openin_open)

lemma closedin_closed: closedin (top-of-set U) S <— (3 T. closed T N S = U N
T)
by (simp add: closedin_subtopology Int_ac)

lemma closedin_closed_Int: closed S = closedin (top_of-set U) (U N S)
by (metis closedin_closed)

lemma closed_subset: S C T = closed S = closedin (top_of-set T) S
by (auto simp: closedin_closed)

lemma closedin_closed_subset:
[closedin (top-of-set U) V; T C U; S =V N TJ
= closedin (top_of-set T) S
by (metis (no_types, lifting) Int_assoc Int_commute closedin_closed inf.orderE)

lemma finite_imp_closedin:
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fixes S :: 'a::tl_space set
shows [finite S; S C T] = closedin (top_of-set T) S
by (simp add: finite_imp_closed closed_subset)

lemma closedin_singleton [simp]:

fixes a :: 'a::tl_space

shows closedin (top-of-set U) {a} «+— a € U
using closedin_subset by (force intro: closed_subset)

lemma openin_euclidean_subtopology_iff:
fixes S U :: 'a::metric_space set
shows openin (top_of-set U) S +—
SCUAWNzeS. Fex>0.Vz'eU. distz'z < e — z'€ §)
(is ?lhs <— ?rhs